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Introduction

Volatility of financial assets comes as a natural consequence of an asset’s exposure to a
variety of sources of risk; risk measurement, therefore, plays an important role in the

asset management industry.

In the field of portfolio management, risk measurement is traditionally considered as a
successive step relatively to portfolio construction. However, particularly due to the
financial crisis of 2008, its role has shifted over time to backwards steps, more specifically

to the asset allocation phase.

Firstly, a risk-based approach has been proposed in order to strategically rebalance
existing portfolios: Risk Budgeting. The adjustment of actual portfolio weights comes as
a result of a sound analysis of the portfolio volatility, which is decomposed into marginal
risk contributions in order to understand the amount of risk carried on by each asset

class.

More recently, risk measurement has been directly applied to in the asset allocation
phase in order to build portfolios such that each asset class equally contributes in terms
of volatility to overall portfolio uncertainty, which are commonly defined as Risk Parity

Portfolios.

Meanwhile, the financial industry has been proposing a variety of well-diversified
portfolios, with a more limited exposure to the stock and bond market and a new
attention to alternative investments, such as real estate, and to raw materials, such as

the most valuable over centuries, gold.

The first chapter of this thesis introduces the strategic and risk-based asset allocation
approaches defined as Risk Budgeting and Risk Parity, following the literature provided
by Braga (2008; 2016).

Then, in the second chapter, the attention is given to the application of the Risk

Budgeting and Risk Parity approaches to the financial industry, by considering on one



side asset management companies, investment funds and their portfolio managers and

on the other side individual investors guided by their financials consultants.

Finally, in the third chapter, after an initial description of the example considered and a
preliminary analysis on both individual asset classes and portfolio’s return series, firstly
the Risk Budgeting approach is implemented in order to provide indications about risk
concentration among asset classes in Lazy portfolios; then Lazy portfolio’s main
differences and common factors are analysed ; at the end some graphical
representations are provided in order to analyse differences between actual consultants’

portfolios and corresponding Lazy Portfolios built using the Risk Parity approach.



Chapter 1.

Strategic and Volatility-Based Asset Allocation Approaches

1.1 THE RISK BUDGETING APPROACH

Risk Budgeting represents an asset allocation approach according to which portfolio
weights have to be decided according to the risk contribution that each asset class gives

in terms of overall portfolio volatility.

In Risk Budgeting a specific level of portfolio uncertainty is determined, which is defined
as Risk Budget, and, after a sound analysis of the actual portfolio risk, involving risk
measurement and risk decomposition, the portfolio is rebalanced in terms of risk

allocation in order to coincide or be lower than the specified Risk Budget.

Risk Parity portfolios, in which asset allocation is decided in order that each asset class
equally contributes to overall portfolio volatility, therefore represent a further
development of the Risk Budgeting approach, which is used for portfolio construction

rather than portfolio rebalance.

As a consequence, it is arguably to learn more about the Risk Budgeting principle in order

to understand the logic behind Risk Parity Portfolios.

Therefore, Risk Budgeting asset allocation technique represents an interesting cohesion
between the two, traditionally separated in the investment process, asset allocation and
risk management phases; in Braga (2008) the author defines Risk Budgeting as “a

dynamic risk management process integrated with the activity of risk allocation”.

Portfolio weights, therefore, represent the final output of a three steps procedure, below

illustrated:

- Risk Measurement
- Risk Decomposition

- Risk Allocation.



First of all, the measurement of portfolio overall volatility represents a crucial step as
portfolio managers need to adjust this volatility in order to match with the targeted Risk
Budget. However, volatility it is known in financial literature to be a latent variable,
therefore the choice of an appropriate risk measure has an impact on the overall
process; the choice of an adapt risk measure will be discussed in the first paragraph of

this chapter.

Secondly, once identified portfolio volatility, it is also fundamental to understand how
much each asset class contributes to overall volatility in order to later intervene in cases

of underweighting or overweighting of specific players attaining the portfolio.
In more detail, risk contribution is algebraic determined in three ways:

- Marginal Risk Contribution of ith asset class, or MRC;
- Total Risk Contribution of ith asset class, TRC;

- Percentage Total Risk Contribution of the ith asset class, PTRC; .

Lastly, once having reached a complete portfolio volatility scenario, overall risk is
adjusted according to the overall predetermined Risk Budget, by rebalancing on the

individual positions in each volatility contributor where there is the need.

The three following paragraphs illustrate this three steps process more in detail.

1.1.1  PORTFOLIO RISK MEASUREMENT

A risk budget can be defined as the bearable level of portfolio overall volatility which is
being targeted, by portfolio managers, according to the fund ’s or portfolio’s objectives

and specific indications related to the type of investors the fund is projected for.

It represents a measured level of risk, expressed in a number; it could be, for example, a
standard deviation of 20%, or a value of -15’000 us dollars, indicating that portfolio losses
lower than that number have a probability of a% to happen and (1-a) % not to happen.

Therefore, this number changes according to the risk measure adopted.



Consequently, it is arguably to present specific risk measures selected over the years by
Braga (Braga, 2008; Braga, 2016) in order to measure portfolio risk and establishing the

more suitable Risk Budgets, by evaluating their pros and cons.

Standard Deviation:

First of all, a traditional and computationally simple risk measure of portfolio risk consists

on

standard deviation: it measures the amount of fluctuation from portfolios’ historical

mean value.
In order to compute the portfolio standard deviation some basic inputs are needed:

- a weight vector w, containing the weights of the n different asset classes composing

the portfolio;

- the variance covariance matrix 3, containing along the diagonal each assets’ variance

and elsewhere the covariances between asset classes;
- the correlation matrix of assets, which contains it single pi; .

In matrix form, the portfolio standard deviation is expressed as the square root of

portfolio variance, respectively: ¢, = Vw'Iw .

In order to provide a clear picture, portfolio’s variance formula is down here illustrated:

w1 2
wz 0'1 vee 0-1,n
2 _ . . . —_ \'n 2 2
Op = | : : g : (w1 Wy wy) = Xin wiof +
: 2
wn Un,l ces O-Tl

n n—-1
Zi:l Zj:l wleo-lo-]pl,j

where the last part is the calculation of covariance between the ith and jth asset, using
the product between their correlation and standard deviations, then multiplied by both

assets’ respective weights.

Standard deviation has an important drawback: it works well assuming a normally

distributed probability density function of portfolio returns.



This assumption is not always respected and, as a consequence, portfolio volatility is

underestimated.

Moreover, and particularly after the financial crisis of 2008, the need from the financial
industry to quantify the downside risk of portfolios led to the development of downside

risk measures.

Value at Risk

Therefore, nowadays there is one risk measure which is being daily and weekly evaluated

by asset managers: Value at Risk, or VaR.

VaR is a quantile of the Portfolio’s Profit and Loss Return’s distribution, and is determined

given a significance level a and a holding period from the present time t to the future.
Pri(rpee1 < —VaRe 1 (@) = @

The significance level a, represents the probability of obtaining portfolio returns lower

than Value at Risk, therefore the possibility of more extreme losses.

Value at risk evaluated at an a significance level, for example 1% daily VaR, represents

the possibility of having portfolio negative returns lower than the evaluated quantile.

From the opposite perspective, there is a 99% probability of possible losses being smaller
than VaR for that day, implying that Value at Risk can be interpreted as a bound between

more extreme and common losses a portfolio may face during a holding period T.

HISTORICAL SIMULATION OR NON-PARAMETRIC VALUE AT RISK

The simplest procedure in order to evaluate the quantile of the portfolio’s return
distribution is mainly graphical and consists on sorting portfolio returns and plotting the
graph in order to have a clear idea about the value to consider, then find the proper
guantile of the probability density function of portfolio returns by multiplying the chosen

significance level a for the total length of the observations n ; once identified both



graphically and algebraically the quantile, Value at Risk for the entire portfolio is obtained

by multiplying it for the total portfolio value, or initial capital invested.

In this way no assumptions about the conditional distribution of portfolio returns are
made; moreover, this procedure can be proposed for both an in-sample and an out-of-

sample analysis.

In the latter case, given an estimation window, the procedure is iterated until the end of
the sample size and, instead of having one value for the whole period, a time series of

portfolio VaR is obtained.

Nonetheless, the results obtained are heavily dependent upon the dimension of the
sample size used and also the length of the estimation window in the second case,
therefore the non-parametric methodology is not commonly employed in the financial

industry.

PARAMETRIC VALUE AT RISK

In both the financial industry and the econometric literature, professionals prefer to
define portfolio’s returns probability density function as normally distributed; this
enables them to provide and use more sophisticated methodologies for evaluating the

desired quantile.

If the previous definition of a is extended an explicit method in order to compute the

Value at Risk can be therefore illustrated.
We suppose a normal distribution for residuals on returns of an asset:
Tt = ‘ut + O—tgt, Et"‘N(O,l)

And then proceed to standardise the definition of a in order to obtain another

formulation:

T — —VaR, —
Pr( t — Ut < t .Ut) —
Ot Ot

Which corresponds to Pr(e; < q,) = a . Therefore, knowing the quantile of residuals

allows to proceed in the VaR Calculation by equalising:

7



—VaRy —

a
Ot

And finally obtaining: VaR; = —u; — q0¢ ,

where : is the expected return for the asset, and ot is individual asset’s standard

deviation.

Finally, in matrix algebra we can rewrite the formula for the Value at Risk of a Portfolio

of assets:
VaR, = —w"u — gV’ Zw

where w is the weights vector and  is the variance-covariance matrix between portfolio

components. If S if the initial value of the portfolio, VaRp*S provides Total Portfolio VaR.

This final formulation from Braga (2008) is mainly employed in the risk management
sector; once obtained the estimates for p and 3 from the sample data, standard

deviation is obtained from the square root of portfolio variance as previously illustrated.

In addition, financial literature developed a wide class of models which aim to describe

a common pattern of financial returns, which is volatility clustering.

Volatility clustering consists on a significant level of autocorrelation in squared residuals,

and

the use of GARCH(p,q) models provides a more precise estimate of portfolio conditional

variance and an estimate of expected mean L.

In fact, givenr, = yu; +Y;, whereY; = ;¢ ,6.~N(0,1),
In the GARCH (1,1) model: o =w+aV?,+ o’

with w is the conditional mean. Nonetheless, the estimation of Garch(p,q) model
requires squared returns to show significant autocorrelation and parameter estimates
rely on the Gaussian assumption, therefore it is more common to proceed in the

estimate of Value at Risk as shown according to Braga (2008).

8



VAR ADVANTAGES AND DISADVANTAGES

With respect to standard deviation, although embodying it, Value at Risk represents a
better risk measure for portfolio risk for a different number of reasons; in Braga (2008)
the author argues about the pros and cons for using this downside quantile as a risk

budget, and concludes that this is a optimal overall measure of portfolio volatility.

First of all, as with standard deviation, Value at Risk represents a universal measure of
uncertainty which has been employed for many other financial instruments, therefore it

is applied also in portfolio management.

With respect to standard deviation, which measures deviations from both side of asset
returns, Value at Risk is the lower quantile of portfolio’s return distribution, therefore
Value at Risk represents a downside risk measure which is considered in risk

management.

Nonetheless, being a number obtained from some assumptions regarding the holding
period and significance level considered, this risk measure is criticised with specific kind

of portfolios and with certain time horizons.

Regarding the use of VaR for specific kinds of portfolios, in certain cases VaR does not
respect the property of subadditivity: this means that the Value at Risk of the Portfolio
is not smaller than the sum of the Value at Risk of the single asset classes composing it.
This property is violated with specific portfolios with asset classes which present heavy
tails in their distributions, and are therefore more subject to extreme both positive and
negative returns; this is the case of currencies, electricity-linked assets and defaultable

bonds (Danielsson, 2011).

When arguing about time horizon, Value at Risk is known not be an optimal risk measure
for a longer time horizon. VaR in financial industry is mainly employed on a daily and
weekly, as it has been shown to very difficult to maintain a long term VaR over time as
short-term VaR do present significant deviations from the former value. This point is
going to be covered in more detail in the third paragraph of the chapter, while illustrating

the empirical illustration of Gupta and Kartinen (2000).



Nevertheless, with respect to other risk measures, another competitive advantage of
Value at Risk consists on its forward-looking nature: it presents, in effect, a value for the

time holding after, so it is a useful predictor of tomorrow’s uncertainty.

Expected Shortfall (CvaR)

Expected shortfall is defined as follows:
ES, = —E[L|L > —VaR(a)]
Therefore, given a significance level a, represents the average loss exceeding Value at

Risk.

It represents a coherent risk measure as does not violate any of the five properties of
risk measures: monotonicity, subadditivity, positive homogeneity and translation

invariance (Danielsson, 2011), while VaR is not sub additive in some particular portfolios.

Furthermore, in order to evaluate a portfolio’s expected shortfall, it is needed to make
an assumption the empirical distribution of returns, more specifically about the shape
of the tail of the distribution, therefore it is harder to backtest than Value at Risk and is

not as commonly applied as Value at Risk (Daniellson,2011).

Particularly, in the case of the assumption of a Gaussian distribution, which is the
interesting case considered later in order to decompose risk using the Risk Budgeting

methodology, the formula becomes:

ESa — —(J)T‘Ll + < ,(J)TZ(J) * <(l)(d)_—w>>

a

where ¢(®71(a)) is the normal probability density function.

Finally, Total Portfolio Expected Shortfall, ESp = ES, * S , with S being initial portfolio

value.

10



1.1.2 PORTFOLIO RISK DECOMPOSITION

Once chosen the proper volatility measure and implemented it in order to evaluate the
overall portfolio uncertainty and to define the exact risk budget, it is important to
understand the amount of risk coming from each asset class in the portfolio, and this is

done by decomposing the overall volatility into individual components.

Especially, in order to understand if there is some overweight or underweight among
asset classes, always according to the relative risk beared, the final goal consists on the

achievement of the percentage total amount contribution for each asset class.

The formula for the decomposition of a generic risk function into its marginal
components is given by the Euler Theorem, if there holds the assumption that the risk

function is homogenous of degree one.

Therefore, defined a generic function f(x), if the function is defined as homogeneous of

degree one this result holds:
YEF(xy, %0, %) = fF(YX1,YXy, ..., Yx,) wherek =1
Moreover, according to Euler theorem:

df (x) df (x) df (x)

—+Xx + - X
bodx, 2 dx, " dx,

fx1, %2, o) = x

Now, it is arguably to apply the Euler Theorem to a generic risk function, which is defined

as homogeneous of degree one.

Respectively, for a risk function of the unknown portfolio weights it holds:

dRisk
. _ n
Risk(wy, Wy, ..., Wy) = i=1< T )Wi
13

In the Risk Measurement section, three Risk measures have been taken in consideration
as candidate risk measures, and are standard deviation, Value at Risk, and Relative Value

at Risk.

The functions characterising the three uncertainty measures have in common the fact
that are all defined as homogeneous of degree one, and this implies that a scalar

variation in portfolio overall volatility equally impacts volatility of its individual

11



components. And more than this, volatility can be decomposed according to Euler

theorem.

In order to provide a clear picture of the derivation formulas, it is initially taken as an
example a two-asset portfolio, and lately the results are expanded for the case of a
portfolio with n>2 assets; furthermore, the latter formulas are expressed also in matrix

notation.

Standard Deviation

The algebraic formula for a portfolio composed of asset class A and B is again reported:

Op = \/(wAGA)Z + (wp0p)* + 2w WE0405P4 B
Then, by using matrix algebra, the formula of the standard deviation is rewritten:
0, =\J0'Zw
where 3 is the variance-covariance matrix and w the vector of portfolio weights.

The first derivative of the standard deviation function with respect to the weight of the
ith asset class in the portfolio is defined as Marginal Risk Contribution of the ith asset,

(MRC); .

For the first mentioned portfolio, the first derivative is obtained by using the formula for

the derivative of a composite function: D[f(g(x))] =f'(g(x) *g'(x)).

So that:

do(w) Oiwy + WE0405P4 B | 0iws + wpCoV,p

dwy - \/(wAUA)Z + (wgop)? + 20, Wp0 0P8 Op

For a portfolio with N>2 assets, the effect of the variance component of the specific asset

considered becomes negligible, therefore:

MRC: = do(w) Xixjwjcovi;  (wI);
Yode; Op Vo't

12



In matrix algebra notation, the notation which uses a vector containing marginal risk

contributions of the portfolio is illustrated:

VMRC,; = ——
w'Xw

where V is the symbol of the gradient of the function and is represented by an (nx1)

vector.

Total Risk Contribution of the ith asset class in a N2 2 portfolio, consists on the product

between the weight of the ith asset class and its marginal contribution:

do(@) Qo)

TRC; =
' dw; i w'Iw

* W

According to what it has above shown, the portfolio has just been decomposed according
to its n asset classes in terms or risk contributions; as a consequence, the sum of total

risk contributions gives the overall portfolio standard deviation.
In the basic portfolio of two assets, for instance, this holds: op = TRC,, + TRC,, .

Moreover, it is possible to rewrite the formula of portfolio volatility in terms of its

marginal components. Therefore:

Finally, in order to practically become able to comprehend portfolio balance in terms of
volatility in its components, Percentage Total Risk Contribution for an ith asset class is

below provided:

do(w)
TRC, ~w;
PTRC, = —Ct 4 100 = 4%, 100
Op Op

Value at Risk

Following the same procedure as with standard deviation, the formula expressing the
linearly homogeneous function of Value at Risk for a portfolio of A and B asset classes is

given by:

13



VaRp = ((‘)ArA + wptp) — Za\/(wATA)Z + (wpTg)?* + 2WaWR0A0RP4 B
Marginal Risk Contribution for asset A, is given by Marginal-VaR:

dVaR WAO4 + WRO40,
),

Op
For a portfolio of N>2 asset classes, Marginal VaR is rewritten in more adjusted terms:

Y i wio; wX);
(M—VaR)izri—Za*Mzri—za* (@),
0p w'Iw

Where a first simplification in the formula is the removal of the negligible contribution

of the variance of the ith asset class in a bigger portfolio.

As before, a vector of Marginal Var is defined using the gradient function:

wX

VIM—=VaR)p =1, — 24 *
w'Zw

The Total Risk Contribution for the ith asset is given by Component VaR:
TRCl = (C — VaR)l- = (M — VaR)l- * Wi

And the sum of total Component VaRs gives the VaR of the portfolio, therefore:

n
VaRp = 1p — Zg\ w'3Zw = Z(C —VaR); =V(M —VaR), * w
i=1

where w is the vector of actual portfolio weights.
Finally, Percentage Total Risk Contribution for the ith asset is given by:

(C — VaR);
_— %

100
VaRp

%(C - VaR)l- =

14



Expected Shortfall (or Conditional Value at Risk)

In a portfolio of two assets A and B:

ESp = (wyry + wprp) — wp04)? + (Wp0Op)? + 2WaWR0408P4 p

@' (@)
a

Marginal Risk Contribution for asset A:

dESp . p(@71 () . WA} + WEOA0sPA R

M—-ES), =
( )A d(l)A A a Op

For a portfolio with N>2 assets, Marginal Expected Shortfall is rewritten as follows:

_¢(@7H @) (wI),

M—-ES); =
( )l T a o' o

Using the gradient function:

d(271(a)) ,_0Z

V(M —ES)p =1 ——— o

Total Risk Contribution of the ith asset:

And the Total Expected Shortfall for the portfolio:

ESp =1p — M\/w’&u = Z(C —ES); =V(M—ES), *w
i=1

Finally, Percentage Total Risk Contribution for the ith asset is given by:

(C—ES)i

100

15



1.1.3 PORTFOLIO RISK ALLOCATION

There are not specific suggestions on how to rebalance a portfolio according to the risk
budgeting literature; indeed, dealing with a portfolio based on balancing the correct
levels of volatility over time requires a dynamic approach and that is the reason why this
investment approach is more likely attaining to an active fund rather than an individual

investor.

Nevertheless, Gupta and Kartinen (2000, as cited in Braga, 2008), focus on the
performance of an individuals’ portfolio, and in particular firstly check for the number of
violations to portfolio’s long run Value at Risk or Strategic Value at Risk, and then propose

an enhancement consisting on putting upper a lower bound to value at risk.

The authors argue that investors need a “ceiling “and a “floor” when using Value at risk
as a portfolio risk measure; the ceiling is needed to protect investor’s capital issuing a
maximum loss than the portfolio can handle, while the floor is given by the necessity to
take on a minimum level of risk such that the investor is guaranteed a realisable level of

expected return from the investment.

The bounds they suggest offer a good trade-off between risk and return with respect to
a benchmark portfolio considered composed of 70% of stocks and 30% of bonds. The
authors compare different graphs with each one starting from a different “floor”, out of
four graphs only those two with a lower bound of 80% and 90% of VaR give a return

higher than that of the benchmark.

Moreover, only in the combination of lower and upper bound respectively 90-120% of
strategic vaR present annualised returns overcoming annualised standard deviation,
therefore these are the chosen bounds for the sample considered of twenty-four years,

from January 1976 (Gupta and Kartinen, as cited in Braga,2008).

The authors explain also on how to rebalance, using an algorithm in which, if the
portfolio becomes too aggressive the asset classes carrying out more risk are sold and a
higher weight is given to lower risk asset classes, the oppositive happens if the portfolio

becomes more conservative.

16



By achieving the result of outperforming the constant-mix benchmark portfolio and
maintaining Value at Risk under control, Gupta and Kartinen (2000, as cited in Braga,
2008) point out the fact that constant-mix does not guarantee a proper coverage of
portfolio risk over time, therefore the rebalancing activity has to be discarded in favour
of a more dynamic asset allocation management. Therefore, the authors implicitly
demonstrate previous suppositions made, describing risk budgeting as an approach of

active funds rather than a passive strategy.

17



1.2 RISK PARITY PORTFOLIOS

Once understood the asset allocation approach consisting on the process of risk
measurement, risk decomposition and risk allocation, which has been developed in
order to rebalance existing portfolios, it is now time to consider a specific asset allocation
strategy employing the Risk Budgeting principle in order to construct portfolios such that
each asset class equally contributes to portfolio overall volatility, commonly defined as
Risk Parity, or in academic literature Equally Risk Contribution Portfolio construction

technique.

In particular, Risk Parity portfolios represent a further development of the classic mean-
variance approach of Markowitz (1952), presenting two main differences that

completely revolutionise the first and more traditional approach.

A first distinguishable feature of this approach consists on removing the expected
returns from the input’s list, therefore obtaining the final weights by exploiting the
variance covariance and correlation matrices. The focus is not anymore on the risk-

return relationship but only on dealing with portfolio variance.

This comes as a consequence of the necessity to reduce parameters’ estimation error; in
effect, according to Braga (2016), the estimation error of expected returns is way larger
than the estimation error of the other input variables, of which estimation error is not
related to expected return error. Therefore, removing expected returns contributes to

realise more robust estimates.

A second and distinctive feature of this approach is that it produces as a final output one
and only portfolio asset allocation with defined portfolio weights for each asset class,

rather than an efficient frontier of viable portfolios.

Nonetheless, Risk Parity portfolios are not the only ones presenting these two distinctive
features; Risk Parity is one of the risk-based asset allocation approaches together with
the Equally Weighted Portfolio strategy, the Global Minimum Variance Approach and The
Most Diversified Portfolio asset allocation technique. These risk-based portfolio
construction methods, sharing the exclusion of expected return estimates, are also

defined as u-free strategies in Braga (2016).

18



Meanwhile, in order to improve risk parity portfolio performance, the instrument of
financial leverage can be applied. With the use of financial average risk parity portfolios
overperform traditional approaches both on profitability and financial efficiency;
nonetheless, financial leverage is not available to the majority of investors for many
different reasons, therefore the choice of the application of this technique will be given
by a strong belief from risk parity investors about the insufficiency of stock market

premia to overtake the level of uncertainty bore.

All the above-mentioned aspects, starting from portfolio construction to the use of

financial leverage, are going to be treated in the next paragraphs of the chapter.

1.2.1 A CONSTRAINED OPTIMISATION PROBLEM

As the idea of risk parity portfolios implies that each asset class equally contributes to
overall portfolio volatility, a set of risk budgets BD;, ...., BD,, is defined such that its total
risk contribution of the ith asset class equalises product between the ith risk budget and
the risk measure of overall portfolio volatility, with limits to portfolio weights and risk

budgets to be strictly positive and with overall sum equal to one.

Therefore, in this specific case it is possible to state the following non-linear system:

=1
W1, e, Wy =0
n
> on.-
i=1

This non-linear system cannot be solved analytically, however, by rewriting the linear

system as a constrained optimisation problem is then possible to use a Sequential

19



Quadratic Programming Algorithm, as suggested in Braga (2016), in order to obtain risk

parity weights.
The constrained optimisation problem which can be solved using SQP is:

Z z ( dRM dRM >2
mm — w;
@ (OF] ] dwj

=1 j#i

(l.)l':].
i=1
L 0<w; <1

With respect to the first system in the optimisation problem there is a function of
weights to be minimised, and is given by the square root of the of difference between
total risk contributions of two different asset classes i and j belonging the risk parity

portfolio.

Therefore, the dispersion between total risk contributions is minimised and this
mechanism of solution reflects the previous condition imposed in the linear system
according to which the desired total risk contributions for the ith and jth asset classes

are equal.
1.2.2 RISK PARITY AND OTHER RISK-BASED APPROACHES

The risk parity approach is one of a group of four risk-based asset allocation approaches;
the others are respectively the equally weighted approach, the global minimum variance

approach and the most diversified portfolio strategy.

Nonetheless, risk parity portfolios are the only one constructed according to risk
budgeting literature, therefore they offer a unique procedure to obtain optimal portfolio

weights.

Therefore, the main conclusions from the work of Braga (2016) are presented in order
to have a clear idea about the main advantages of risk parity approach with respect to

other strategic asset allocation methods.

About the dataset, these portfolios are tested in three different scenarios, with a first
dataset called EUROZONE comprehending monthly returns from 1996 to 2015 of eleven

European countries’ equity indexes; the second dataset is the EMERGING EUROPE
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dataset, is always composed of equity indexes but of five European emerging economies
and covers fifteen years of monthly data; the last dataset is a bit more diversified as it
includes both equity indexes and bonds from all around the globe, covers more than

fifteen years of monthly returns and is denominated GLOBAL.

It is important to recall that input parameters are estimated using a five-years, of sixty
months, rolling window in order to predict for the next sixth month returns and therefore
validate the portfolio parameters in an out-of-sample estimation, this is because the
author underlines the fact that an in-sample estimation does not allow to capture the

non-constancy of volatility over time (Braga,2016).

About the criteria for detecting favourable over less favourable portfolio techniques, the
areas considered are respectively: profitability, volatility, financial efficiency meant as

risk-to-reward ratios, diversification and asset allocation stability.

Profitability is measured using monthly geometric returns as well as monthly annualised
geometric returns; the choice is supposed to be given in order to provide more accurate

estimates.

Regarding volatility, or risk, different risk measures are used in order to capture, more
precisely, downside risk; these measures are respectively standard deviation, downside

deviation and drawdowns.

Financial efficiency is traditionally ranked according to three ratios: the Sharpe Ratio, the
Sortino Ratio and the Ulcer Index; the first is the ratio between the premium given by an

investment and the volatility implied by that investment, In formulas:

R, — R
SHRy =11
P

Instead of a risk-free rate Ry, in general we consider a Minimum Acceptable Ratio, MAR,

that can correspond to the risk-free rate or can be zero.

Moreover, as the Sharpe ratio divides by portfolios’ standard deviation, one can use

other downside risk measures in order to account for specific left-tail volatility.

The Sortino ratio considers downside deviation instead of standard deviation, therefore:
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Finally, if we consider the average deviation from drawdowns instead as a measure of

volatility, we obtain the Ulcer Index:

R, — MAR

[ZX, DDR?
N

Nonetheless, the author adds to the financial efficiency analysis three more qualitative

Ul =

ratios which regulate according to the specific type of investors’ level of utility over gains
and losses, respectively the Farinelli-Tibiletti Ratio, the Omega Index and the Upside

Potential Ratio.
The formula for the Farinelli-Tibiletti ratios is illustrated:

B EY/?((Ry — threshold)*)P
~ EY4((R), — threshold)™)4

¢ (Rp)p'q

where p is the reward effect to gains and q is the suffering for losses, loss aversion

coefficient.

Specifically, in order to consider three types of investors, three choices are made on p

and q:

- The Omega Index is a particular case of the Farinelli-Tibiletti ratio where p=qg=1;
this means the investor is ideally neutral and reacts with the same amount to
both losses and gains below the minimum acceptable return;

- The Upside Potential Ratio is another specific F-T ratio with p=1 and =2,
reflecting a more realistic and risk-adverse investor which suffers more from a
loss under the MAR than enjoys from a positive risk premium;

- The Farinelli-Tibiletti considered by Braga (2016) uses p=0.5 and g=2. The
investor described is more defensive and focuses on mitigating risk rather than
aggressively desiring to beat the market. Therefore, represents the main target
of investor or fund manager which uses a risk-based strategic asset allocation

technique as Risk Parity or the rest.
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After some general considerations about a portfolio, a more specific aspect to be

evaluated is diversification.

Shannon entropy ratio, by using asset classes’ Percentage total risk contribution, is

provided:

N
SEp(PTRC) = — Z PTRC; pln (PTRC);

i=1
And its value is included between zero and In(PTRC), p for a well-diversified portfolio.

The Gini coefficient instead takes value zero for well-diversified portfolio and one for less

efficient in terms of diversification portfolios, in formulas:

N
2
G;(PTRC) = Nz i * (PTRC;p — E(PTRC)p)

=1
Finally, asset allocation stability is measured using the average number of turnover and
the maximum number of turnovers, where the average turnover is given by:
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Global Minimum-Variance Portfolio: Risk Parity’s Main Competitor

The Global Minimum-Variance portfolio, as previously mentioned at page twenty, is the
first portfolio in the left of the efficient frontier, therefore it may appear discordant to
classify it in the risk-based approaches, which do not require the estimate of the mean.
Nonetheless, this is the only portfolio in Markowitz’ efficient frontier which does not
require the expected returns’ estimates; it is called the “global minimum” as it is the one
with the lowest level of volatility and it is obtained simply by estimating the portfolio’s

variance-covariance matrix .

The portfolio is obtained by minimising portfolio’s variance, by solving the system:
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From the profitability analysis, the Global Minimum-Variance portfolio is shown to
present the highest monthly geometric return in the dataset EUROZONE, meanwhile in
the other two scenarios there are two different portfolios, as a consequence it is

arguably to state that there is not a dominant portfolio regarding this aspect.

However, according to the financial efficiency analysis this portfolio seems to the ideal

choice, and this is particularly evident in the two datasets EUROZONE and GLOBAL.

In fact, this portfolio presents the highest value for Sharpe and Sortino ratio, and the
largest numbers also according to the qualitative analysis, being preferred using all the

previously mentioned choices of p and q for the Farinelli-Tibiletti Ratios.

By looking at volatility measures, it is also interesting to notice that in all the three studies

GMV portfolios present the lowest number of drawdowns.

Nevertheless, the important drawback of this portfolio consists on its drastic difference
with risk parity portfolios, and is the fact that, by being the portfolio at the extreme left
of the efficient frontier it over weights less risky assets and totally excludes other more
risky assets; therefore, it does not include all asset classes considered in the investment

plan.

As a consequence, in the same datasets EUROZONE and GLOBAL a particularly scares
performance is visible in terms of diversification, with high GINI coefficients and low

Shannon Entropy Coefficients.

Furthermore, the lack of a sufficient level of diversification is reflected in an instable
behaviour over time; in the empirical illustration is in fact the portfolio with an average

and maximum number of turnovers which is way larger than risk parity portfolios, and
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this translates into higher management costs over time, for a portfolio which needs a

constant rebalance.

All these elements make the GMVP portfolio not an ideal choice, even though it is a

portfolio efficient in terms of risk-to-reward considerations.

The Equally Weighted Portfolio: the worst performer

For the Equally Weighted Portfolio, in order to compute portfolio weights no input
neither function to optimise is required: diversification is simply achieved by equalising
the weight among asset classes according to the number of asset classes composing the

portfolio.

According to the author, Risk Parity Portfolio and Equally Weighted Portfolio share the
same idea of equalising components contribution; Equally weighted portfolio equalises
the portfolio weights while Risk Parity equalises Total Risk Contributions among asset

classes.

Moreover, this naive asset allocation strategy has been proven by a vast amount of

literature to achieve the most performing portfolios.

Nevertheless, the main conclusions achieved are the ones of Braga (2016) in which
Equally weighted portfolios are shown to underperform relatively to all the rest of the

portfolios, with a little of exceptions regarding the dataset EMERGING EUROPE.

Due to its naive diversification, this portfolio surely guarantees a proper diversification
and, consequently, an adequate asset allocation stability, as shown by the zero Gini
coefficient meaning optimal diversification together with risk parity portfolios.
Nonetheless, this simple diversification comes at a cost of low performance in terms of
geometric monthly returns, volatility measures and financial efficiency ratios, making
holding this portfolio a less favourable choice, especially from the point of view of a risk-

adverse investor.

Particularly relevant is the maximum drawdown in the dataset GLOBAL in which the

equally weighted portfolio shows a drawdown of -23% while the other portfolios remain
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below -10% maximum drawdown. Moreover, equally weighted portfolios are not
preferable even by a neutral investor as shown by the Omega Index recording a value in
the GLOBAL dataset of 1.5495 while the other portfolios go from 1.8181 to 2.1745. A
slight difference is marked also in the EUROZONE dataset with an Omega Index value of
1.0542 while the Global Minimum variance portfolios have a value of 1.1920. (Braga,

2016)

As a conclusion, it is arguable to state that even though this portfolio is simple in
computation and shares the same benefits of Risk Parity Portfolios in terms of
diversification and asset allocation stability, the performance relative to the risk carried

can be defined as poor.

The Most Diversified Portfolio: a more recent competitor

Finally, whereas global minimum variance and equally weighted are more traditional
approaches, risk parity and the most diversified portfolios are more recent asset

allocation strategies, they both were developed near the financial crisis of 2008.

In order to obtain the optimal weights a computational tool is used in order to maximise

the diversification ratio, which is below provided:
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which represents the ratio between the weighted sum of each asset’s standard
deviation, that corresponds to portfolio variance supposing perfect correlation with a
coefficient equal to one, and the portfolio’s variance. This is a measure of diversification
and its minimum value is one, indicating a poorly diversified portfolio while the greater

it is the better the portfolio is in terms of diversification.

Therefore, the linear system for the most diversified portfolio is:
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According to the empirical illustration of Braga (2016), this competitor gained
intermediate positions as risk parity, being the third out of four, after Risk Parity
Portfolios, in terms of profitability, volatility downside risk measures, and financial

efficiency overall.

However, contrarily to its name, this portfolio tends to not to include all assets classes
considered during portfolio construction, therefore presents the same drawbacks of the
Global Minimum Variance Portfolio, which consist on a low level of diversification and
high turnover ratios, ending so in a portfolio that needs a vast amount of rebalancing

with respect to Risk Parity Portfolio.

Main conclusions about Risk Parity Approach:

Overall, as a concluding point, it is arguably to state that Risk Parity offers a valuable
solution with respect to other risk-based approaches, that lack an adequate protection
or in the diversification and allocation stability, as Global Minimum Variance and the
Most Diversified Portfolios, or in the financial efficiency and downside volatility risk
measure side, as the Most Diversified and Equally Weighted Portfolios. Risk Parity
portfolios perform well in all the criteria shown, being the second best in most of those

and according to all the three different experiments.

27



1.2.3 LEVERED RISK PARITY STRATEGY

The Risk Parity portfolio, from the way it is constructed, guarantees a certain level of
stability of the portfolio, but this stability represents a huge opportunity cost in terms of

pure profitability, therefore leads to lower portfolio returns.

In order to guarantee that a proper level of return is reached, the choice to take on an
extra risk has to be evaluated. For a fund pursuing a Risk Parity strategy, portfolio
managers need to recall at the use of financial leverage, which consists on borrowing
extra funds at a specified risk-free rate in order to invest them in certain asset classes
and join from the positive difference between the asset classes’ yields and the risk-free

rate, diminished by the trading and borrowing costs.

Therefore, the use of financial leverage implies different types of risks, both on the
operative side, regarding fluctuations in trading costs, borrowing costs and technological
instruments needed to actuate the strategy, especially in times of economic recession
and inflation, and both on the behavioural finance side, as fund managers need to adapt
to the investors’ risk tolerance regarding the amount of leverage to use and are subject

to a series of biases in their operations.

Nonetheless, in both the empirical illustrations of Braga (2016) and Asness et all (2012)
Levered Risk Parity Strategy guarantees, by using the same level of standard deviation of
an aggressive equity portfolio, way higher returns; furthermore, the strategy pursued
achieves better results also in terms of financial efficiency with a higher Sharpe ratio, and

leverage is used in order to invest in safer asset classes offering better risk-adjusted risks.

The former consideration seems quite contradictory: investing in safer assets should not
conduce to higher returns, this is in contrast with the suggestions of the Capital asset
Pricing Model, which constructs its optimal Market Portfolio from an intersection
between Markowitz’ efficient frontier and the security market line that is a 45° line
representing the risk-return trade-off between selected securities or asset classes. In
fact, according to the security market line, a higher volatility, as that characterising the
equity asset class, should be compensated by proportional higher risk premiums while
lower volatility asset classes, such as bonds, which are defined as more conservative type

of investments, should give less reward to the investor.
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Regarding the second consideration, this also is not in line with the Capital Asset Pricing
Model an further leads to the argumentation that there is a part of risk of the stock
market which is not compensated from risk premiums, consequently leading portfolios
which are mainly equity based, such as the Market portfolio, a value weighted portfolio
of all securities composing the investment universe, to present lower risk-adjusted
measures and consequently not coincide with the Tangency Portfolio of
Markowitz(1952), as supposed by CAPM, which is the portfolio with the maximum

Sharpe ratio over the efficient frontier.

As a consequence of this provided empirical evidence, there comes the need to find a
theory which explains the fact that equity-dominated portfolios do not provide better
risk-adjusted performance with respect to leveraged risk parity portfolios. Asness et all
(2012) argue that the selected theory is the Leverage Aversion Theory of Frazzini and

Pedersen (2010, as cited in Asness et all,2012).

The researchers of the fund AQR Capital investments justify the presence of better risk
adjusted return for investors who use leverage with an equilibrium theory balancing the

contribution of leverage-constrained and non-leverage-constrained investors.

Therefore, they assume that the market is composed of two different types of investors,
and moreover, they assume the majority of investors belongs to the first category of
investors who prefer avoiding financial leverage for both economic and behavioural

reasons.

On the other side, non-leverage-averse investors are overexposing their risk budgets

over safer asset classes, as in the case for risk parity investors.

Due to the fact that the majority of investors allocate their capital in the riskier stock
market, an overpricing of the equities’ value remains the main argument for lower risk-
adjusted returns. Contrarily, investors adopting the extra risk by borrowing further
capital, invest in safer asset classes which are heavily underpriced by the market, offering

them the opportunity to gain higher returns.
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Figure 2. Efficient Frontier, 1926-2010
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Figure 1.1 Efficient frontier from Long Sample of Asness et all (2012)

The figure provided in the precedent page represents a graphical illustration of the
following considered portfolios along the efficient frontier: the market portfolio of
CAPM, the tangency portfolio of Markowitz (1952), an unlevered risk parity portfolio and
a levered risk parity portfolio. The dataset considered is the first out of three, in which
the investment universe is represented by a domestic market only composed of equities

and government bonds.

As before stated, now it is arguably to show how a levered risk parity portfolio offers an
average expected return of around 12% while the market portfolio, which according to
the authors is weighted 68% in stocks and 32% in treasury bonds, offers slightly less than

8% given the same level of standard deviation of around 15%.

In addition, market portfolio’s composition does not reflect and neither coincides with
that of Markowitz’s tangency portfolio, which is a bond-dominated portfolio with 88% of

allocation in treasury bonds and 12% in stocks, as it had to be according to CAPM.
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Moreover Figure 1.1, other than the evidence before provided offers some additional

interesting considerations.

First of all, the portfolio at the very left of the efficient frontier, which it is known from
the precedent paragraph to be defined as the Global Minimum Variance Portfolio, is a

portfolio composed at 100% of treasury bonds.

Then, slightly above the GMV portfolio, the efficient frontier is intersected with the line;
the tangency portfolio, the portfolio with the highest Sharpe ratio according to

Markowitz (1952) is portfolio dominated by a safe asset class.

A special portfolio is located at the left of the Tangency Portfolio: The Unlevered Risk
Parity Portfolio. This portfolio, constructed in a way to equally diversify risk among asset
classes, overexpose bonds in order to compensate for the higher uncertainty of the stock
market. It has to considered the fact that Unlevered Risk Parity Portfolio is near the
Tangency Portfolio represents a guarantee that the portfolio strategy is constructed in
such a way to be mean-variance efficient, even though focusing only on risk by excluding

expected returns from the input list.

Nonetheless, although Risk Parity portfolio is located near the Tangency portfolio, it does
not empirically coincide; this could happen only if some unrealistic conditions are
realised. In fact, it is stated in Braga (2016) that the two are the same portfolio only if we
suppose a constant corelation matrix over the sample period and if all the asset classes

share the same Sharpe ratio. These conditions are being heavily violated in practice.

The same study is repeated in a shorter amount of time and with domestic data
regarding also all types of bonds, credit and commodities, and the market portfolio
becomes more diversified as it is composed of 42% of stocks, therefore less than half of
the portfolio, the other less than half in bonds, respectively 48%, and the remaining 10%

in commodities (Asness et all, 2012).

The figure 1.2 in the next page provides an obtained Security market line for this Broad

Sample.
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Figure 5. Security Market Line across Asset Classes, 1973-2010
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Figure 1.2 Security market Line from the Broad Sample of Asness et all (2012)

The above figure represents the security market line for the dataset Broad, in contrast

with a 45° line representing the security market line as hypothesis by CAPM.

In the case for the stocks, this asset class lays slightly under the theoretical 45° line,
meaning that the high risk premium does not compensate for the level of volatility
undertaken. An opposite result is achieved by bonds, credits and raw materials which

are located way over the theoretical security market line.

Finally, if the empirical market line is observed, the flatness of the curve leads to the
conclusion that there is not a significant change in annual excess returns among asset

classes.

From the overall study of Asness et all (2012) it is possible to deduce some precious

considerations regarding risk parity portfolios.

First of all, risk parity portfolios do present a unique way in asset allocation which
balances portfolio composition according to an econometric approach; meanwhile
mitigating risk, with the use of financial leverage these low volatility portfolios
overperform traditional portfolios in terms of profitability and financial efficiency.

Therefore, they represent a smart tool for investing.
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On the other side, the existence and appliance of this type of portfolio construction
assumes the existence of different types of investors, some of those more risk adverse
and non-leverage constrained and other more risk takers; furthermore, investors differ
also in their consideration toward the financial efficiency of certain asset classes. The
more risk adverse investors, using the risk parity approach, sustain that the risk premia
provided by the stock market do not provide sufficient coverage with respect to the level

of uncertainty undertaken.

These two observations are heavily in contrast to with the theoretical assumptions on
homogeneous investors for the most used priced models in the financial industry, the

CAPM.
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Chapter 2.

A Risk-Based Diversification Approach from The Financial Industry

2.1 RISK BUDGETING AND PARITY: AN INNOVATIVE INVESTMENT STRATEGY FOR
ACTIVELY MANAGENED FUNDS

2.1.1 RISK BUDGETING FOR TRADE SIZING

In its Investment Insights Blue Paper, Amundi Asset Management (2020) describes the

importance of Risk Budgeting for the construction of a multi-asset portfolio.

Therefore, Risk Budgeting is used in a tactical asset allocation by Amundi’ s portfolio
managers in order to construct very diversified portfolios which are able to maintain a

certain yearly risk budget level.

This is possible due to the fact that annual predefined risk budgets are the base for
determining the target return of the portfolio, therefore before there comes the choice
of the level of risk to undertake, based on the number of the ideas of analysts, the level
of risk carried on by each intuition and the correlation among them, and after that the
corresponding return target is achieved; finally, the control over the previous process is
done by employing a Concentration Ratio ( Amundi Asset Management, 2020),
elaborated by the company, in order to evaluate the level of correlation of strategies

inside the final portfolio.

The construction and management of a multi-asset portfolio in an Asset management
Company is given by the work of four different teams of analysists working at the four
core pillars: Macro Strategy, Macro Hedging, Satellite Strategies and Selection Strategies.
The Macro Strategy area is the most influential where portfolio managers give their
“View about the World”, Macro Hedging instead focuses on managing more extreme
scenarios and manage risk related to all scenarios supposed by Macro Strategy; the
remaining two areas provide complementary strategies which are more specific toward

some particular objectives of the Fund.
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As the risk of the portfolio is driven by four different areas, three Risk Budgets, each one
relative to the Macro Strategy and Satellite and Selection Strategies, are defined; the

three risk budgets are proportional to the Total Risk Budget of the portfolio.

In practice, Risk Budgets are used by portfolio managers as base indicators when sizing
a new Trade for the portfolio as give an idea of the impact of the overall impact of the
new Trade to the portfolio. In fact, Risk Budgeting implies checking for the level of
correlation of the New Trade with the rest of existing trade positions and controlling if
the new Trade is in line with the Macro pillar views. Risk Budgeting, therefore, help
portfolio managers to decide whether to implement a strategy or not and, provided the
amount of risk for the New Position, guarantees them the ability to place the correct Size

of the Trade.

2.1.2 RISK PARITY FUNDS AND RISK PARITY INDICES

The first fund managed according to the Risk Parity approach is the All Weather Fund of
Ray Dalio, established in 1996 and totally in contrast, at those times, with mostly of the

institutional investors which offered to the public prevalently equity funds.

Nonetheless, after the stock market crash of the year 2000, due to the bursting of the
Dotcom Bubble, the risk parity approach slowly began to gain popularity and, other than
hedge funds, more and more pension funds, endowments, and sovereign wealth funds

during this decade begin to offer risk parity products.

Especially due to the financial crisis of 2008, risk parity became even more appreciated
at a point that global institutional investors brought risk parity in Europe and in the rest

of the planet.

Nevertheless, risk parity ‘s application remains limited due to the complexity in

management and the use of riskier solutions, it is therefore mostly used in hedge funds.

Because of the presence of many different funds selling risk parity products, there has
been the need to develop some indexes which aim to reply a risk parity strategy, in order

to provide a benchmark to the public, in order also to adopt a passive strategy.
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As a consequence, in July 2018, S&P Global launched three risk parity indices,

respectively:
+» S&P Risk Parity Index - 10% Target Volatility;
%+ S&P Risk Parity Index - 12% Target Volatility;
+»» S&P Risk Parity Index - 15% Target Volatility.

In a paper, S&P Global (2020) provide some information about the composition of this

indices.

The authors use twenty-six futures to represent multiple asset classes, including
emerging market equities and commodities; moreover, the use of futures is justified by
lower costs and the availability of most of the market elements; in addition, as risk parity

funds can have different volatility target levels, three different indices are established.

An important consideration regards the use of realized volatility as the main risk
measure; in fact, individual futures contracts are weighted according to the inverse of
their realized volatility; therefore, the indices can be defined as Naive Risk Parity Strategy
as shown in Braga (2016), because in this way authors avoid to evaluate variance

covariance matrices. The rebalancing on the indices is done on a monthly base.

Finally, S&P Global (2020) shows that its 10% target volatility index outperform a

traditional 60/40 portfolio in a period going from 2004 to 2020.
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2.2 FROM ACTIVE MANAGEMENT TO PASSIVE INVETSMENT STRATEGIES: LAZY
PORTFOLIOS CONSTRUCTED ACCORDING TO THE RISK PARITY APPROACH

Due to the level of management costs and level of expertise required to handle a
dynamic and risk-based portfolio, it is arguably to conclude that the risk parity approach
is likely to represent a more conservative fund management technique, belonging
particularly to the hedge fund industry due to the presence of a certain degree of

leverage employed.

Nonetheless, from the early 1980s, passive investment strategies other than the
traditional sixty-forty portfolio have been offered to the general public; these alternative
strategic portfolio compositions present more variegated asset allocations in order to
achieve the maximum diversification in the securities attaining to the financial markets.
In particular, some of those portfolios are declared to follow the Risk Parity Approach;

therefore, theoretically, their composition is a result of a risk-weighted approach.

These seven portfolios are defined as “Lazy Portfolios” (portfoliocharts.com); as it can be
easily deduced from the name, they are thought for an investor following a Buy and Hold
strategy, thus a long-term investor observing its investments growing over time, with a
focus on long term volatility. And as in Braga (2016) the family of risk-based strategies is
defined as “low-volatility strategies”, these Lazy Portfolios can be also presented as
“practical and low-volatility portfolios”. Therefore, the target investor holding a Lazy
Portfolio is a conservative investor who desires to improve its initial capital with a more

stable portfolio over time.

Lazy Portfolios consist on static portfolios which are simple to replicate, with the
consequence of cost efficiency as this easiness in realisation implies a certain degree of
autonomy of the portfolio holder; moreover, their composition is given by Exchange-
Traded Funds, therefore allowing individual investors the achieve of the maximum

diversification at a contained cost, through the use of marketable securities.

Each Lazy Portfolio aims to protect the holder from decline of an important asset class,
and in most of the cases it is the stock market in particular. This guarantee comes from
a good performance of another asset class attaining the portfolio. Therefore, for Lazy

Portfolios it can be stated that, for each phase of the economic cycle, there is a
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component in the portfolio which goes well and reduces the negative impact of the
others; Lazy Portfolios aim therefore at an equilibrium between different asset classes

combined together.

Some of these Lazy Portfolios equally balance all the components of the portfolio,
therefore follow the logic of Equally Weighted Portfolios; it is the case of the Permanent
Portfolio and of the Golden Butterfly Portfolio. Others propose a slightly more diversified
approach with respect to the traditional 60/40 Portfolio: these are Ivy and Weird
Portfolios. Furthermore, other two portfolios present a more extreme asset allocation
which is mainly concentrated among the bond asset class: Larry Portfolio and All
Weather Portfolio. Finally, the Golden Ratio Portfolio is built according to a mathematical

principle.

2.2.1 PERMANENT PORTFOLIO

As the name suggests, this first Lazy portfolio has been projected in order to embrace
the individual investor along his life, and help him reaching his long-term financial

objectives.

In order to do so, according the author, Browne (1999) defines three key characteristics

of his “bulletproof portfolio”: Safe, Stable and Simple.

First of all, Safe, therefore it has to give the perception of a controlled level of risk over
time; then Stable in its level of profitability, there should not be the thought from the

investor to change its composition at any point in time.

Lastly, Simple in its implementation and maintenance in order to not to lose a lot of time

looking after it, and rebalancing it, when necessary, only once a year.

PORTFOLIO COMPOSITION

« 25% US EQUITY (MID & LARGE MARKET CAP)
+ 25% LONG TERM US GOVERNMENT BONDS

¢ 25% SHORT TERM US TREASURY BONDS /CASH
s 25% GOLD
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As it is evident to notice, the portfolio is composed of four asset classes: stocks, bonds,
cash and gold. These different types of investments ensure a proper diversification to
the portfolio and a covered exposure to all stages of the macroeconomic cycle:
prosperity, inflation, recession and deflation; it is arguable to conclude that permanent
portfolio is concerned only on market risk, therefore the only aspects that matter in the

long run is the evolution of the economy.

In particular, during prosperity, stocks and long-term bonds are central on obtaining high
returns as a consequence of an expansion of the economy. In this phase, the demand for
goods and services is high, therefore companies’ income statements, presenting high
revenues, lead more mature firms to pay higher dividends to investors, always according
to their dividend policy, and to newer companies only an increase in the value of their
stocks, but on the other side retained earnings give the opportunity for the firm to get
access to more debt, the driver of growth, which is obtained with lower interest rates
which are being offered by central banks in order to stimulate the economy; lower

interest rates also traduce on higher prices of long-term bonds.

Prosperity continues until the economy becomes overheated, and the increase in the
nominal value of goods and services leads to a restricted purchasing power of individual
consumers, as with the same amount of money less goods can be purchased. One of the
goods which is detained by investors and acquires value during inflation is gold; the
precious metal contributes to an increase in value of the portfolio in proportion to the

rising level of inflation.

After a peak in prices of goods and services, a drastic reduce in consumption comes as a
natural consequence, and a reduction in production combined with the increase of the
unemployment rate are signs in the short term, within a year, to a tight money and if this
continues in the next ten years, of a recession. Central banks higher interest rates in
order to reduce the level of borrowing, therefore short-term government bonds offer

higher yields to investors and represent an ideal asset class to detain in the portfolio.

Lastly, deflation represents a more extreme scenario where the contraction of
production is given by a plunged demand of goods and services from the consumers; in

this scenario firms are not growing, therefore investors prefer to hold their money in
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their bank account; negative inflation gives a reason for them to hold cash or use short-

term bonds, which give high expected returns due to the high interest rates.

A final consideration is given to the weighting scheme, as it can be noticed that Browne
(1999) proposes an equal weighting of all asset classes, therefore does not take a
position about the future economic outlook, neither does not aim to take any bet about
specific factors of the economy in the future; in addition, an equally weighted portfolio
represents the simplest form of portfolio construction which does not require any

optimisation algorithm.

2.2.2 GOLDEN BUTTERFLY PORTFOLIO

Tyler (2016), the website creator of portfoliocharts.com, provides a personal portfolio

following the fundamentals of the Permanent Portfolio.

PORTFOLIO COMPOSITION

¢ 20% LONG TERM US GOVERNMENT BONDS
+ 20% SHORT TERM US GOVERNMENT BONDS
s 20% US EQUITY (LARGE & MID MARKET CAP)
s 20% US EQUITY (SMALL MARKET CAP)

% 20% GOLD

The main difference with respect to the Permanent Portfolio is that here the author
makes a bet about the future economic outlook, indicating prosperity as the longest
macro scenario possible in future, therefore dedicating less than half of portfolio
composition to the stock market, adding more diversification by including all types of

companies forming the economy, therefore both small cap and large cap stocks.

Nonetheless, weather the idea of Browne (1999) follows macroeconomic fundamentals
in order to construct the portfolio, the approach of Tyler (2016) is mainly empirical and

given by concrete results, therefore susceptible to the period of time considered.

Nevertheless, this portfolio is highly appreciated for the public for a secondary and

statistical reason, which is the fact that includes asset classes which are negatively
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correlated one to each other. In particular, Gold effectively represents an asset class
which did not show consistent inflation hedging capacity, however proved to be
negatively correlated to stocks and bonds, therefore providing an important

diversification role inside the portfolio.

Therefore, Tyler (2016) shows empirical evidence in favour of Golden Butterfly Portfolio
vs a 100% Stock Portfolio with a sample ranging from 1972 to 2104; from a provided
graph it is interesting to observe that the line representing compound real returns of the
Golden Butterly Portfolio overcome that of the Total Stock Portfolio for most of the whole
period, with the limited exception of the years 1998 to 2002 where the 100% stock
portfolio reaches a peak of 10% compound return in 2000, while Golden Butterfly shows
a steady growth during that period. As a consequence, it is arguably to state that this
portfolio allocation, following the approach of the Permanent Portfolio, empirically
demonstrates its ability to not being conditioned by the actual economic situation.
Moreover, the author presents also the graph of annual returns difference, counting 42
observations, and 17 out of 42, that’s 40.17% of annual observations are in favour of the

Permanent Portfolio vs the 100% stock portfolio.

2.2.3 LARRY PORTFOLIO

The Larry Portfolio’s composition radically differs from that of the previous two
portfolios; the weights of the portfolio are not equal but assigned according inversely to
the level of volatility that each asset class contributes to the overall portfolio: therefore,

according to the Risk Parity Approach.

PORTFOLIO COMPOSITION

X/
L X4

70% MID TERM US GOVERNMENT BONDS
% 15% US EQUITY (SMALL MARKET CAP)

% 7.5% WORLD EQUITY (SMALL MARKET CAP)
% 7.5% EMERGING MARKETS EQUITY

The portfolio of Swedroe (2018) is a 30/70 Portfolio, where this little exposure to the

stock market is given by the high risk that each equity component gives to the overall

41



portfolio; in fact, there is a geographic diversification among equities in the portfolio,
nonetheless, two equities out of three regard small market capitalisation companies
which are riskier than more stable equities of larger companies and the remaining stock
regards emerging markets, which authentically represents a bet for the upcoming future,

against a more stable profitability given by the domestic equity market.

Being a low-risk portfolio, as a consequence of its strongly bond oriented asset allocation
it is arguably to deduce its theoretical position near the Global Minimum Variance
Portfolio, at the very left of the efficient frontier as shown in Braga (2016), as theoretical

Risk Parity Portfolios.

2.2.4 ALL WEATHER PORTFOLIO

This Portfolio, together with the All Weather Hedge Fund, is proposed by Ray Dalio in
1996, which after several years of effort achieves a portfolio mainly driven by two
economic conditions: the rising or falling of growth and the increase or decrease in the

level of inflation (Bridgewater, 2012).

PORTFOLIO COMPOSITION

s 40% LONG TERM US GOVERNMENT BONDS

+ 15% MID TERM US GOVERNMENT BONDS

¢ 30% US EQUITY (MID AND LARGE MARKET CAP)
% 7.5% COMMODITIES

+ 7.5% GOLD

Regardless the fact that the All Weather portfolio is based on its composition according
to the Risk Parity Approach, here the proportion in stocks and bonds it is slightly more
balanced, with 55% of portfolio in bonds and 30% in stock, therefore maintains a lower

proportion in equities but, on the other side, reduces the bond component.

Newly to previous portfolios, All Weather gives 15% of weights to Gold and
Commodities. Therefore, it is arguable to notice that the inflationary scenario occupies

a lower than the Permanent Portfolio position, but still relevant position in the portfolio.
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However, with respect to the Permanent Portfolio, there is a more diversified proportion
of metals, including other raw materials other than gold, improving portfolio’s hedge

against inflation.

2.2.5 IVY PORTFOLIO

PORTFOLIO COMPOSITION

% 20% US EQUITY (MID & LARGE MARKET CAP)

% 20% WORLD EQUITY (MID & LARGE MARKET CAP)
% 20% REAL ESTATE

% 20% US MID TERM GOVERNMENT BONDS

% 20% COMMODITIES

After taking in analysis Endowment Portfolios of relevant US universities, Faber and
Richardson (2009) propose a portfolio which is mainly equity driven, 60% of the total
portfolio is given byt stocks, geographically covering all developed stock market but also

including real estate companies.

The rest of the portfolio is splitted between bonds and commaodities; therefore, this
portfolio is slightly different from a traditional 60/40 for what concerns the fixed rate
asset class, which plays a more marginal role and by proposing real estate as part of

equities.

2.2.6 WEIRD PORTFOLIO
Value Stock Geek (2020) has ideated the Weird Portfolio.

PORTFOLIO COMPOSITION

% 20% LONG TERM US GOVERNMENT BONDS
% 20% US EQUITY (SMALL MARKET CAP)

s 20% WORLD EQUITY (SMALL MARKET CAP)
% 20% REAL ESTATE
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% 20% GOLD

Here there is another more diversified 60/40 portfolio which, other than being risk
based, aims at betting on a risk factor that is small market capitalisation of equities

involved.

2.2.7 GOLDEN RATIO PORTFOLIO

Lastly, the Golden Ratio Portfolio of Frank Vasquez follows a mathematical principle,
nonetheless defines to have achieved a Risk Parity allocation with different weighting

with respect to traditional portfolios.

PORTFOLIO COMPOSITION

¢ 21% US EQUITY (LARGE & MID MARKET CAP)
s 21% US EQUITY (SMALL MARKET CAP)

¢ 26% US LONG TERM GOVERNEMENT BONDS
¢ 6% US SHORT TERM GOVERNEMENT BONDS
% 16% GOLD

+ 10% COMMODITIES

It can be noticed that is composed on a greater number of equities with respect to

bonds, and slightly more than a quarter of the weights of the portfolio is given by metals.
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Chapter 3.

An Empirical Analysis

3.1 THE DATASET AND A PRELIMINARY ANALYSIS OF THE DATA:

Once presented the risk-based lazy portfolios, it is interesting to propose a risk-based
analysis of these portfolios, firstly by using the risk budgeting approach in order to
describe risk concentration among asset classes and lastly by confronting their asset

allocation with that of risk parity portfolios and observe differences in performance.

In this empirical example it is considered the case of a European investor with an initial
capital of €10000 who considers to invest this sum into a lazy portfolio for twenty-five
years, from 2025 to 2050. Before investing, he wants to consider historical performance
of Lazy Portfolios in the previous twenty-five years, obtaining an analysis using monthly

data from May 2000 to April 2025.

However, Lazy portfolios are composed with the use of ETFs, instruments mostly emitted
more recently and with different emission dates. Therefore, the investor decides to
proceed with the analysis by composing portfolios using the time series of the indices
that the various ETFs aim to track over time. Transaction costs are neglected for the

analysis.

Therefore, it is arguable to present a list of market indices used for the next paragraphs

of the chapter, divided according to the asset class belonging.

EQUITY INDICES: Morgan Stanley Capital International Indices

¢ Stock: MSCI WORLD

+* SMC stock: MSCI WORLD SMALL CAP
+ EU Stock: MSCI EMU

¢ EU SMC stock: MSCI EMU SMALL CAP
¢ EM stock: MSCI EM

BOND INDICES: JP Morgan Government Bond Indices
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% ST bond: JPM EMU 1-3 YEARS
¢ MT bond: JPM EMU 1-10 YEARS
% LT bond: JPM EMU

COMMODITIES: Commodities Research Bureau Index

++ Commodities: CRB INDEX

GOLD: London Bullion Market Authority Index

¢ Gold: LMBA GOLD PRICE INDEX

REAL ESTATE: Standard & Poor International Index

¢ Real estate: S&P GLOBAL REIT INDEX

All the data are kept using the Bloomberg Terminal, and all the series have been

converted in euros.

For what regards the stock market, including real estate, and also the bond market,

indices of international financial companies providing market indices are used.

Returning to the empirical example considered, the European investor is going to
readapt to its need lazy portfolio’s composition as these portfolios are meant for a US

investor.

Therefore, a European Investor focused on the future will more likely prefer to invest in
the most diversified Equity Indices as possible, moreover in the last decades European
Equities’ performance could not equalise that of US Equities, therefore regarding the
Stock market asset class, including Real Estate, global equity indices are preferred as the
base for Lazy Portfolios’ compositions. Three exceptions are Larry Portfolio, lvy and

Weird Portfolios where also domestic European Indices are included.

For the bond asset class domestic European equities are included, while for gold and

commodities reference market indices are used.

Lastly, Lazy portfolios are rebalanced once a year.
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A PRELIMINARY ANALYSIS OF THE DATA

Before proceeding to portfolio risk measurement using the three risk measures of

Standard Deviation, Value at Risk and Expected Shortfall, it is arguably to examine the

statistical properties of both individual assets’ returns and portfolios’ returns in order to

evaluate the reliability of the risk measures adopted.

In particular, the main interest in describing the first three moments of returns’

distributions, therefore mean, skewness and kurtosis, is given by the trial to detect

whether portfolio returns follow a Gaussian Distribution, which is a strong assumption

that asset managers and academics made in order to estimate risk measures, such as

Value at Risk and Expected Shortfall.

Let’s then start from Figure 3.1, illustrated on the next page, which graphically illustrates

the empirical distributions of individual assets through histograms.
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Figure 3.1 Histogram of All Return series

In terms of Symmetry, all the distributions look very asymmetric, with significant
concentration of data in the left tail, implying higher presence of outliers or extreme

negative returns.

The first six time series in particular show the longer left sides in their empirical
distributions, and have as a common factor the belonging to the Equity asset class. This
result is not surprising and justifies the need for alternative portfolios which mitigate the

impact of these components in the portfolio.

More specifically, in the series STOCK, EU STOCK and EM stock, which are composed of
equities of companies with mid and high market capitalisation, it is possible to visually

observe longer left tails.

Moreover, the time series of REAL ESTATE clearly shows an outlier of -0.3, which may

influence on the calculated levels of skewness and kurtosis in the next page.

On the other side, the returns of COMMODITIES and GOLD look the most symmetric of

the dataset.

Therefore, it is arguably to proceed with a table showing the values of mean, skewness

and kurtosis in order to add some considerations to the graphical intuition.

48



Q@ | cap.3.1.R* table_3.1
" Filter
“ mean skewness kurtosis JB:t_stat JB:pvalue

stock 0.0027217381 -0.700180327 0.8818267 34.9470 2.578e-08
S5M stock 0.0044267034 -1.709473738 8.0311983 965.5700 2.200e-16
EU stock 0.0006522267 -0.692464711 1.6516605 59.4220 1.2492-13
EU SM stock 0.0035335406 -0.900810770 2.8347513 143.7500 2.200e-16
EM stock 0.0025176516 -0.650081941 1.3903875 46.3900 B.4432-11
LT bond 0.0027959395 -0.480974750 1.2108961 30.7760 2.075e-07
MT bond 0.0025658782 -0.335943233 1.0570986 20.3300 3.849e-05
5Tbond 000173916586 0342089575 1.6916164 42.8830 4.877e-10
real estate 0.0021735656 -1.244302665 5.6589851 485.1500 2.200e-16
gold 0.0076571141  0.006280939 0.8215356 8.9445 1.142e-02
commeodities 0.0021915730 -0.282755100 0.7848441 12.2040 2.238e-03

Table 3.1 Individual assets’ key features and Jarque Bera Test

From Table 3.1 it is possible to confirm some previous intuitions and reject others; in
particular, as previously stated, the equity securities, including real estate, have the most
asymmetric and with highest kurtosis distributions, therefore cannot be fitted using a
Gaussian distribution. This fact finds confirm in the enormous t-statics and really small
pvalues provided by the Jarque Bera Test for Normality in distributions; according to the
test, in these cases due to the significant pvalues, the null hypothesis of normally

distributed returns is rejected at the 5% significance level.

Moreover, contrary to the previous observation made about company types, equity
indices of small market capitalisation companies are the ones which present greater
asymmetry, -1.71 for SM STOCK and -0.90 for EU SM STOCK. Moreover, the first index
presents a level of kurtosis way higher than the gaussians’ kurtosis of 3, and this implies

a distribution with fatter tails.

On the other side, EU SM STOCK presents a kurtosis of 2.83 and is the only level of
kurtosis which is near that of the gaussian distribution, while for the rest of the series

kurtosis is below 3.
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As previously stated, REAL ESTATE is included in the equities and presents both high
skewness and kurtosis, and as a consequence the Jarque Bera test strictly rejects any

possibility of normally distributed returns form that series.

The bond asset class presents slightly negative asymmetry for LT bonds and MT bonds,
while slightly positive for ST bonds, and low levels of kurtosis. According to the Jarque-

Bera Test none of these distributions is similar to the Gaussian one.

A final consideration is given to metals, with GOLD presenting the lowest value of
skewness, and both presenting the lower kurtosis. Moreover, GOLD is the only series
presenting a pvalue of 0.01142, therefore, at 1% significance level, it is failed to reject

the Null Hypothesis of the Gaussian Distribution for GOLD returns.

golden all . . golden
perman..ent butterfly larry . weather vy . weird . ratio

portfolio portfolic portfolio portfolic portfolio portfolio portfolio
stock 0.25 0.2 0.000 0.300 0.2 0.0
SM stock 0.00 0.2 0.075 0.000 0.0 0.2
EU stock 0.00 0.0 0.000 0.000 0.2 0.0
SM EU stock 0.00 0.0 0.150 0.000 0.0 0.2
EM stock 0.00 0.0 0.075 0.000 0.0 0.0
LT bond 0.25 0.2 0.000 0.400 0.0 0.2
MT bond 0.00 0.0 0.700 0.150 0.2 0.0
ST bond 0.25 0.2 0.000 0.000 0.0 0.0
real estate 0.00 0.0 0.000 0.000 0.2 0.2
gold 0.25 0.2 0.000 0.075 0.0 0.2
commodities 0.00 0.0 0.000 0.075 0.2 0.0

Table 3.2 Lazy Portfolios Composition

Table 3.2 presents Lazy portfolio’s compositions given the set of assets and asset classes
previously individually analysed; it is possible to notice that the Permanent portfolio,
Golden Butterfly portfolio, vy and Weird portfolios distribute the same amount of initial
wealth among individual assets while Larry portfolio, All Weather portfolio and Golden

Ratio portfolio propose a different weighting for each asset in the portfolio.

It is now convenient to proceed the preliminary analysis by firstly illustrate each

portfolio’s variance covariance matrix and correlation matrix in order to understand the
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relationships between assets and asset classes more in general and understand the level

of diversification of the portfolios.

Then each portfolio return’s QQ-Plots and the t-statistics and pvalues from the Mardia

Test for multivariate normal distribution are provided in order to examine as before for

the legitimacy of the assumption of normally distributed portfolio returns.

@ | cap.3.1.R Sigma_permanent
" Filter
© stock LT bond ST bond gold
stock 1.739175e-03 1.618157e-05 -3.48390%9e-05 -5.909994e-05
LT bond 1.618157e-05 1.775534e-04 4.210863e-05 5414377e-05
ST bond -3.483909e-05 4.210863e-05 1.820084e-05 £.348104e-06
gold -5909994e-05 5414377e-05 8.348104e-06 1.957019e-03
@ | cap.3.1.R Cor_permanent
" Filter
stock II;-I-;n d EI“ d gold
stock 1.00000000 0.02911955 -0.19581657 -0.03203450
LT bond (0.02911955 1.00000000 0.74073160 0.09185153
ST bond -0.19581657 0.74073160 1.00000000 0.04423231
gold -0.03203450 0.09185153 0.04423281 1.00000000

Table 3.3 Variance-Covariance and Correlation Matrix for Permanent Portfolio

Overall, from the variance covariance matrix Sigma of the permanent portfolio it is

possible to notice the very low level covariance between each asset, indicating a well-

diversified portfolio.

Moreover, it is arguable to notice the negative correlation between stocks and short term

bonds and gold and the really small correlation with long term bonds, therefore the rest
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of the assets seem to guarantee a certain level of resistance to eventual stock market

crashes as supposed by Browne (1999).

Furthermore, even if bonds are highly correlated one to each other, they are both slightly
correlated with gold, therefore Permanent portfolio seems to guarantee that for each
phase of the macroeconomic cycle each asset class will behave differently and

independently as supposed by the author of the portfolio.

'E*‘_l cap.3.1.R Sigma_GoldenButterfly

‘i Filter
stock S5M stock LT bond 5T bond gold
stock 1.73917%e-03  1.228104e-03  1.6181572-05 -3.483%0%-05 -5.9099%4e-05
SMstock  1.225104e-03  2.155874e-03  -2733146e-05 -4.364239e-05  1.382504e-04
LT bond 1.518157e-05 -2.733146e-05  1.7755342-04  4.270863e-05  5414377e-05
ST bond -3.48390%e-05 -4.36423%9e-05  4.210863e-05  1.520084e-05  8.3487104e-06
gold -5.909994e-05 1.382504e-04  5414377e-05  8§.348104e-06  1.957019e-03

@ | ap3iR Cor_GoldenButterfly
" Filter
- SM LT ST
S stock bond bond gokd

stock 1.00000000 0.63423731 0.02911955 -0.19581657 -0.03203450
SMstock (0.53423731  1.00000000 -0.04417503 -0.22031859  0.06730551
LT bond  0.02911955 -0.04417603  1.00000000 0.74073160 0.09185153
STbond -0.19581657 -0.220318%8 074073160 1.00000000  0.04423281
gold -0.03203450 0.06730651 0.09185153 0.04423281 1.00000000

Table 3.4 Variance-Covariance and Correlation Matrix for Golden Butterfly Portfolio

The Golden Butterfly portfolio adds one more component to the Permanent Portfolio,
and is Small Market Cap stocks; these are highly correlated with Mid & Large Cap stocks,
but result negatively correlated with the bond asset class, both long and short term, and
correlated in small proportion with gold. Adding one component seems to not have

changed the equilibrium of the initial portfolio.
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@ |cap.3.1R

MT bond
S5M stock
EU SM stock
EM stock

@ | cap3.iR

MT bond
SM stock
EU SM stock

EM stock

Sigma_Larry
‘" Filter
MT bond SM stock EU SM EM stock
stock
8.029331e-05 -5.433042e-05 -2.058592e-05 -4.359942e-05
-5433042e-05  2.155874e-03  1.646378e-03  1.485059e-03
-2.058592e-05  1.646378e-03  2.886667e-03  2.171103e-03
-4,359942e-05  1.485059e-03  2.171103e-03  2.866182e-03
Cor_Larry
" Filter
MT 5M EU 5M EM
bond stock stock stock
1.00000000 -0.1305845 -0.04275947 -0.09088438
-0.13058454  1.0000000 = 0.65996296  0.59742079
-0.04275%47  (0.6599630 1.00000000  0.75479698
-0.09088438 (.5974208 0.75479695  1.00000000

Table 3.5 Variance-Covariance and Correlation Matrix for Larry Portfolio

Larry portfolio presents a diversification between stocks and counterbalanced by a
strong prevalence in the portfolio of mid-term bonds. Nonetheless, in terms of
diversification, therefore by looking at the covariance and correlation matrix, it is clear
to observe that different types of stocks are highly correlated between each other. In
particular, Emerging Market stock present a correlation coefficient of 0.75 with Small Cap

European stocks, and Small Cap stocks between each other have a correlation coefficient

of 0.66.
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@ | cap3iR

LT bond
MT bond
stock
gold

commaodities

Q] cap3Rr

.

LT bond
MT bond
stock
gold

commodities

Sigma_AllWeather

i Filter
LT bond
1.775534e-04
1.143330e-04
1.618157e-05
5.414377e-05
-6.394506e-05

MT bond

1.143330e-04
8.029331e-05
-2.815735e-05
2.758133e-05
-5.026406e-05

Cor_AllWeather

stock
1.618157e-05

-2.815735e-05
1.739175e-03

-5.909994e-05
4.513057e-04

gold
5.414377e-05
2.758133e-05

-5.909994e-05
1.957019e-03
2.985536e-04

commodities

-6.3945062-05
-5.026406e-05
4.513057e-04
2.9355362-04
9.358851e-04

7 Filter
II;.Ln d :::Tn d stock gold commodities
1.00000000 095756332 0.02911955 0.09185153 -0.1568669
0.85756332 1.00000000 -0.07534551 0.06957893 -0.1833609
02911955 -0.07534951  1.00000000 -0.03203450 0.3537431
(.09185153  0.06957858 -0.03203450  1.00000000 0.2206041
-0.15686686 -0.18336086 0.35374310 0.22060407 1.0000000

Table 3.6 Variance-Covariance and Correlation Matrix for All Weather Portfolio

All Weather portfolio proposes a diversification for the bond asset class, using both mid
term and long term bonds and adds raw materials to further diversify metals. This
diversification seems to enhance portfolio balance as mid term bond are negatively

correlated with stocks, and negatively correlated with commodities, therefore the two

new assets work independently and oppositely in the portfolio.
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Moreover, gold and commodities show a small amount of correlation of 0.22, and each
component in the portfolio is verry little or negatively correlated to the other
components in the portfolio, with the exception of long term bond and mid term bond
which are highly correlated, and this is different with respect to the relationship between

short term and long term bond that it has been noticed in the previous portfolios.

@ | cap3iR Sigma_lvy
7 Filter
- real -
EU stock stock MT bond commodities
estate
EU stock 2.56145%e-03  1.795205e-03 1.527014e-03  -2.948593=-05 1.821028e-04
stock 1.7952052-03  1.739175e-03  1.493798e-03  -2.815735e-05 4.513057e-04

real estate
MT bond

commodities

1.527014e-03
-2.948593e-05
1.621028e-04

1.4937598e-03
-2.815735e-05
4.513057e-04

2.562336e-03
5.937796e-05
4.576540e-04

3.937796e-05
8.029331e-05
-5.0264062-05

4.576540e-04
-5.026406e-05
9.358851e-04

@ |cap3iR Cor_lvy
" Filter
) ::nck stock :::; te :ﬂ:n d commodities

EU stock 1.00000000 085054768 (.5960479 -0.06501769 01176147
stock (0.85054768 1.00000000 0.7078235 -0.07534951 0.3537431
real estate 059604790 070762352 1.0000000 0.13090841 0.2955344
MT bond -0.06501769 -0.07534951 (.1309084  1.00000000 -0.1833609
commodities 011761469 035374310 (.2955344 -0.18336086 1.0000000

Table 3.7 Variance-Covariance and Correlation Matrix for Ivy Portfolio

Ivy Portfolio, as the Larry Portfolio, proposes a diversification regarding equities which
instead here accounts for the 60% of the total portfolio value. By looking at these
investments, also here it is arguably to notice that these investments are highly
correlated one to each other, and even if are low correlated or negatively correlated to
the other two components of the portfolio, this portfolio seems a less risk based with

respect to the four portfolios examined before.
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Q| cap3iR

SM stock
EU SM stock
real estate
LT bond

gold

@ | cap3iR

SM stock
EU 5M stock
real estate
LT bond

gold

Sigma_Weird
“\ Filter
SM stock :tli fI:'" :‘;:; " LT bond gold
2.155874e-03  1.646378e-03 0.0013409478 -2.733146e-05 1.382504e-04
1.645378e-03  2.586667e-03 0.0016655567  2.1406512e-05 -2.560034e-04
1.340948e-03  1.666557e-03  0.0025623363  1.534223e-04  8.789770e-05
-2.733146e-05  2.146512e-05 00001534223 1.775534e-04  5.414377e-05
1.382504e-04 -2.560034e-04 0.0000878977 5414377e-05  1.857019e-03
Cor_Weird
" Filter
SM EU SM real LT
stock stock estate bond gold
1.00000000 065996296 057053479 -0.04417603  0.06730651
065996296  1.00000000 061277873 002998268 -0.10770847
057053479 061277873  1.00000000 022746041  0.03525201
-0.04417603 002998268 0.22746047  1.00000000 0.09185153
0.06730651 -0.10770847 003925201  0.09185153  1.00000000

Table 3.8 Variance-Covariance and Correlation Matrix for Weird Portfolio

As for the Weird Portfolio, also the Weird portfolio gives relevant consideration to the

equity market, assigning 60% of the total value of the portfolio to the first three elements

of the table 3.9.

As a consequence, similar conclusions can be stated also for this portfolio in which only

long term bonds and gold present a negative correlation with the other assets in the

portfolio.
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0 cap3iR

Sigma_GoldenRatio

“ Filter

F Y
stock

stock

SM stock
LT bond
5T bond
gold

commodities

1.739175e-03
1.228104e-03
1.618157e-05
-3.45390%e-05
-5,809594e-05
4.513057e-04

SM stock
1.228104e-03
2.155874e-03

-2.733146e-05

-4.364239e-05
1.382504e-04
5.730987e-04

LT bond

1.618157e-05
-2.733146e-05
1.775534e-04
4,2108632-05
5414377e-05
-6,394506e-05

5T bond
-3.48390%-05
-4.36423%-05
4.210863e-05
1.820084e-05
8.348104e-06
-2.279823e-05

gold

-5.909954e-05
1.382504e-04
5.414377e-05
£.348104e-06
1.957019e-03
2.985536e-04

commodities

4.513057e-04
5.730987e-04
-6.394506e-05
-2.279823e-05
2.985536e-04
9.358857e-04

ﬁ_l cap.3.1.R

stock

SM stock
LT bond
5T bond
gold

commodities

Cor_geoldenRatic

S Filter

stock

1.00000000
0.63423731
0.02911855
-0.19581657
-0.03203450
0.35374310

SM
stock

0.63423731
1.00000000
-0.04417603
-0.22031859
0.06730651
0.40345561

LT
bond

0.02911955
-0.04417603
1.00000000
0.74073160
0.09185153
-0.15686686

ST
bond

-0.19581657
-0.22031859
0.74073160
1.00000000
0.04423281
-0.17468038

gold

-0.03203450
0.06730651
0.09185153
0.04423281
1.00000000
0.22060407

commodities

0.3537431
0.4034656
-0.15686569
-0.1746804
0.2206041
1.0000000

Table 3.9 Variance-Covariance and Correlation Matrix for Golden Ratio Portfolio

The last Portfolio, Golden Ratio portfolio, embodies different kinds of stocks, bonds and

raw materials but without concentrating too much weight in the portfolio to a specific

asset class as can be noticed in Table 3.2
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This level of diversification in the portfolio seems to produce good result as comes
evident by looking at the correlation matrix, where all asset classes are negatively or
insignificantly correlated to each other and the only correlation observed is between

securities attaining to the same asset class. This portfolio shows the same level of
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protection of the other first four portfolios examined.

Figure 3.2 QQPLOT PERMANENT, GOLDEN BUTTERLFY, LARRY, ALL WEATHER
PORTFOLIOS
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Figure 3.3 QQPLOTS IVY, WEIRD AND GOLDEN RATIO PORTFOLIOS

After examining assets and asset classes inside the portfolio, it is arguable to graphically
observe lazy portfolio’s distribution QQ-plots in order to make some initial

considerations about their empirical distribution.

As most of the individual securities presented strong deviations from the gaussian
distribution, especially regarding securities attaining to the equity asset class, the
expected result deviation from the gaussian distribution also for portfolios based on

these assets.

Therefore, results in Figure 3.2 and 3.3 are not surprising and reveal more leptokurtic
empirical distributions which present more high values in the centre of the probability
density function and fatter tails; in order to describe fatter tails, the QQ-plots with the
guantiles of Student-t distribution with three degrees of freedom have been provided

for the last three portfolios in Figure 3.3.

59



It can be noticed that for the lvy and Weird portfolios t-student with df=3 best describes

the distribution of the portfolio returns.

After a graphical representation of portfolio returns, it is convenient to use a formal test

for multivariate normal distribution, therefore the Mardia test results have been

reported in Table 3.10.

@ Jcap3.1R

permanent
golden butterfly
larry

all weather

ivy

weird

geolden ratio

table_3.4
' Filter
skewness:t_stat
125.0897
284.9511
204.8743
134.6146
232.8343
275.1249
329.6598

pvalue

3.230305e-17
£.035805e-41
1.218878e-32
1.218155e-13
4.602398e-31
4.623667e-39
2.067102e-40

kurtosis:tstat
13.62738
23.52470
18.59456
11.76680
18.64582
21.74424
22.26388

pvalue
2.752968e-42
22794982122
3.556267e-77
5.788047e-32
1.365410e-77
7.8322142-105
8.276454=-110

able 3.10 Mardia Test for Multivariate Normal Distribution on Each Portfolio Return

The test absolutely denies any possibility of the presence of empirical distributions

similar to the normal distribution; highly significant pvalues show how both in terms of

skewness and kurtosis these distributions differ from values of zero asymmetry and

kurtosis of three.

The fact that actual portfolio returns do not behave normally is not limiting in practice

as this fact is commonly known by asset managers and institutional investors, however

makes the financial analyst aware of the fact that Value at Risk and Expected Shortfall

estimates when doing Risk Budgeting can underestimate tail risk, therefore they need to

be considered with a certain kind of flexibility and not as precise and perfect indicators

of risk.
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3.2 RISK BUDGETING APPLIED ON ACTUAL LAZY’S PORTFOLIOS COMPOSITION

PERMANENT PORTFOLIO % Total Risk Contributions
tock
LT bond stack
LT bond
ST bond
ST bond gold
old
GOLDEN BUTTERFLY PORTFOLIO % Total Risk Contributions
SM stoc

LT bond SM stock

ST bond LT bond 5T bond

Figure 3.4 Risk Decomposition Pie Plot For Permanent and Golden Butterfly

When analysing portfolio composition in the optic of Risk Budgeting, two major
considerations about the risk contribution of each component in the portfolio have to

be made.

Firstly, the assets’ individual volatility, and this is mainly driven by the asset class to which
the asset belongs; finally, the level of correlation it shows with respect to the other types

of investments allocated inside the portfolio.

Therefore, considerations made in paragraph 3.1 about the Variance-Covariance and
Correlation matrices are going to be further employed in order to proceed with analysing
the risk composition of the portfolios, and this is done by employing the three risk

measures of Standard Deviation, Value at Risk (5%) and Expected Shortfall (1%).

Nonetheless, before proceeding with considering numbers, it is convenient to start the
risk analysis of the portfolios using a less quantitative approach and observing Figures
3.4 to 3. 6, which present pie plots of capital allocations and the respective percentage

total risk contributions, PTRC;.
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Figure 3.4 demonstrates how, even if assets among asset classes are inserted in the

portfolio in equal proportion, their risk contribution is not the same.

From the graph it is arguably to conclude that equities and gold are the main drivers of
portfolio risk; while in the Permanent Portfolio gold and stocks both represent slightly
less than half of portfolio standard deviation, with the Introduction of small cap stocks
in the Golden Butterfly portfolio most of the risk is given by the two equities; in fact they
seem to cover more than 70% of total standard deviation while for the remaining 30%
part of risk slightly less than a quarter derives from gold. Among bonds, only Long term

bonds seem to contribute to portfolio risk.

LARRY PORTFOLIO % Total Risk Contributions
MT bon M stock
MT bond
EM stock EU SM stock
EM stock
SM stoukk EU SM stock
ALL WEATHER PORTFOLIO % Total Risk Contributions

T bond

T bond
LT bond

MT bond
commodities
gold

commodities
gold
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IVY PORTFOLIO % Total Risk Contributions

EL stock

El stock

stock
real estate
commaodities

commodities MT bond

MT bond real estate

WEIRD PORTFOLIO % Total Risk Contributions
EU 5M stoc SM stack
SM stock EU SM stock
real estate gold
gold LT bond
LT bond real estate
on

Figure 3.5 Risk Decomposition Pie Plot For LARRY, ALL WEATHER, IVY AND WEIRD
PORTFOLIOS

Regarding the fact that Mid term bonds represent 70% of the capital allocation of Larry
portfolio, less than a quarter of portfolio standard deviation is generated from the bond
asset class. Instead, all the portfolio risk is spitted among the high correlated three
different types of equities, with half of portfolio risk given by European small cap stocks
and two smaller and equal to the Mid term bond proportions are given by emerging

market stocks and global small cap stocks.

In Figure 3.5 it is also possible to observe also All Weather portfolio, where to a 30%
capital allocation in stocks corresponds more than 80% of portfolio risk. As in the Larry
portfolio, most of the risk derives from the small equity component in portfolio, and the
rest of volatility is splitted between bonds and metals, with only long term bond having

a higher risk concentration.

Contrarily to the previous portfolios, which aim to minimize risk by reducing the equity
asset class in favour of bonds and metals, the Ivy portfolio is composed by 60% of
different types of equities, including real estate, and among the rest there is a 20% in
commodities. These components are the main protagonists in portfolio risk, in a slightly

higher percentages with respect to their capital weights.
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A more remarkable difference with respect to the Ivy portfolio is illustrated in the Weird
portfolio, where small cap stocks, both European and global, overweight with respect to

real estate and gold.

GOLDEN RATIO % Total Risk Contributions
SM stocl stock
stock
LT bond commodi SM stock commodi
ST bond gold

Figure 3.6 Risk Decomposition Pie Plot For Golden Ratio Portfolio

Finally, the Golden ratio portfolio overall volatility percentage decomposition shows as
the rest of portfolios the prevalence od equities, in particular Small cap stocks, and a

volatility contribution of commodities which is equal to its capital allocation.

Overall, it is reasonable to conclude that equity represents the riskier investments for all
the seven portfolios, no matter their weight in the capital allocation; this is particularly
true for small cap equites, which have been noticed to present very leptokurtic
distributions in the previous chapter and this has corresponded as becoming one of the

most volatile components in the portfolio.

While gold prevalently contributes to the overall portfolio volatility only in the
Permanent portfolio, also commodities contribute in a more proportional manner to

portfolio volatility with respect to its weights.

Lastly, among the bond asset class only Long Term bond represent a riskier investment

being part of Lazy Portfolios.

After having set a targeted Total Risk Budget, the first thing in order to apply the Risk

Budgeting methodology on a portfolio consists on measuring its actual level of risk.

Ignoring the first part as it implies more articulated considerations about the single
investor, Lazy portfolios’ monthly level of risk is measured in terms of standard deviation

and in terms of potential losses over the next months.
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Q] cap3iR Q| cap.3.2.R* Monthlystdy

" Filter
© total total total
portfolio portfolio portfolio
stdv VaR(5%) ES(5%)

permanent 0.01570357 220.7909 2864097
golden butterfly 0.01864647 220.7909 3457617
larry 0.01485050 215.3487 2774028
allweather 0.01542700 223.1370 287.6001
ivy 0.02799732 4399042 556.5935
weird 0.02785025 416.2412 532.6160
golden ratio 0.02031457 259.5859 3844722

Table 3.11 Lazy Portfolio’s Standard Deviation, Value at Risk and Expected Shortfall

Larry portfolio has the lowest standard deviation, 1.485%, and followed by All Weather
and Permanent Portfolios; it is interesting to observe that the Permanent portfolio
equally weights the four asset classes while Larry and All Weather are in prevalence bond

portfolios, and still presents a low standard deviation.

Then, way riskier portfolios are vy and Weird portfolios, who’s standard deviation for
both is near to 2.8%; it has to be noticed that these portfolios present the highest equity
among all the seven portfolios. In the middle between aggressive and conservative,
Golden Butterfly and Golden Ratio portfolios present a standard deviation of 2%, sharing

the same amount, around 40%, and type of equities in their portfolios.

The difference in riskiness between portfolios is remarked by observing 5% Value at Risk
and Expected Shortfall; while Larry Portfolio presents a 5% probability of losses
exceeding €215.3487 and an average loss exceeding value at risk of €277.4028, lvy
Portfolio presents a Value at Risk of €439.9042, which is more than the double

considered that owy=201arry, and an average loss exceeding 5% VaR of €556.8935.
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Q |cap3iR Q | cap.3.2.R* Permanent

¢ Filter
N!argmal Total Risk Percen?age
Risk Contribution Total Risk
Contribution Contribution
stock 0.0264496733 0.0066124183 421077354
LT bond 0.0046165839 0.0011541460 7.3495763
ST bond 0.0005383885 0.0001345971 0.8571115
gold 0.0312096402 0.0078024101 4968557467

Table 3.12 Risk Contributions Permanent

The above table shows more in detail percentage total risk contributions, other than
marginal and total risk contributions for each asset class. It can be noticed that gold
presents higher TRC; and PTRC; than stocks; in addition, the Total Risk Contribution of
Short Term bond is the lowest and its PTRC; is less than 1%. Nonetheless, Permanent
Portfolio’s main advantage is that both ST bonds and Gold are negatively correlated to
stocks, therefore the portfolio is more balanced and generates the same level of risk than

more conservative portfolios.

@ | cap.3. 1R Q| cap.3.2.R* GoldenButterfly

7 Filter

“  MRC(i) TRC(i) PTRC(i)
stock 0.0309926918 6.198538e-03 33.242428%9
SM stock 0.0370177785  7.403555e-03  35.7048699
LT bond (0.0028172195  5.634439%e-04 3.0217192
5T bond -0.0001053701 -2.107402e-05 -0.1130188

gold 0.0225100182 4.502004e-053  24.1440028

Table 3.13 Risk Contributions Golden Butterfly

Total Risk Contributions of riskier assets are more splitted in the Golden Butterfly
Portfolio, and TRCsmatLL cap stocks>TRCstocks. Moreover, the Total Risk Contribution of ST
bonds is negative: this means that this asset class reduces overall portfolio volatility. By
observing Golden Butterfly correlation matrix, it is possible to notice that is negatively

correlated to both equity indices in the portfolio. This portfolio clearly demonstrates to
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represent a further evolution of the Permanent Portfolio, even if carrying a higher level

of total risk.
@ | cap3iR @ | cap.3.2.R* Larry
9 Filter
“  MRC(i) TRC(i) PTRC(i)

MT bond 0.003082232 0.002157562 14.52855
SM stock 0.032456510 0.002434238 16.39163

EU SM stock 0.047466450 0.007119972 47.94433
EM stock 0.041549694 0.003138727 21.13550

Table 3.14 Risk Contributions Larry

In the Larry portfolio, PTRCwmip-term Bonbs *PTRCstock=15% of total portfolio standard

deviation; the same for Total Risk Contributions.

In addition, [(TRCstock+ TRCsm stock +TRCem stock)/0p] *100 =85,47%, implying that most of
the volatility comes from the asset class less present in proportion to the portfolio; this

implies a low-volatility portfolio as most of the volatility comes from a little component

in it.
@ | cap3iR @ | cap.3.2.R* Allweather
" Filter

“ MRC(i) TRC(i) PTRC(i)
LT bond 0005982414 0.0023929854  15.511539
MT bond 0.003087366 0.0004631049 3.001911
stock 0.035873262 O0.0107619787  69.700661
gold 0.011485473 0.0008616355 5.585242
commodities 0.012630304 0.0009473178 B.140647

Table 3.15 Risk Contributions All Weather

In All Weather portfolio, TRCstock =0.011 and is the highest among all investments; as a
consequence, as in Larry portfolio, the low standard deviation is justified by a low

weighting in equities. However, the rest of portfolio is more diversified with respect to
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Larry portfolio, with asset classes negatively correlated with each other, as commodities
with bonds, and stocks with gold, therefore the stock market component has a more

reduced impact in terms of PTRC,.

Q| cap 3R Q| cap32R

vy
"I Filter
“ MRC(i) TRC(i) PTRC(i)
EU stock 0.0431205125 8.0247103e-03 30.8033148
stock 00389417712 7.788354e-03 27.5182139
real estate (.0435753873 8.715377e-03  31.1293281
MT bond 0.000226508% 4.535138e-05  0.1620919
commodities 0.0141205200 2.824104e-03 10.0870514

Table 3.16 Risk Contributions Ivy Portfolio

In the Ivy Portfolio PTRCwur sono=0.16% therefore risk contributions, as graphically
noticed, are distributed among the other investments which are mainly equities. From
the correlation matrix it was possible to notice that commodities are positively

correlated with the other securities, therefore increasing overall portfolio volatility.

Q | cap3iR @ | cap3.2R Weird
" Filter
“ MRC(i) TRC(i) PTRC(i)

SMstock 0.037731219 0.0075462438  27.09579
EU SM stock 0.042835704 0.0085673408 3076217
real estate 0.04173148% (0.0083452976  29.96349
LTbond 0.002723513 0.0005447035 1.95583
gold 0.014228297 0.0028456594 10.21772

Table 3.17 Risk Contributions Weird Portfolio

In the Weird portfolio PTRCi7 8onp=1.96% and PTRCgolp=10.22%, therefore slightly 90%
or risk is equity driven. This result is similar with that of Larry portfolio, however in Weird
portfolio about 60% of investment is in equities, therefore this portfolio’s volatility is
higher. Nonetheless, this shows that the 40% part of securities which had to balance

equity risk do not really provide a good hedge in the portfolio.
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Q| cap.3.1.R Q| cap.3.2.R* Goldenratio
“ir Filter

MRC(i) TRC(i) PTRC(i)
stock (0035743885 00071487770 351904003
SM stock 0.041632060 0.0083364127  41.0366247
LT bond 0.002657784  0.0005315565 2.6166292
STbhond -0.000107121 -0.0000214242 -0.1054623
gold 0.006750429  0.0013520858 6.6557457
commeodities 0.014835791 0.0029e6715871 146060622

Table 3.18 Risk Contributions Golden Ratio Portfolio

The Golden Ratio presents a high diversification among asset classes, as in the All
Weather Portfolio, but uses Short Term bonds and adds Small Cap global equities, as in
the Golden Butterfly portfolio. Moreover, the weight in the stock market is similar to the
Golden Butterfly. The final result is that risk is better redistributed among securities, and
TRCst gonps <0 as in Golden Butterfly portfolio, meaning that Short Term Bond decrease

overall volatility.

In conclusion, in terms of risk contributions, the riskiest asset class always dominates risk
concentration in the portfolio; the logic of risk weighting, in fact, totally neglects the

amount of capital dedicated to each security.

In all the Lazy portfolios the equity asset class dominates risk concentration: this
indicates that the only way in order to generate low volatility portfolios it is needed to
reduce the stock component in the portfolio; on the other side, this implies that in a
portfolio which is mainly equity driven, as a traditional 60/40 or in the case of lvy and
Weird Portfolios, the rest of the alternative components do not provide a hedge against

the dominant class ‘ risk, as it has been putted in evidence in the IVY portfolio.

In addition, in order to mitigate volatility or better redistribute risk concentration among
each portfolio component is it fundamental to choose assets which are negatively
correlated with one each other, as it is done in the Permanent Portfolio, All Weather,

Golden Butterfly and Golden Ratio Portfolios.
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VALUE AT RISK AND EXPECTED SHORTFALL

# Details:
# Includes Code Borrowed from Peterson and Boudt, GPL

# FUNCTION:

# Risk:
if(is.null(mu)) mu <- colMeans(x)
if(is.null(Sigma)) Sigma <- cov(x)
risk <- -(t(ueights) %*% mu + gnorm(alpha) *
sgrt( t(weights) %*% Sigma %*% weights))[[1]]
attr(risk, "estimator™) <- substitute(FUN)

attr(risk, "alpha") <- alpha

# Risk Contributions:

m2.pfolio <- (t(weights) %*% Sigma %*% weights)

dm2.pfolio <- as.vector(Sigma %*% weights)

contribution <- - (mu + gnorm({alpha)® dm2.pfolio/sqrt(m2.pfolio)) *
oeEES

names(contribution) <~ colnames(x)

# Risk Budgets:

budgets <- contribution/risk

names (budgets) <- colnames(x)

attr(budgets, "sumBudgets") <- sum(budgets)

# Return Value:
list(riskVAR=risk, contributionVAR=contribution, budgetsVAR=budgets)
3

Figure 3.7 VaR and ES Risk Budgets Code from rdrr.io

¥

# FUNCTION:

# Risk:

if(is.null{mu)) mu <- colMeans(x)

if(is.null(Sigma)) Sigma <- cov(x)

location <- t(weights) %*% mu

pm2 <- t(weights) %*¥ Sigma %*% weights

dpm2 <- as.vector(2 * Sigma %*% weights)

risk <- -location + dnorm(gnorm(alpha)) * sqrt(pm2)/alpha
substitute(FUN)

attr(risk, "alpha") <- alpha

attr(risk, "estimator") <-

# Contribution:
derES <- -mu + (1/alpha) * dnorm(gnorm(alpha)) * (8.5 * dpm2)/sqrt(pm2)
contribution <- weights * derES

names{contribution) <- colnames(x)

# Budgets:

budgets <- contribution/risk

names{budgets) <- colnames(x)

attr(budgets, "sumBudgets") <- sum(budgets)

# Return Value:

list(normalES=risk, contribution=contribution, budgets=budgets)

The Code above provided shows how the two risk measures and their risk contributions

are obtained by using the risk budgeting functions in the package fPortfolio or RStudio.

In order to evaluate Value at Risk and Expected Shortall, other than considering the

quantile and CDF of the Gaussian distribution, it is interesting to notice that these

estimates rely on previous estimate of the standard deviation of the portfolio, therefore

the results confirm those previously stated using Standard Deviation as the risk measure.

Q| cap3iR @ | cap3.2.R* permanent_VAR_ES
7 Filter
“ VaR({5%) VaR(5%) VaR(5%) ES(5%) ES(5%) ES(5%)
MRC(i) TRC(i) %TRC() MRC(i) TRC(i) %TRC()

stock  407.841030  101.960258 46179564 518363418 129590855 452466742
LT bond 47.976652 11.954163 5432364  67.267472 16816868 5.8716130
5T bond -9.03598&3 -2.258996 -1.023138  -6.786277  -1.696569  -0.5923575

gold 435381758  109.085440 49411211 566.794105 141.698526  49.4740703

Table 3.19 Risk Contributions Permanent
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Q |cap3iR Q | cap.3.2.R* GoldenButtefly VARES
57 Filter

i,

VaR(5%) VaR(5%) VaR({5%) ES(5%) ES(5%) ES(5%)
MRC(i) TRC(i) %TRC(i) MRC(i) TRC(i) %TRC(i)

stock 482.56703 96.513407 36.033202  612.07284 122414568 35404312
5M stock sede2124 1125924248 42160176 719.30342  143.860635 41.606583
LT bond 16.37974 3.675948 1.372412 3015175 8.030350 1.744077
ST bond -19.62487 -3.924974 -1.465386  -20.06517  -4.013034 -1.160636
gold 293.28571 58.657142 21.899590  387.34589 77469178 22405364

Table 3.20 Risk Contributions Golden Butterfly

@ | cap3.1R @] cap.3.2.R* Larry_VARES

57 Filter

Y

VaR(5%) VaR(5%) VaR(5%) ES(5%) ES(5%) ES(5%)
MRC(i) TRC(i) e TRC(i) MRC(i) TRC(i) %TRC(i)

MT bond 25.03542 17.52760 8.139172 37.91881 26.54317 5.568457
5M stock 439.59506 36.71963 17.051246  625.21756 48.89132 16.903691
EU SM stock 74241472 111.36221 51.712515  940.75776  141.11366 50.869582

EM stock 663.18969 49.73923 23.097068  §38.06248 62.35469 22658271

Table 3.21 Risk Contributions Larry

Q | cap.3.1R Q| cap.3.2.R* Allweather_VARES
“ Filter

-

VaR(5%) VaR(5%) VaR(5%) ES{5%) ES(5%) ES(5%)
MRC(i) TRC(i) FTRC(i) MRC(i) TRC(i) %TRC(i)

LT bond 70.44255 28177020 12.627677 95.44081  38.176246 13.274070

MT bond 2512387 3.768580 1.688909 38.02471 5.703706 1.983207
stock 56284528  168.853583 75672605 71274500 213.823499 74.347493

gold 111.95742 8.399807 3.764417  180.00306  12.000230 4172539
commodities 185.84016 13.938012 0.246392  238.61955  17.89b456 6.222650

Table 3.22 Risk Contributions All Weather
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Q| cap3iR Q| cap.3.2.R* Ivy_VARES
" Filter
“ VaR(5%) VaR(5%) VaR(5%)
MRC(i) TRC(i) %TRC(i)
EU stock 7027470 140.549409  31.950007
stock 6133178 122863551  27.884153
real estate 6950404  139.008071  31.599626
MT bond -21.9265  -4.385299 -0.996876
commodities 2103422 42.068431 5.563090
Table 3.23 Risk Contributions Ivy
Q | cap.3.1R Q| cap.3.2.R* Weird_VARES
57 Filter
“ VaR(5%) VaR(5%) VaR(5%)
MRC(i) TRC(i) %TRC(i)
SMstock 57635629 115271258  27.6933776
EUSM stock 66626167 133252334 32.0132466
real estate  664.68623 132937247  31.9375484
LT bond 16.83848 3367696 0.8090732
gold  157.08352 31412703  7.5467542

Table 3.24 Risk Contributions Weird

ES(5%)
MRC(i)

882.93007
770.03952
877.13038
-20.97834
268.34605

ES{5%)
MRC(i)

734.01965
845.25877
§39.08509

28.21895
2168.51776

Q| cap.3.1R @ ] cap.3.2.R* goldenratio_VARES
¢ Filter

“ VaR(5%) VaR(5%) VaR(5%) ES(5%)

MRC(i) TRC(i) %TRC(i) MRC(i)
stock 532720323  111.871288 373419633  674.96709
SMstock 608693807  127.825700  42.6674577  774.57220
LT bond 5668807 1473890 04919756 14.21173
SThond  -23764954  -1425898  -0.4759562  -25.25701
gold 145427190 14542719 48542730 20192534
commodities  233.114068 45298251 151202865  360.504%6

Table 3.25 Risk Contributions Golden Ratio
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ES(5%)
TRC(i)

176.586013
1552075904
175.426076
-4,195669
53.869209

ES(5%)
TRC(i)

146.80393
168.05175
167.81302
5.64379
43.30355

ES(5%)
TRC(i)

141.743089
162.660163
3.695049
-1.515421
20192534
57.696793

ES(5%)
HTRC(i)

31.7091154
27.56703010
31.5008283
-0.7534059

9.6731612

ES(5%)
%TRC(i)

27.562807
31.735%8%
31.507316
1.0559636
8130351

ES(5%)
% TRC(i)

36.5069272
42.3073917
09610705
-0.3941561
5.2520139
15.0067527



3.3 LAZY PORTFOLIOS: PERFORMANCE AND DOWNSIDE RISK MEASURES

Lazy Portfolios:

permanent(lightgreen),golden butterfly(red),larry(brown), 2000-06-30 / 2025-04-30
all weather(blue),ivy(black),weird(darkgreen),golden ratio(gold)
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Figure 3.8 Cumulative wealth over time with Lazy Portfolios

Portfolios which have accumulated more wealth over time, triplicating the initial capital

after twenty-five years, are Weird, Golden Butterfly and Permanent Portfolios.

Slightly below €3000 there is Golden Ratio portfolio, then the more conservative Larry
and All Weather Portfolios have provided a cumulative wealth of about €2500. Finally,
the least-rewarding portfolio in terms of profitability of the investment is the Ivy

portfolio.

It is curious to notice that lvy and Weird, although both sharing the same weighting in
equities, have too completely different levels of performance; Weird portfolio shares
with Golden Butterfly and Permanent Portfolios the investment in Long term bonds and
Gold. Both Ivy and Weird portfolios show the worst drops in times of crisis, more

precisely between 2008 and 2009, in the period of the pandemic of the 2020 and in
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2022. Also, the Permanent Portfolio, which performed well during the first twenty years,
between 2022 and 2024 plunged from about €25000 to slightly more than €20000, and

then started a slowly recovery.

On the contrary, the rest of portfolios, All Weather, Permanent, Golden Butterfly, and
Golden Ratio have shown to be more resilient in periods of crisis and presented a steady

growth of over time.

Now it is arguable to proceed providing further information about common factors and
differences between Lazy Portfolios following the approach of Braga (2016) and

classifying portfolios according to different categories.

PROFITABILITY

Q| cap.3.3.R* Table_1.1
e Filter
© % %
- %
annualised monthly .
. . cumulative
geometric geometric
return
return return
permanent 4471503 0.3651938 1974150
golden butterfly A4.661179 0.3803722 211.1657
larry 3.491812 0.2864287 135.1839
allweather 3.664586 0.3003639 14516047
ivy 2.214502 0.1826948 72.5918
weird 4.837538 0.3944568 224.4969
golden ratio 4120042 0.337019 1734621

Table 3.26 Profitability in Lazy Portfolios

In terms of return, both percentage geometric and cumulative validate previous
considerations in ranking the portfolios; the best performer is the Weird Portfolio, with
a 4.83% annualised return, and the worst is the Ivy portfolio, with half of the annualised
return. In between, Permanent and Golden Butterfly annual returns is more or less 4.5%,
while Golden ratio has a 4% annual return. The difference in annualised returns between

riskier and the last two more conservative portfolios is 1%.
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RISK STATISTICS

0 | cap.3.3.R* Table_1.2
T Filter
% . % % %
annualised monthly . . % average
downside maximum
standard standard . Drawdown
. e deviation Drawdown
deviation deviation
permanent 5.382238 1.553718 0.9412591 10.87041 2630195
golden butterfly 6.314726 1.822904 1.2282496 17.52613 3.766493
larry 4.985847 1.4359290 0.9677070 1461614 3.106860
allweather 5.200262 1.501186 0.9994387 13.34610 2674632
ivy 9.373196 2.705809 2.0056316 4237734 8.187951
weird 9.313580 2.688599 1.9105745 36.64571 5.912850
golden ratio 6.854764 1.978800 1.4039992 2271652 4.588897

Table 3.27 Risk Statistics in Lazy Portfolios

In terms of annualised standard deviation, it is possible to order them and make some

considerations. Therefore, o;yy > Owrirp > Ocr > Os > OpERMANENT = OALL WEATHER > OLARRY -

As considered in the previous paragraph, IVY and WEIRD portfolios are the riskiest
portfolios due to their more traditional asset allocation, and the standard deviation is
not proportional to the return level provided, especially for the IVY portfolio, while Larry
portfolio is the most conservative portfolio with a contained level of standard deviation.
It is also interesting to notice that the Standard deviation of Golden Ratio portfolio is
higher than that of the Golden Butterfly portfolio, which has shown higher returns over

time.

Nonetheless, according to Downside Deviation, which measures only downside volatility,
the results are slightly different:

DDy > DDygirp > DDgr > DDgp > DD g1 wiarner > DDrarry > DDpgruanent -

In particular, the Permanent Portfolio, which seemed to dramatically drop only in recent
years, reducing accumulated wealth, considering the whole twenty-five years period

presents the lowest monthly downside deviation.

The Permanent Portfolio is in fact the portfolio with lowest maximum Drawdown, in fact

DRy > DRygirp > DRggr > DRgp > DRyagry > DRyrr wearuer > DRpgrmanent -
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FINANCIAL EFFICIENCY RATIOS

@ | cap.3.3.R*

permanent
golden butterfly
larry

allweather

ivy

weird

golden ratio

Table_1.5
" Filter
R Annualised
Ratio Sharpe
Ratio

0.24278370 0.8307888
0.21782741 0.7381442
0.20622250 0.7003447
0.20759635 0.7046925
0.08122425 0.2362590
0.16042629 0.5194069
0.18031257 0.6010480

Sortino

Ratio
0.4007584
0.3232882
0.3067189
0.3118158
0.1095801
0.2257551
0.2541330

Ulcer

Index

0.03108710
0.04984291
0.04796843
0.04447045
0.14210029
0.09735567
0.06856190

Table 3.28 Financial Efficiency Ratios in Lazy Portfolios

Omega
Index(p=q=1)

1.863964

-y

J76682

—

J21754

710029

-y

—

241328
551335

—

1.619076

Upside
Potential
Ratio(p=1,94=2)

0.8423254
0.6857150
0.6784371
0.7388514
0.5998151
0.6500111
0.6475000

When considering Annualised Sharpe Ratio, none of the portfolios offer a good risk-

return trade off as all Sharpe ratios are below one, even if the first four portfolios are not

far from one.

The situation worsens when considering Sortino Ratio, which focuses only on downside

risk, with portfolios having really low risk to reward ratios.

The Ulcer Index confirms lvy portfolio as the portfolio with the higher risk of incurring in

drawdowns, while other portfolios have largely lower values.

Lastly, Omega and Upside Potential Ratio, with MAR=0, measure the preferability of the

investment from the point of view of a neutral investor and a more risk-adverse investor;

the highest values for both qualitative ratios are provided by the Permanent Portfolio,

which is the favourable portfolio for both types of investors.

Secondly, while risk-adverse investors mostly prefer the All Weather portfolio over the

rest, for a more risk neutral investor a similar level of preference is given by Golden

Butterfly, Larry, and All weather portfolios which have near values of the Omega Index.
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DIVERSIFICATION RATIOS

Q| cap.3.3.R* Table_1.6
i Filter
“ Volatility-
Diversification Concentration Weighted
Ratio Ratio Average
Correlation
permanent 1.648236 0.3630875 0.007863688
golden butterfly 1.608500 0.2689205 0160840412
larry 1.469932 0.2781503 0.255818816
allweather 1.607401 0.3301517 0.084921701
ivy 1.303601 0.2366012 0460899511
weird 1.496157 0.2243788 0.286675399
golden ratio 1.552942 0.2284573 0.241334982

Table 3.29 Diversification Ratios in Lazy Portfolios

In terms of diversification, according to the Diversification Ratio, all the portfolios
present a coefficient much higher than one, implying that all the portfolios present not
perfectly correlated assets; moreover, while lvy, Larry and Weird portfolios present the
lowest diversification among asset classes, the maximum diversification is achieved by
Permanent portfolios, as mostly diversifies by putting the same weight to all its four

different components.

Also, the weighted average correlations are low for all the portfolios, except for lvy
Portfolio, and especially it is the case of Permanent Portfolio, All Weather and Golden
Butterfly portfolios, therefore confirming previous considerations about their Variance-

Covariance Matrices.

Finally, high concentration ratios of Permanent and All Weather portfolios implies that
the small equities component account for most of the portfolio risk, while the lower
values in lvy and the rest of portfolios indicate that portfolio risk is more redistributed

among more investments, as more types of equities in the Ivy portfolio case.
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3.4 LAZY PORTFOLIOS VS RISK PARITY LAZY PORTFOLIOS

PERMANENT PORTFOLIO

GOLDEN BUTTERFLY PORTFOLIO

SM stock

LT bond

gold

ALL WEATHER PORTFOLIO

MT bond

gold

LARRY PORTFOLIO

MT bond

EM stock

EU SM slock
SM stock

commodities
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RISK PARITY:

IVY PORTFOLIO IVY PORTFOLIO

real estate
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EU stock
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Figure 3.9 Capital Allocation LAZY PORTFOLIOS vs RISK PARITY LAZY PORTOFLIOS

In the last paragraph of chapter three simple graphical representations are provided in
order to suggest to the reader the main differences in composition between original Lazy
portfolios proposed by the financial consultants and theoretical portfolios following the
Risk Parity approach, according to which each asset class equally contributes to overall
portfolio risk, therefore these portfolios require financial leverage to work optimally as

mentioned in Asness et all (2012) and are employed in active management funds.

As a first point, due their extremely conservative nature, Risk Parity Lazy Portfolios are
prevalently bond portfolios; therefore, the only portfolio which mostly reflects this
strategic asset allocation approach of risk parity is Larry portfolio, that differs with the
theoretical portfolio for only a 5% of portfolio components which is not concentrated in

Mid Term bonds.
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Secondly and lastly, while for the most of portfolios the risk parity strategy considers

smaller and equal amounts of equities, commodities and gold, in the Weird Portfolio half

of the asset allocation is in Long term bonds, around 30% is given in equal proportion to

the three stocks and the rest is gold’s part.

PERMANENT PORTFOLIO(blue) VS RISK PARITY PERMANENT PORTFOLIO(red) 2000-06-30 / 2025-04-30
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GOLDEN BUTTERFLY PORTFOLIO(blue) VS RISK PARITY GB PORTFOLIO(red) 2000-06-30 / 2025-04-30
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Figure 3.10 Cumulative Wealth Permanent and Golden Butterfly Portfolios
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LARRY PORTFOLIO(blue) VS RISK PARITY LARRY PORTFOLIO(red)
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Figure 3.11 Cumulative wealth Larry and All Weather Portfolios
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Figure 3.12 Cumulative Wealth Ivy and Weird Portfolios
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GOLDEN RATIO PORTFOLIO(blue) VS RISK PARITY GOLDEN RATIO PORTFOLIO(red) 2000-06-30 / 2025-04-30
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Figure 3.13 Cumulative Wealth Golden Ratio Portfolio

Although some really drastic changes in portfolio asset allocations, in the case of the Ivy,
Weird and All Weather portfolios, Figure 3.12, the red curves, which are Risk Parity
portfolios, follow the same evolution of practical portfolios, even though they do not

show the marked peaks of high and low values as original portfolios.

Other than presenting fewer extreme points of high and low values, in the special case
of the Ivy portfolio the Ivy Risk Parity portfolio drastically overperforms the original
portfolio; this is not the case for Weird and All Weather portfolios where their respective
risk parity portfolio cumulate return’s curve lays slightly beyond the blue line of original
portfolios, but ending in 2025 with lower wealth accumulated during the most recent

years.

Then there is Larry portfolio, where most of its cumulated returns’ curve coincides with
that of the respective Risk parity portfolio, as the assets’ weighting among the two

portfolio is almost the same.

Finally, very different conclusions can be stated about Permanent, Golden Butterfly and
Golden Ratio portfolios. In fact, risk parity portfolios, generated from using securities
belonging to their portfolio compositions, in all the three cases present cumulated

return’s curves which show an upward trend over time, as the original series, but are
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flatter curves with respect to the steepest curves of Golden Butterfly and Golden Ratio
‘s cumulated returns, especially from the year 2008, and this implies that original

portfolios have outperformed the more conservative ones in the long run.

CONCLUSIONS

In conclusion, with the use of the Risk Budgeting approach both the individual investor
and a portfolio manager are able to make further considerations about their investment
opportunities; the first, respectively, understands how the risk is concentrated among
asset classes, allowing him to decide to reduce the equity component in the portfolio or,
oppositely, in a equity driven portfolio to add other types of investment in such a way to
reduce overall portfolio risk. The portfolio manager on the other side uses risk budgeting

in order to evaluate adding or not a new trade.

The Risk Parity strategy is a strategic asset allocation approach such that each asset
equally contributes to overall portfolio risk; as a consequence, risk parity portfolios are
mostly composed of asset classes carrying lower risk, in majority it is bonds. Therefore,
in order to provide the same level of return of more traditional portfolios but with a
contained volatility the use of financial leverage is required. This implies that, even if the
popularity of this investment approach has importantly risen after the financial crisis of

2008, Risk Parity represents a more suitable strategy for hedge funds.

Nevertheless, seven Lazy Portfolios have been proposed to the general public under the
category “risk parity” (portfoliocharts.com). The risk in their asset allocation is mainly
driven by equities, nevertheless the limited proportion of equities and the presence of
different asset classes negatively or slightly positive correlated with them in these
portfolios guaranteed an upward trend in their performance, without the classical and

significative drawdown of traditional portfolios.

Furthermore, by observing cumulated wealth over time, most of portfolios after twenty-
five years achieve at least 2.5 their initial amount. Among these seven portfolios, the
Permanent Portfolio is the portfolio with higher risk-adjusted performance; even if it is

the third in terms of profitability, after Golden Butterfly and Weird portfolios, risk
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statistics show how this portfolio has both the lowest average Drawdown and the lowest
maximum Drawdown, even though carrying on a bigger level of risk than the more
extreme Larry and All Weather portfolios. This is due to its correlation matrix in which
short term bonds and golds are negatively correlated to stocks, and long term bonds are
in a more restricted way positively correlated with stocks; therefore, this simple
diversification provided a better result than more complex portfolios as Larry and All
Weather. Still, for a risk-adverse investor, the Upside Potential Ratio suggests for the

adoption of the All Weather portfolio.

Nevertheless, for a more tolerant investor, Permanent Portfolio, Golden Butterfly
portfolio and Golden Ratio portfolio provide better solutions as long-term portfolio
choices, even though carrying a higher risk, with the exception of the Permanent

Portfolio.

Finally, the recompositing of these portfolios according to the Risk Parity principle lead
to completely different portfolios; however, their performance was better than original
portfolios only in the case of All Weather and Ivy portfolios, for the rest the authors’

portfolios overperformed their Risk Parity respective over the long run.
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