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Abstract

The problem of finding isomorphisms, or matching partitions, in hypergraphs
has gained increasing interest from the scientific community in the last years,
particularly in the Computer Vision field. This is due to the advantages that arises
from overcoming the limitations provided by pairwise relationship, thus encoding a
bigger pool of information.

Association graph techniques represent a classical approach to tackle the graph
matching problem and recently the idea has been generalized to the case of uniform
hypergraphs. In this thesis, the potential of this approach, employed together
with elements from the Evolutionary Game Theory, is explored. Indeed, the
proposed framework uses a class of dynamical systems derived from the Baum-
Eagon inequality in order to find the maximum (maximal) clique in the association
hypergraph, that corresponds to the maximum (maximal) isomorphism between
the hypergraphs to be matched.

The proposed approach has extensively been tested with experiments on a large
synthetic dataset. In particular both the pure isomorphism and the subgraph
isomorphism problems have been analysed. The obtained results reflect the different
complexity classes these problems belong to, thus showing that despite its simplicity
the Baum-Eagon dynamics does an excellent job at finding globally optimal solutions
in the pure isomorphism case, while in the subgraph case the use of more complex

dynamics might be more suitable.
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Chapter 1

Introduction

The problem of matching hypergraphs is the problem of understanding whether,
given two hypergraphs, there exists a subset of nodes, in common between the
structures, that are connected by hyperarcs exactly in the same way. In particular,
when we want to completely match all the nodes of two hypergraphs we can speak
about finding an isomorphism between the structures. As Professor Douglas R.
Hofstadter wrote in his book Géddel, Escher, Bach: an Eternal Golden Braid [16],

winner of the Pulitzer Prize:

The word isomorphism applies when two complex structures can be
mapped onto each other, in such a way that to each part of one structure
there is a corresponding part in the other structure, where "correspond-
ing" means that the two part play similar roles in their respective

structures.

In recent years hypergraphs (as opposed to graph) have been used to encode
structural information in different fields such as computer vision, pattern recogni-
tion and machine learning, thanks to the advantages that arise from considering
relationships among more than two elements, thus encoding an higher pool of
information. Specifically, finding a correspondence between structures of this kind
is of particular interest for solving problems such as, e.g., object recognition, feature
tracking, shape matching and scene registration, where high-relations are naturally

used.



Broadly speaking, given two images, the most significant features are extracted
from them, together with their relations. The job consists in coupling these features,
one for each image, in a way that the relations among features within the same
image are preserved. If we represent the features of each image as the vertex set of
an hypergraphs and describe the relations with the edge set, the transformation
of the problem from coupling feature to matching hypergraphs is straightforward.
However matching graphs, and therefore hypergraphs, is a task that has been
proven to be NP-hard [12], so an approximation needs to be used.

When dealing with graph (instead of hypergraphs) matching problems, classi-
cal approaches generally measures the relations with a notion of similarity that
incorporates only the geometrical structure of the problem, such for example the
distance between feature points (see e.g. [14, 21, 32]). However pairwise relations
are not able to completely describe the geometrical structure, and are not suffi-
cient for successfully solving the features matching problem. Moreover, generally
they do not consider any appearance information, even though this would greatly
help in figuring the problem out. For this reason moving from graph matching to
hypergraph matching is of great help, since using high-order relations gives the
possibility to incorporate more complex geometric information and/or appearance
information.

In recent years different studies started using high-order relations, thus trying
to solve the hypergraph matching problem. In general all of them transformed this
problem into an optimization one: maximizing the sum of the matching scores. In
[20], the authors tried to solved the problem by reinterpreting the random walk
concept on an association hyper-graph in a probabilistic manner. In [9] the authors
formulate the problem as the maximization of a multilinear objective function,
representing the total matching scores, that is the sum of the affinities between all
permutations of the feature tuples. In [36] the problem has been solved using a
discrete formulation that is optimized with a particular adaptive discrete gradient
assignment method, that is theoretically guaranteed to converge to a fixed discrete
point. Many other studies can be found on the topic, starting from the references

in the aforementioned works.



Among the newest publications, [37] and [17] extend a successful formulation
for matching graphs [25, 26], to hypergraphs: the classical approach of computing
the association hypergraph from the two structures being matched is used, and
then techniques from Evolutionary Game Theory are applied on the newly built
hypergraph. In particular dynamics inspired from the Baum-Eagon inequality
[2, 29, 27] are used. The authors of the aforementioned papers obtained good
results on 3-graphs, but the developed approaches can easily be applied to uniform

hypergraphs of larger cardinality.

1.1 Thesis Goal

Motivated by these recent works, this thesis aims to systematically explore the
potential of this approach on two versions of the hypergraph matching problem:
the complete isomorphism and the sub-graph isomorphism cases. In order to do so,
two synthetic datasets have been created, one for each problem, made of uniform,
un-weighted, un-directed hypergraphs of different cardinalities .

For the hypergraph isomorphism problem 10500 experiments have been per-
formed on uniform hypergraphs of different order, cardinality and density.

For the sub-graph isomorphism problem 4500 experiments haven bee performed
on uniform hypergraphs of cardinality 3, with different density values. The order of
the biggest hypergraph has been fixed, while sub-graphs with different number of
nodes are taken into consideration.

The reason for using synthetic datasets lays on the will to explore the behaviour
of this approach in all the different possible scenarios, thus being able to analyse
those structures that are quite rare in real problems as well as those structures that
are often encountered when dealing with concrete situations.

The results obtained for the isomorphism problem are impressive: the proposed
framework correctly identifies 100% of the isomorphisms, with all the different
dynamics tested. Instead the results on sub-graph isomorphisms are not so good,
returning in total only 33% of correct isomorphisms, even though the correctness

rate is not uniformly distributed but strongly depends on the connectivity rates of



the hypergraphs being matched and on the order of the sub-graph to be found.
Given the outstanding results obtained on complete isomorphism, an extract
of this thesis has been submitted in form of a paper [31], to the Joint IAPR
International Workshops on Statistical Techniques in Pattern Recognition and
Structural and Syntactic Pattern Recognition (S+SSPR 2018), being accepted as

an oral presentation.

1.2 Thesis Structure

The outline of the thesis is as follows:

e Chapter 2 presents some basic definitions on hypergraphs, including the
concept of association hypergraph that are fundamental to outline the prob-
lem. Moreover a characterization of the different types of matching between

hypergraphs is given;

e Chapter 3 describes all the steps that are used to solve the problem, introducing
some notions from Evolutionary Game Theory and the Baum-Eagon inequality

with the related dynamics, also in their exponential form;

e Chapter 4 introduces the experimental set-up, the coding languages, the
datasets, the optimizations and in general the methodology used to perform

the experiments, and the way in which the results are evaluated;

e Chapter 5 presents the results obtained, in terms of precision and compu-
tational time, both for the hypergraph isomorphism and for the sub-graph

isomorphism problems;

e Chapter 6 concludes this thesis giving also some hints on possible future

extensions to this work.



Chapter 2

The Hypergraph Matching
Problem

In this chapter the hypergraph matching problem is explained in details. In
particular some useful notations and definitions are introduced, while the approach
that has been used to solve the problem is analysed in chapter 3. This thesis
deals with complete isomoprphism and sub-graph isomorphism on undirected,
un-weighted, uniform hypergraphs, however more general types of matchings are

summarized.

2.1 Basic Definitions on Hypergraphs

A formal definition of un-weighted hypergraph, in its most general form, is given

by the following:

Definition 1. An un-weighted hypergraph is defined by the triplet H = (V, E, K(H)),

where:

o V ={1,...,n} represents the finite set of vertices or nodes;

o £ C 2V \ 0 represents the finite set of hyperedges or hyperarcs of various

cardinalities (where 2V denotes the powerset of V);

o K(H)={|F|:F € E} represents the finite set of edge types of H, that are

all the possible cardinalities of the edges in E.
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When the set of edge types of an hypergraph includes more than one element,

i.e. when the hyperedges have different cardinalities, the hypergraph is said to be
non-uniform. On the contrary, when K (H) is made of just one element k, we speak
about uniform hypergraphs, or k-graphs. In the special case in which k£ = 2 we
trivially come back to the classic notion of graph.
In figure 2.1 different types of hypergraphs are shown, according to their size, order
and edge cardinality. From left to right we have: H;, a uniform hypergraph with
cardinality £ = 2 (namely a graph), order 4 and size 3; Hs, a uniform hypergraph
with cardinality & = 3, order 5 and size 3; Hs, a non-uniform hypergraph of order
8, size 4 and edge cardinalities K(H) = {2, 3,4}

H, H, H,
AO @)
Q e @ @)

~—/ c®

Figure 2.1: Different types of hypergraphs.

In this thesis we will focus on uniform hypergraphs, or k-graphs, whose edges
have fixed cardinality K (H) = {k}, with k& > 2.

The order of H is the number of its vertices, while its size is the number of
edges.

Given n nodes i1, ..., i, € V, they are said to be adjacent if {iy,...,i,} € E. The
degree of a vertex i € V, denoted by deg(i), is the number of vertices adjacent to it.

Given a k-graph H = (V, E), a clique is defined as a subset of vertices C' such
that for all distinct 41, ...,7x € C, they are mutually adjacent, that is {iy, ..., i} € E.
A mazimal clique is defined as a clique that is not contained in any larger clique,
while a mazimum clique is defined as the largest clique in the hypergraphgraph.
The cardinality of the maximum clique is called the clique number w(H).

In order to ease the lecture of this thesis, from now on the words hypergraph,

k-graph, or graph will be used interchangeably for indicating uniform un-weighted



hypergraphs with hyperarcs of cardinality k£, when no ambiguity can arise from the

context. Analogously the words edge or arc will refer to hyperedges or hyperarcs.

2.2 Classification of Matching Problems

Definition 2. Given two hypergraphs H' = (V' E' k) and H = (V",E" k), an
isomorphism between them is defined by any bijection ¢ : V' — V" for which
{it, .yir} € E' & {o(i1),...,0(ix)} € E”, Yiy,...,ip € V'. If an isomorphism

exists between two hypergraphs, then they are said to be isomorphic.

Given this definition of isomorphism, the matching problem can be divided into

three categories that belong to different class of complexity:

e complete isomorphism problem: understanding if the two hypergraphs are

isomorphic;

e sub-graph isomorphism problem: understanding if the smaller of the two

graphs is isomorphic to a subset of the larger graph;

e maximum common subgraph problem: finding a match between the largest
subset of vertices of H' and H”, such that the subgraphs defined by these

subsets of nodes are isomorphic.

Solving these three problems means therefore to decide if an isomorphism between
at least sub-graphs exists, and, in case of a positive answer, find the isomorphism
itself.

Usually, when speaking about the hypergraph matching problem, reference is made
to the maximum common sub-graph problem, that is the most general of the
three categories, and includes the graph and sub-graph isomorphism problems as
special cases. Finding a maximal common subgraph, i.e. an isomorphism between
sub-graphs that is not included in any larger sub-graph isomorphism, is a simple

version of the hypergraph matching problem.

These different categories belong to different class of complexity [12]. In partic-

ular the isomorphism problem is the easiest one and is located in the low hierarchy
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Figure 2.2: Different types of matching in 3-graphs. From left to right: complete
isomorphism, subgraph isomorphism, maximum common subgraph. Red
nodes are the matched ones, while grey nodes are not matched.

of NP [33], thus meaning that it is not NP-complete nor it has been shown to be
in P. The sub-graph isomorphism is more complex, as is has be shown to be an
NP-complete problem [7]. Finally the general matching problem is the most complex
one, and it is known to be NP-complete. The complexity classes indicated before
have been demonstrated to be valid on 2-graphs, however, given the analogous
structure of the problem and the results obtained from the performed experiments,
we can imagine that this classification can be similarly extended to general k-graphs.

In this thesis the complete and sub-graph isomorphism problems are investigated,
with different results that reflects the complexity of the problems (see chapter 5),
while a deep analysis on maximum common sub-graph problems is left aside for a

future investigation.

2.3 The Association Hypergraph

The notion of association graph, a useful auxiliary graph structure designed for
solving general graph matching problems, has been introduced in [1] and also in

[19], and can be easily generalised to uniform hypergraphs.

Definition 3. The association hypergraph derived from unweighted uniform hyper-

graphs H = (V' E") and H" = (V" E") is the undirected unweighted hypergraph



H = (V,E) defined as:
V=V xV

and

E={{(ix,51), -, (i, i)} € V' x V"
it it o # b
{Z.l’ ’Zk} S E, <~ {jla 7]/€} € EH}»

With the definitions we have given in this section we have now all the tools

necessary to develop our approach for matching hyergraphs.






Chapter 3

Hypergraph Matching as a

Non-Cooperative Game

Given the good results obtained by Pelillo in [25, 26] in finding isomorphism
between graphs, the same approach has been extend to hypergraphs. In this section
each step is analysed and described in details. In particular in section 3.1 the
problem is moved from finding matches to finding cliques, then, in section 3.2 an
overview on Game Theory is given, with some theoretical properties that are useful
for solving the matching problem. A more detailed discussion of the topic can be

found in the original works by Hofbauer and Sigmund [15] and Weibull [35]

3.1 From Matching Graphs to Finding Cliques

In the following result, which generalises to hypergraphs an analogous result
obtained in [25, 26] for graphs, a one-to-one correspondence between the graph

isomorphism problem and the maximum clique problem is demonstrated.

Theorem 1. Let H = (V' E') and H" = (V", E") be two hypergraphs of order n
and edge cardinality k, and let H = (V| E) be the related association k-graph. Then
H' and H" are isomorphic if and only if w(H) = n. In this case, any maximum
clique of H induces an isomorphism between H' and H”, and vice versa. In general,
mazimum and mazimal common subgraph isomorphisms between H' and H" are in

one-to-one correspondence with maximum and mazximal cliques in H, respectively.

11



Sketch of proof. Suppose that the two k-graphs are isomorphic, and let ¢
be an isomorphism between them. Then the subset of vertices of H defined as
Cy = {(3,¢(7)) : Vi € V'} is clearly a maximum clique of cardinality n. In reverse,
let C' be an n-vertex maximum clique of H, and for each (i, h) € C define ¢(i) = h.
Then it is easy to see that ¢ is an isomorphism between H’' and H” because of
the way the association k-graph is constructed. The proof for the general case is

analogous.

With this result we can move our original problem of finding a matching between
graphs to the problem of finding a maximum clique in the related association graph.
Obviously this does not reduce the complexity of our problem since again, the
clique decision problem is NP-complete [18], however it gives us the possibility
to use one of the existing approaches that are known to work well in solving this
second problem.

Unfortunately the cost of computing the association hypergraph has not to be
underestimated, since it is not a trivial computation. In fact the number of nodes
in the association graph, corresponding to all the possible associations between
the nodes in the graphs to be matched, increases exponentially, thus creating
computational problems both in terms of time and memory. For this reason some
type of pruning has been taken into consideration, in order to resize this problem,

as much as it is possible, and will be accurately defined in chapter 4.

3.2 The Hypergraph Clustering Game

Clustering means grouping together some elements of a set in such a way that:
e clements belonging to the same cluster are maximally similar, and
e clements belonging to different clusters are maximally dissimilar,

according to some predefined similarity measure.
This definition reflects the concepts of internal coherency and external inco-
herency that are at the basis of the idea of cluster. The problem of finding a clique in

an un-weighted undirected hypergraph can be seen as the problem of clustering the
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nodes in its vertex set, grouping together nodes that are connected to all the other
nodes of the cluster. The clustering problem has been successfully solved in [29]
using a game-theoretic approach, considering it as a multi-player non-cooperative
"clustering game", where the nodes of the k-graph are the pure strategies that the &
players can play. An interest aspect of this approach, that distinguish it from other
clustering approaches, is that the clusters are "extracted" one at a time, starting
from the most coherent cluster and continuing in decreasing order of cohesiveness.
This is of particular attraction for our purposes, in fact we are interested in finding
the maximum clique, therefore finding only the most coherent cluster is enough for
us, as we have no need in grouping in some way the remaining elements.

In this section first a continuous formulation of the maximum clique problem
is given, in order to define the pay-off function of the clustering game, then some
notions on the clustering game are given, and finally the evolution of the of
the optimization process from one initial point to an stable equilibrium point is

described.

3.2.1 A Continuous Formulation of the Maximal Clique

Problem

Consider the arbitrary undirected hypergraph of order n, H = (V, E), and let
S, indicates the standard simplex of IR":

S, = {X eR":x; >0, foralli=1,...,n, and sz = 1} (3.1)

i=1

Given a subset of vertices C of H, its characteristic vector is denoted by x¢, and

it represents the point in S,, determined by:

1/|1C], ifieC
0, otherwise

where the cardinality of C is indicated by |C].

13



Now, consider the Lagrangian of H, which is the polynomial function defined as:

f&x) =2 Il (3.2)

eckE ice

A point x* € S, is said to be a global maximizer of f in S, if f(x*) > f(x), V
x € .5,,. On the other hand it is said to be a local maximizer if 3 an € > 0 such
that f(x*) > f(x) V x € S,, whose distance from x* is smaller than e. Moreover,
x* is said to be a strict local maximizer if f(x*) = f(x) implies x* = x.

In the case of graphs (namely, & = 2), the Motzkin-Straus theorem [22] estab-
lishes a noteworthy relation between global (local) maximizers of the Lagrangian
in S,, and maximum (maximal) cliques of the graph itself. In particular, it asserts
that in a graph G, a subset C of its vertices is a maximum clique if and only if
a global maximizer of the Lagrangian of the graph G in the standard simplex .S,
is in the form of the characteristic vector x¢. This result interestingly gives the
opportunity to move from a discrete to a continuous formulation of our problem.
Even though this new formulation is extremely convenient it comes with a price:
there are in fact spurious solutions, that may interfere with the process of finding
the clique. A later formulation introduced in [5] solve this problem by adding a
regularization factor to the main diagonal of the Lagrangian, thus eliminating the
possibility of encountering spurious solutions, while at the same time, increasing
the complexity of the polynomial to be optimized.

The formulation of f(x) given in equation (3.2) is the same used in [17] and
[37], and is motivated by the Motzkin-Straus theorem on graphs. Therefore I
am going to focus on the this function in the experiments. However different
formulations are possible, for example the ones that present the generalizations of
the Motzking-Straus theorem, together with Bomze’s formulation, to both uniform
and non-uniform hypergraphs in [30] and [28] respectively.

Given the definitions and results just presented, the problem of finding an

14



isomorphisms can be reduced to solving the following:

maximize f(x) = > []:
ecE ice (33)

subject to x € S,

A simple and effective way for optimizing this function is to use tools from evolu-
tionary game theory, a biological discipline by J. Maynard Smith [34] that aims at
modelling the evolution of animal behaviour, in contrast to human behaviour, with

elements from the theory of games.

3.2.2 Notions from Game Theory

In classical game theory [11] any strategic game can be described by the following

elements:

e the finite set of k£ > 2 players P =1,2,... k;

e the "pure strategy space" S; for each player j, containing all the actions

available to that player;

e the "pay-off function" 7; for each player, that for each pure strategies profile,
defined as an ordered set of pure strategies played by the different players in

a given moment, assigns to player j the related score.

The reader should note that we are dealing with a doubly symmetric game, since
we are considering only undirected hypergraphs. For this reason the set of actions
available to each player is always the same, and also the pay-off function is the
same for all the players. Therefore we can speak about a single space containing all
the n pure strategies available to all the players S =1,2,...,n, and we can define a
pure strategy profile as s = (s, ...., $x) € S,. For the same reason we have a single
pay-off function 7 : S* — IR.

Now let’s take into consideration a vast population of individuals that we assume

has the following characteristics:

e the population members are part of the same species, and contend a specific

limited resource, for example territory or food;
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e this conflict can be modelled as a symmetric k-player game, where the players

are k-ples of individuals that are drawn randomly from the population;

e reproduction is asexual, so the genetic information is passed as it is from

father to son, and the only possible modification is due to genetic mutations;

e players can not decide how to play, but act according to a inherited genetic

behaviour or pure strategy;

e game’s scores are given by the pay-off function according to the reproductive

success or Darwinian fitness.

Given this population of individuals and the definition of game presented before,
we are interested in understanding how the population evolves in time, supposing
some evolutionary selection process changes the behaviour, or strategies, of the
individuals themselves. Let z;(t) be the percentage of individuals playing the i*
strategy at time ¢, for all ¢ € S. The state of the system at time ¢ is simply the
vector x(t) = (z1(t), ..., z,(t))". Since, obviously, at any time ¢, 3, z;(t) = 1 and
x;(t) > 0 Vi, the set of all possible states is given by S,,, as defined in equation (3.1).
As we already said, in this biological context, the notion of pay-off can be simply
measured in terms of reproductive success, that is the expected size of offspring for
a particular player, or Darwinian fitness.

The definition of an utility function u : S¥ — IR in the form:

n

uxW ox®y = N w(sty e s) [ z (3.4)

(51,-+,5%)ESn i=1

is suitable for illustrating the notion of average pay-off of the population, that is the
mean utility that the whole community gets according to the pure strategies played
by the individuals. In particular, the pay-off obtained by a single population’s
member playing strategy j can be describe by u(e?, x*~1) where €’ is the pure
strategy with the j* component equal to 1, and all the other components equal
to 0, while x*~1 is an abbreviation for the series of k — 1 identical strategies
(x,...,x). Using the same notation the average pay-off of the entire population can

be represented by u(x*).
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3.2.3 Evolution towards an Equilibrium Point

Starting from an initial state at time ¢ = 0, the strategies’ distribution among
the population changes accordingly to the Darwinian process, in a way such that
the fittest strategies spread, while the weakest ones disappear. From this viewpoint,
the average pay-off is going to increase, up to reaching a stable point. In two papers

of 1950 [24] and 1951 [23], John Nash defined an equilibrium point as:

Any n-tuple of strategies, one for each player, may be regarded as a
point in the product space obtained by multiplying the n strategy spaces
of the players. One such n-tuple counters another if the strategy of each
player in the countering n-tuple yields the highest obtainable expectation
for its player against the n — 1 strategies of the other players in the
countered n-tuple. A self-countering n-tuple is called an equilibrium

point.

In other words, an equilibrium is a point in which all the players receive the
same expected pay-off, thus no individual of the population have any incentive to

change its own strategy. Formally a point x € S, is a Nash equilibrium if:
u(el, xF1y < u(xh,  forall j e S. (3.5)

However the notion of equilibrium is too weak, because it is not stable under small
perturbations. In fact we would like that if a small number of "intruders', playing a
different strategy, arrives in the population, the strategy that has spread around the
entire population through time, will be stable enough to win against the strategy of
the newcomers, thus overcoming the intruders and spreading again through all the
population. For this reason J. M. Smith in [34] defined the concept of Evolutionarily
Stable Strategy (ESS), that is specialization of Nash equilibrium. Even though in
this work the definition is given for a 2-players game, a generalization to k-players
games is provided in [6].

Suppose we have a population where a large fraction (1 — €) of individuals plays

strategy p € S,,, while a smaller fraction € of mutants plays strategy q € S,,. The

17



resulting population is given by w, = (1 — €)p + €q, and is equal to a single player
playing a mixed strategy. Then the pay-off obtained by the initial individuals and
the mutant ones are, respectively: u(p, wl*=1) and u(q, w*~1). We can say that p
is evolutionarily stable against q if:

[k—1]

u(p, wr ) > u(q, w[kfl]) (3.6)

€

This inequality must hold for every distribution of mutant individuals q € S, \ p,
as long as the fraction € is sufficiently small. Intuitively, if the biggest part of the
population plays strategy p, when the k& players are randomly selected most of
them will play p, so if p performs better than q, all individuals playing q, will die
thanks to natural selection. On the other hand, if p and q perform in the same
way against p, it is important to understand how the strategies perform against q,
and in particular, in order for p to be an ESS, p must perform better than q when
playing against q itself. In this way, if all the players of a population play p, they
will win against a small group of invaders playing strategy q. The stability of the
strategy to small perturbations is the peculiarity of ESS, and it is also the main
difference from the concept of Nash equilibrium, of which ESS are a refinement

(proof can be found in [6]).

3.3 Finding Isomorphisms Using the Baum-Eagon
Dynamics

In [29] Rota Bul6 and Pelillo show in details a connection between finding
a cluster in an hypergraph and finding an Evolutionarily Stable Strategy of the

related Hypergraph Clustering Game. In particular, given the function

fx) =ux") =3 wie) [T (3.7)

ecE j€e

they showed that strict local maximizers of f in S,, are in one-to-one correspondence

with the ESS of the related game.
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Looking at equation 3.2, we can easily see that it corresponds to the average pay-oft

of the entire population as defined in equation 3.7, when the w(e) assumes only

values in {0, 1}, that is when the hypergraph is unweighted, as it is in our case.
Therefore we can reduce the problem of finding an isomorphism between two hy-

pergraphs to the following (linearly constrained) polynomial optimization problem:

maximize f(x) =Y []=
ecE ice (38)

subject to x € S,

A simple and effective way of optimizing this function is to use a result introduced
by Baum and Eagon [2] in the late 1960s. They presented a class of non-linear
transformations in the standard simplex, and proved a central result, generalizing
a previous one introduced by Blakley [4] on related characteristics for particular
homogeneous quadratic transformations. The following theorem presents a result

known as the Baum-Eagon inequality.

Theorem 2. (Baum-Eagon [2]) Let Q(x) be a homogeneous polynomial in the
variables x; with non-negative coefficients, and let x € A. Define the mapping z =

M(x) from A to itself as follow:

0Q(x) [ Q)

Zi = X5
I I 8xj 8xl ’

j=1,..n. (3.9)

Then Q(M(x)) >Q(x) unless M(x) = x.

A continuous mapping as the one defined in this theorem is known as a growth
transformation. Interestingly, only first-order derivatives are used in the definition
of the mapping M, that is yet able to increase @) taking a finite number of steps,
being in this way sharply in contrast with classical gradient methods that need to
compute high-order derivatives in order to define the size of the infinitesimal steps
to be taken. Moreover gradient descend need to perform some projection operator,
causing some problems for points on the boundary. Instead, with theorem 2, only a
computationally easy normalization on rows is needed.

For these reasons we can affirm that the Baum-Eagon inequality supplies a
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powerful tool for maximizing polynomials functions in the standard simplex, and in
fact they have been used as a main component for different statistical estimation
techniques developed within the theory of probabilistic functions of Markov Chains
[3], as well as for analysing the dynamical properties of relaxation labelling processes
[27]. Looking at the problem in equation (3.8), we can easily see that f is indeed
an uniform polynomial with non-negative coefficients that have to be maximized in
the standard simplex, so theorem 2 can be applied to optimize it.

Paraphrasing the Baum-Eagon inequality we can formalize the following discrete

time dynamic:

d;(x)

zi(t+1) = %(t)m,

j=1.n, (3.10)

where for readability reasons we have defined §;(x) = 85;’_‘).
J

Starting at time 0 with x(0) inside the standard simplex S, the dynamic in

equation 3.10 iteratively updates the state vector until convergence. Using this
dynamical system the average population fitness always increases, just like the
average population pay-off does in the natural selection process (see the Fundamental
Theorem of Natural Selection in [15], [8] and [35]). At the end of the process the
vector state will be in the form of a characteristic vector, thus thresholding it with
respect to a small amount close to zero will return only the pure strategies that
are still played by the population, that correspond to the nodes of the association
hypergraph that belong to the (maximum) clique.
As we will see in the results section, even though there is no theoretical guarantee
that the discrete time dynamic just presented reaches the optimal maximizer of
the function, the results of our experiments concerning isomorphism problems show
that the basin of attraction of the global maximum are quite large, so that the
dynamic in equation 3.10 always returned the maximum clique in the associations
graph, and never incurred in local solutions. Different results are returned instead
when the problem shifts to subgraph isomorphisms, since the basin of attraction of
the global maximum probably becomes smaller.

Moreover, in order to obtain a faster convergence, an exponential version of the
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dynamic can be defined as:

pru(e x(t)F=1)

j=1.n. (3.11)

Clearly, even though this exponential dynamic might decrease the time needed
to find the clique, it introduces a new parameter « that has to be tuned. This
parameter has to be set in a way such that the optimization process is speeded up
while guaranteeing the correctness of the results. In chapter 5 some remarks are

made on how the value of x influences the search for the global maximum.
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Chapter 4

Experimental Set-up

The proposed approach has been systematically tested on random hypergraphs
of different sizes, with different connectivities, in order to estimate its validity, and
to understand if there are substantial differences in the results for hypergraphs
that differs on these parameters. Both the pure isomorphism and the subgraph
isomorphism problems are investigated, even though at different levels. In fact two
different datasets have been created one for each type of problem.

In the case of pure isomorphism, hypergraphs of cardinality 3, 4 and 5 are taken
into consideration. For each cardinality the dataset is made of graphs of different
orders, in particular: for k = 3 we have n = 25, n = 50, n = 75 and n = 100,
for k = 4 we have n = 25 and n = 50, while for for £ = 5 we have only n = 25.
For each possible pair of cardinality-order, 15 different connectivity rates in the
interval [0.01, 0.99] are tested, and for each combination of parameters 100 different
hypergraphs have been considered, for a total of 10500 experiments.

Due to the increasing complexity, the dataset for the sub-graph isomorphism
problem is made only of 3-graphs of order n = 25. As for complete isomorphism
case 15 different connectivities are tested. In this case since we are dealing with
sub-graphs, 3 different orders of sub-graphs has been take into consideration,
and in particular sub-graphs that are 10% (n = 22), 20% (n = 20) and 30%
(n = 17) smaller. Also in this case, for each combination of parameters 100 different
experiments have been set up, for a total of 4500.

The difference in the considered orders and cardinalities both within a single
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type of problem and between the two different problems, is due only to complexity
reasons, and in particular to the time and memory needed to perform larger
experiments. In fact the proposed framework can be used for bigger experiments
both in terms of cardinality and order, as long as there is enough time and memory
available.

One hypergraph for each experiment (from now on H;) has been randomly
generated following the random graph model proposed by Gilbert [13]. Given the
following parameters: cardinality k, order n, connectivity rate p; each k-graph is

created with the following algorithm:
1. start from n isolated nodes;

2. select a k-tuple of nodes, and generate a random number between 0 and 1.
If the random number is smaller than p than add an edge connecting the

selected nodes, otherwise leave them disconnected;
3. repeat step 2. for each one of the possible (Z) edges.

Once H; has been created, the second graph H, is built starting from H; and
randomly perturbing the nodes. In the case of complete isomorphism the k-graphs
here generated are ready to be matched. In the case of sub-graph isomorphism
some nodes have to be taken off Hy in order to obtain a sub-graph. Given pc the
percentage of nodes that we want Hy to be smaller than Hy, m = [n X pc] nodes are
randomly selected, and then removed from H, together with all the edges incident
to them. In this way both the structures to be matched are ready also for testing
the framework when solving sub-graph isomorphism problems.

In order to have the possibility to perform some statistical comparison between
results on different problems, only the H; graphs related to the complete isomor-
phism problem have been randomly generated, the H; graphs related to sub-graph
matching are the same of the ones generate for the hypergraph isomorphism.

The choice of using random graphs to test the framework has been made
for a couple of different reasons. First, random graphs are not bound to any
specific application, thus giving the possibility to test extensively all the variety of

parameters combinations, even the ones that may be uncommon in some specific
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application, but still of interest. Second, they provide an experimental system that
is easy to replicate and can therefore be used to make comparisons with other
algorithms.

All the experiments have been run on a workstation equipped with an Intel
Core i7-6800K at 3.40GHz with 128GB of RAM

In this chapter and in chapter 5, all the graphs shoving mean values, both
concerning running times or correctness results, will not indicate the variance values.
This is because in all the considered results the variance is very small and the
95% confidence intervals are really close to the mean values, thus not giving any
additional information. Moreover each plot consists of many lines, and inserting
not useful additional marks only increases confusion without bringing any benefit.
Image 4.1 gives an example of plot with mean values and 95% confidence intervals,

thus exemplifying the absence of need of inserting the confidence intervals in all

the plots.
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Figure 4.1: Copy of image 5.8, including also 95% confidence intervals. Given the large
amount of lines and the closeness of the intervals to the mean value, it
is preferable to remove the confident intervals in order to make the plot
clearer, since they don’t bring any additional information.
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4.1 Coding the Algorithm: Choosing the Lan-
guage to Use

Choosing the correct language to use has been a task that took a lot of time
while developing the research project. At a first attempt MATLAB has been used,
for its easiness in coding basic tasks on matrices, such as sums or multiplications,
and also in providing all possible combinations of k elements taken from a large
set, task that is necessary when computing the association hypergraph.

An hypergraph can be easily represented using matrices. In our case, since we

are dealing with unweighted hypergraphs, two different representations are possible:

e using an NxM boolean matrix, where N is the total number of nodes, and M
the total number of hyperarcs. Each point in the matrix is set to TRUE if the

node in the row belongs to the arc in the column, otherwise is set to FALSE.

e using a kxM integer matrix, where k is the cardinality of the hypergraph and
the M is the number of hyperarcs. Each column in the matrix contains the
indexes of the nodes that are part of the hyperarc, so only positive integer

values are used, ranging from 1 to N, with N the maximum number of nodes.

hyperarcs
hyperarcs

1 1 0
n 1 0 0 ) 1 1 2
2 5
3 1 0 1 = 2 4 3
- 0 1 1 = 3 5 4

0 1 1

Figure 4.2: Different representations for hypergraph Hs in figure 2.1. On the left the
boolean matrix, on the right the indexes matrix.

Both these representations are very intuitive. However the first one can be easily
used also with non-uniform hypergraphs, since the number of TRUE elements in
each column gives the cardinality of the hyperarc, while the second one needs some
adjustments, since the number of columns must be the largest cardinality of the

hypergraph, and arcs with a smaller cardinality must include some elements set to
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0. Even though it is not part of this thesis to investigate non-uniform hypergraphs,
an extension of this methodology to hypergraphs is straightforward (see chapter
6 for future works), so implementing the algorithm in a way that can be easily
extended to non-uniform hypergraphs without too much effort is to be considered
a plus.

Two additional aspects that have to be taken carefully into consideration when
choosing the implementation are memory and time. The boolean representation
with a MATLAB implementation is definitely faster, since the algorithm involves
only simple operations on matrices, but it becomes too much expensive in terms
of memory as soon as the total number of nodes increases with respect to k,
thing that happens very often when dealing with association hypergraphs even for
original hypergraphs of 25 or 50 nodes. For this reason the hypergraphs have been
implemented using indexes of nodes in the arcs, even though this required to add a
for loop inside the code, thus slowing down the running time, in particular in the
implementation of the Baum-Eagon dynamic.

A first set of experiments with random isomorphic 3-graphs made of 25 nodes
and 15 different connectivities values has been carried out in a week, but as soon
as experiments with larger structures were carried out it became clear that the
developed implementation with MATLAB was too slow. For this reason a new
coding in C++ has been written. However, in order not to loose all the high level
functionalities provided by MATLAB for randomly creating the data and analysing
the results, not all the code has been rewritten, but only the two main and very
slow functions that create the association graph and use the Baum-Eagon dynamics
in order to converge to a solutions. To do so, the MATLAB code has been connected
to the C++ code using the C MEX APIL.

The results obtained are excellent, figure 4.3 shows the different running time for
creating the association graph and optimizing the objective function when matching
isomorphic 3-graphs with connectivities in {0.01, 0.03, 0.05, 0.1, 0.2, 0.3, 0.4, 0.5,
0.6, 0.7, 0.8, 0.9, 0.95, 0.97, 0.99} and with 50 node. Both the implementations
have been tested on the same 30 structures for each connectivity. As we can see the

C++ code is more than one order of magnitude faster than the MATLAB one when
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Figure 4.3: Average computational time, with 95% confidence intervals for creating the
association hypergraph (top) and computing the optimum of the function
(bottom) for isomorphic 3-graphs with 50 nodes. Times are in logarithmic
scale.

creating the association hypergraph, and more than two order of magnitude faster
when using the Baum-Eagon inequality for finding the optimum of the objective
function.

For what concerns the correctness of the results, both the implementations have
returned exactly the same results, as we could have expected. For these reasons, in
the end, the C++ implementation has been used in all the experiments that have

been carried out, even the smallest ones, in order to have comparable measurements.

4.2 Pruning the Association Hypergraph

One of the first problems to deal with is the size of the association hypergraph.

Since the set of its vertices contains al the possible association of nodes, supposing we
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are working with two small 3-graphs of order 25, the related association hypergraph
becomes immediately of order 625. Moreover, since we have to test all the possible
hyperedges, we have (6:255) = 40495000 checks to perform. As the size of the initial
hypergraphs increases, the number of nodes and possible edges explodes. For this
reason some sort of pruning, as far as it is possible without removing information,
has to be taken into consideration.

First of all we can give some attention to those nodes that have degree equal to
0, i.e. the isolated nodes. Since they don’t give any structure to the graph with
respect to the other nodes, they can be matched with any un-connected node in
the other structure. For this reason they can be simply removed from both the
hypergraphs to be matched, and a simple check to see if their number is the same
in the two graphs is enough. This simple idea permits to remove some nodes in the
original structures, even though in general is not very useful since in our random
experimental setting, only graphs with a very low connectivity (let’s say 0.01 and
sometimes 0.03), really have isolated nodes. However this type of pruning might be
more useful in real world situations, where usually the graph involved are scale free
models, where there might be more isolated nodes.

Another observation that has be done is the fact that, when dealing specifi-
cally with complete isomorphism and subgraph isomorphism problems, not all the

association between nodes make sense.

4.2.1 Pruning the Complete Isomorphism Problem

In the case of looking for complete isomorphism we can easily understand that
not all the pair of nodes have sense. In particular, since we are trying to understand
if the two graphs are identical, there is no use in pairing nodes with different degree.
For example, if we have to understand if H; is isomorphic to Hs, and in case finding
the related isomorphism, coupling a node in H; of degree 3, with a node in H,
of degree 6 is not useful, since in case of isomorphism this will never be a correct
match.

Using this simple adjustment, the vertex set of the association hypergraph is
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constructed as follow:

V= {(i,j) € V' x V" : deg(i) = deg(j)}

and the edge set has been defined as in definition 3. When the two graphs are
isomorphic, theorem 1 continues to hold, since the isomorphisms preserves the
degree property of vertices. However, this simple heuristic greatly decrease the order

of the association graph, and therefore its size, notably easing the optimization

task.
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Figure 4.4: Percentage of nodes still valid after pruning the association hypergraph in
the case of complete isomorphism problems with arcs of cardinality k£ = 3
(top) and k = 4 (bottom) .
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As we can see in figure 4.4, after pruning, the association hypergraph contains
only a small fraction of nodes. In particular with hypergraphs with hyperarcs of
grade £ = 3 and n = 25, in the best case, that is when the connectivity rate is
0.5, only about the 7% of all the possible associations are created, while in the
worst case, considering the extreme connectivity rates, only around the 21% of the
associations are taken into consideration. As the order of the graphs to be matched
increases, the percentage of remaining nodes after pruning decreases, reaching even
values around 2% in the best case with n = 100. It is worth remembering that
if the order of the association hypergraph decreases to the 20%, its size does not
decrease in the same way, but it becomes exponentially smaller. Let’s take the same
example as before and consider the association hypergraph between two 3-graphs
with n = 25. If only 20% of the possible 625 combinations remains valid, we have an
hypergraph of order ~ 125. All the possible hyperedges to be tested are therefore
(1§5> = 317750, that are way less than the 20% of the more than 40 millions edges
that should have been tested without pruning. And even better results are obtained
while £ increases.

In this way, not only the time and memory needed are decreased, but also
the task of the dynamic derived from the Baum-Eagon inequality is eased too,
since there are less elements among which looking for the maximum clique, and

the polynomial to be optimized is simpler, thanks to the smaller number of arcs

involved.
Connectivity Rate
0.01 0.2 0.5 0.8 0.99
“ oo | n=25 | 21.23% 8.34% 7.45% 8.39% 21,10%
% % n=50 | 10.18% 4.07% 3.70% 4.00% 10.24%
S T | n=100 | 5.17% 2.02% 1.83% 2.00% 5.00%

Figure 4.5: Percentage of nodes still valid after pruning 3-graphs of different order. As
the order of the graphs to be matched doubles, the order of the association
hypergraf halves.

An interesting thing to note empirically from the resulted data is that, when
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the number of nodes in H; and H, doubles, the percentage of nodes remaining
after the pruning more or less halves (see figure 4.5 for exact numbers). Further
investigations might be interesting to understand if this is just a coincidence or if

there is some theoretical explanation.

4.2.2 Pruning the Sub-Graph Isomorphism Problem

When dealing with sub-graph isomorphism problems, a similar reasoning can be
made, even though the degree of the coupled nodes must not be equal. Suppose we
have two 3-graphs, H; and H,, where H has a smaller number of nodes. Intuitively,
if we want to understand if H, is a sub-graph of H;, when coupling the nodes in
the association hypergraph, we are interested only in combining nodes of Hy with
those nodes of H; that have a larger number of incident arcs. Clearly, if a node has
degree 6, and the other has degree 3, it will never be possible for the first to be in
a sub-graph of a graph containing the second.

With this new adjustment, the vertex set of the association hypergraph in case of

sub-graph isomorphism problems, is constructed as follow:

V ={(i,7) e V! x V" :deg(i) > deg(j)}

where V" is the vertex set of the hypergraph of smaller order, and the edge set
has been defined as in definition 3. When the smaller graph is isomorphic to a
subgraph of the bigger graph, theorem 1 continues to hold, since the isomorphisms
preserves the degree property of vertices. Even though with this heuristic we have
some improvements in building the association hypergraph when we have very low
connectivity rates, as soon as H; and Hy become a bit denser, there is no gain in
pruning (see figure 4.6).

In fact, when dealing with random graphs built in the way the dataset under
examination is, the degree of the nodes follows, more or less, a uniform distribution.
For this reason even having a sub-graph that is just 10% smaller than the main
graph is enough to decrease considerably the number of arcs incidents to all the

nodes. Figure 4.7 represents the distribution of the degrees of the nodes for two
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Figure 4.6: Percentage of nodes still valid after pruning the association hypergraph in
the case of sub-graph isomorphism problems with arcs of cardinality k = 3
and order of the sub-graph 10% (pink), 20% (blue) and 30% (green) smaller
than the bigger graph.

experiments randomly chosen on 3-graphs, one with connectivity rate 0.1 and the
other with connectivity rate 0.5, where H; has order n = 25 and H, is 10%, 20%
and 30% smaller.

Two different observations can be made: the smaller is the sub-graph with
respect to the main graph, the smaller is the overlap between the maximum degree
of nodes in Hs and the minimum degree in H;. Similarly, the more connected are
the hypergraphs, the smaller is the probability of having an overlap.

Having no overlap means that the pruning has no effect. In fact, if the maximum
degree in the sub-graph is smaller than the minimum degree in the main graph,
when coupling the nodes in Hs only with the nodes in H; that have larger degree, in
practice all the possible couples are created, thus having no profit at all in pruning,

and explaining in this way the results obtained in figure 4.6.

4.3 Looking for the Optimum

Once the association graph is built, the optimization process can start. Each

experiment has been performed with the linear Baum-Eagon dynamic (see equation
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Figure 4.7: Boxplot of the distribution of the node’s degree on 3-graphs with a connec-
tivity rate of 0.1 (left) and 0.5 (right), where the bigger graph H; has order
n = 25, while the sub-graphs are 10%, 20% and 30% smaller. The smaller
the subgraph and/or the more connected the graphs, the further the node’s
distribution.

(3.10)) and with its exponential version (see equation (3.11)) with the x parameter
ranging in {10, 25, 50}.

The algorithm was started in the barycentre of the simplex and stopped when
either the distance of two subsequent points was smaller than a given threshold, set
to 17, or when a maximum number of time-steps, equal to 600, has been processed.
When the algorithm stops, we check if a clique has been found: in the negative
case, the final point is randomly perturbed and the algorithm is started again, not
using any more the barycentre of the simplex as initial point, but starting instead
from the randomly perturbed point.

The resulting vector x is perturbed by adding a small value randomly generated
from a Normal distribution with mean p = 0 and variance o = 173, and then it is
normalized in order to remain inside the standard simplex. Perturbing is needed
in order to avoid saddle points, that are solutions in which the algorithm is not
able to return a clique because there are some symmetries in the graphs to be
matched, thus resulting in more than one possible isomorphism, and the algorithm

doesn’t have any way of choosing one isomorphism with respect to the other. This
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problem arises because the algorithm starts the search for the barycentre of the
simplex. A way for avoiding this problem would have been not to start from the
exact barycentre but from a closer point. However in this way we would drive the
optimization process into one direction even when it is not necessary, taking the

risk not to find the optimum because the search has started in the wrong way.
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Figure 4.8: A pair of isomorphic and symmetric 3-graphs (left) and a symmetric sub-
graph isomorphism (right).

Figure 4.8 shows this symmetry problem with two examples, one for the complete
isomorphism and the other for the sub-graph isomorphism. In the first case there
are a couple of isomorphic and symmetric 3-graphs, and the algorithm will need at
least one perturbation in order to find one of the isomorphisms that arise from these
two structure. In fact the only two nodes that can be coupled without making any
choice are (B, 2). For what concerns the other nodes we can have 8 other different
options, for example {(A, 1), (C, 3), (E, 5), (D, 4)}, or {(A, 1), (C, 3), (E, 4), (D,
5)}, but also {(A, 5), (C, 4), (E, 1), (D, 3)}. A similar reasoning can be done for
the sub-graph problem, with the aggravation that also the central node 2 in Hy can
have multiple correct coupling. In fact both (2, B) and (2, D) can lead to correct
isomorphisms.

Figure 4.9 shows all the steps done by the algorithm to solve the symmetry
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Figure 4.9: Evolution through time of the components of the state vector x(t) from the
hypergraphs in figure 4.8 using the Baum-Eagon inequality. A perturbation
can be seen at iteration 17 in order to escape a saddle point. After the
perturbation the algorithm clearly makes a decision about what associations
have to be chosen and what others have to be discarded.

isomorphism problem of figure 4.8. A perturbation is clearly visible at step 17.
After the perturbation the symmetry is broken and the algorithm is able to "choose"
some correct pairings, thus reaching the global optimum and finding the maximum
clique. The perturbation is repeated for at most 4 times, then the algorithm is
stopped independently from the fact that it has returned a clique or not.

Once the optimization is finished we have to understand if the returned state
vector represents a correct isomorphism or not. In order to automatically check
the results, the vector is thresholded against a small value close to 0 (the value
17° has been used), selecting in this way only the couples that represent the pure
strategies still played by the population, i.e. the couples that should represent the

isomorphism. Once retrieved these couples two things are taken into consideration:

e verify if the returned couples represent a clique in the association hypergraph;

e in case they are a clique, verify if the clique number is equal to the number

of connected nodes in H,.

In fact, from theorem 1, there is the guarantee of finding an isomorphism only if
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the returned couples represent a maximum clique. Since Hs has at most the same
order of Hy, there cannot be an isomorphism concerning a number of nodes that is
larger than the size of the vertex set of the smallest between the two graphs.

On top of the correctness of the results, also the time needed to run the algorithm
is taken into consideration, since if the running time is too long, the framework is
of no use.

In the next chapter the obtained results are shown both for experiments con-
cerning the hypergraph isomorphism problem and for experiments concerning the

sub-graph isomorphism problem.

37






Chapter 5

Experimental Results

In this section the results obtained by all the executed experiments are analysed,
both in terms of correctness and running time. A result is considered correct only
if a correct isomorphism is found, that is if a maximum clique is returned. If even
just a node is missing, the experiment is considered failed. For what concerns
time, the time needed to optimize the function is the main reference, since it
changes according to the type of dynamic used. However a comparison between the
performances in terms of running times spent for creating the association graph

and finding the optimum with the best dynamic available will be considered too.

5.1 Results for the Complete Isomorphism Prob-

lem

5.1.1 Correctness Evaluation

In terms of correctness, the proposed framework, when used for solving the
complete isomorphism problem, has returned impressive results: as we can see in
figures 5.1 - 5.7, all the isomorphisms have been properly found, with the algorithm
returning 100% of the nodes exactly coupled, for all the 10500 experiments, inde-
pendently of the dynamic that has been used and independently of the cardinality

k, the number of nodes n and the connectivity rate pc.
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Figure 5.1: Correctness results for complete isomorphism on 3-graphs of 25 nodes,
including all tested dynamics.
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Figure 5.2: Correctness results for complete isomorphism on 3-graphs of 50 nodes,
including all tested dynamics.
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5.1.2 Running Time Evaluation

For what concern the execution time, we have to distinguish between the time
needed to build the association graph and the time needed to find the clique. In
the first case, the running time is independent of the dynamic used, since the
association hypergraph is build only once from the structures being matched, and
then the dynamics are applied on it. In the second case the running time strongly

depends on the dynamic used, and one of the goals of this analysis is to understand
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if there is, and in case, which is the best dynamic.
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Figure 5.8: Running time needed for creating the association graph in the complete
isomorphism problem. Times are in logarithmic scale.

Figure 5.8 shows the running time for creating the association graph in all
the different experiments performed. The type of line identifies the cardinality
of the hypergraphs under examination: straight lines represent 3-graphs, slashed
lines represent 4-graphs while the dotted line represents 5-graphs. The marker
identifies the order of the graphs: stars x represent n = 3, circles () represent
n = 50, the plus + represents n = 75 while the triangle A represents n = 100.
Looking at the figure we can immediately see that the time needed to elaborate
very sparse k-graphs is around 2 orders of magnitude less than the time needed
to elaborate very dense graphs characterized by the same order and cardinality,
this independently of the parameters of the structures to be matched. This is not
due to the number of hyperarcs that needs to be checked nor to the number of
nodes of the resulting association graph. In fact as we can see in figure 5.9, once
fixed the parameters k£ and n, the mean number of nodes and of edges is symmetric
with respect to the mean connectivity p = 0.5. For this reason neither the size nor

the order of the hypergraphs can affect the running time as much as it is shown in
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figure 5.8. Therefore the running time behaviour with respect to the connectivity
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Figure 5.9: Average size and order of association hypergraphs build from graphs of

different orders and cardinalities.

rate can be explained only with the size of the structures to be matched. In fact,

the denser a graph the more arcs it has. When creating the association hypergraph

the algorithm has to look for all the possible edges in the vertex sets of H; and

Hj, the bigger they are, the more time the research takes. If we look only at the

graphs with the same cardinality, that is the lines of the same type, unsurprisingly
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we can see that increasing the number of nodes slow down the execution time. For
example, if we consider 3-graphs, specified in figure 5.8 by the full line, we can see
that doubling the number of nodes in the original graphs requires an execution
time that is two order of magnitude bigger. The same behaviour can be observed
by looking at 4-graph (slashed lines). On the other hand, if we consider original
graphs of the same order, plotted with the same marker, clearly a higher cardinality
implies longer running times. For example if we take into consideration graphs
with 50 nodes, the ones represented with a circle (), there is more than an order of
magnitude between 3-graphs and 4-graphs.

The mean CPU time needed to run the optimization is shown in figure 5.10. As
we can see all the dynamics involved have the same behaviour, being extremely
slow when dealing with very sparse or very dense graphs. Such a behaviour is not
unexpected after having seeing figure 5.9, from which it is clear that the association
hypergraphs in the extreme connectivity rates are way bigger and denser, thus
giving birth to more complex polynomials to be optimized. With no surprise,
we see that dealing with smaller hypergraphs results in shorter execution times,
nevertheless the behaviour of the curves according to all the other parameters
is exactly the same in all the plots. An observation has to be done in order to
understand which is the faster dynamic. We can clearly see that the exponential
dynamic always outperforms the standard Baum-Eagon inequality, thus resulting
to be really attractive, from a computational point of view. However it introduces
a parameter to be tuned, the s in equation 3.11. Three different values have been
tested in {10,25,50,100}. x = 100 is resulted to be too high, since the point in the
search space oscillates too much, and the algorithm was not able to converge, thus
giving rise to plots like the one in figure 5.11. The other values of x have been used
on all the experiments. In figure 5.10 we can see that, as expected, in nearly all
the experiments the linear dynamic is the slowest, then there is the exponential
dynamic with x = 10, then x = 25, and finally the fastest is kK = 50. However there
are two combinations of parameters for which the situation is different: for the
combination k£ = 3 and n = 25 the exponential dynamic with x = 50 is nearly as

slow as the linear dynamic, while for the combination k£ = 5 and n = 25 the linear
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Figure 5.10: Mean CPU time needed to run the optimization algorithm for finding
isomorphism on hypergraphs with different cardinality and order, using
both linear and exponential dynamics. Y-axes are in logarithmic scale.
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Figure 5.11: Evolution of the vector state through time using exponential dynamic with
k = 100, for an association 3-graph made from graphs of order 25 and
connectivity 0.01.

dynamic is slower only than the exponential dynamic with x = 50.

An example of the behaviour of the optimization process for 3-graphs of order 25 is
shown in figure 5.12, and it clearly explains the low speed of the dynamic that is the
fastest in all the other parameters’ configurations. As we can see the outline of the
different dynamics is the same, with a perturbation to break a symmetry situation,
however the number of iterations needed to converge is really different: the linear
Baum-Eagon dynamic needs about 700 iterations, the exponential dynamic with
t = 10 needs less than 200 iterations, the exponential dynamic with x = 25 takes
only 80 iterations to converge, while due to the great oscillations the exponential
dynamic with k = 50 takes more than 600 oscillations, thus taking a lot of time to
run. The reason why this happens only with this configuration of parameters and
not on the others lays in the fact that the structures to be matched are very small,
the smallest under examination, and therefore the related associations hypergraphs
are very small too. Probably the value of x = 50 is too high for such a small
structure, while it works well for bigger systems. This demonstrates that the value
of k is strictly dependent on the problem under examination, and a single value
cannot be used on all the experiments. Thus, in a real setting with a specific
problem, the parameters of that problem have to be analysed and evaluated, and

the vaue of x has to be tuned according to those specific values.
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Finally, figure 5.13 shows a comparison of all the execution time for the optimiza-
tion step, considering only the fastest dynamic for each combination of parameters.
With no surprise, the same behaviour of the execution times for building the as-
sociation hypergraph can be observed: keeping the cardinality k fixed, execution
takes longer for hypergraphs of bigger order; vice versa, keeping the order n fixed,

the higher the cardinality the longer the running time.

5.2 Results for the Sub-Graph Isomorphism Prob-

lem

5.2.1 Correctness Evaluation

As stated in chapter 2 the sub-graph isomorphism problem is more complex
than the complete isomorphism one, and this distinction is reflected in the results
obtained. In fact in terms of correctness the algorithm does not return as good

results as the ones obtained in section 5.1.1. As we can see in figures 5.14, 5.15 and
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5.16 not one combination of parameters returned 100% correct experiments. In
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Figure 5.14: Correctness results for sub-graph isomorphism on 3-graphs of 25 and 22
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Figure 5.15: Correctness results for sub-graph isomorphism on 3-graphs of 25 and 20

nodes (20% of removed nodes), including all tested dynamics.

fact there are differences in the percentage of correct results according both to the

connectivity rate and to the percentage of removed nodes. In particular the best

performances are returned with connectivity rate p = 0.5, as the graphs’ density

becomes more extreme, the results get worse. With a similar analysis we can see
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Figure 5.16: Correctness results for sub-graph isomorphism on 3-graphs of 25 and 17
nodes (30% of removed nodes), including all tested dynamics.

that the largest the sub-graph, the higher is the probability of obtaining a correct

result.

In fact if we fix a dynamic and look at the behaviour of the different types of
graphs (figures 5.17) we can see that independently on the dynamic used and on
the connectivity rate, the experiments where Hy has only 10% of nodes less than
Hy, return always the best results, and as the order of Hy decreases the percentage
of correctness decreases too. This fact could be intuitive if we think that the larger
the sub-graph the more similar it is to the main graph, but it is counter-intuitive if
we think that we have to find a smaller isomorphism. Of all the 4500 experiments
tested, only a small part has returned a correct result. Depending on the dynamic
used the number of total valid results are between 1200 and 1400, as shown in
figure 5.18. An interesting thing to note is that there is not a single dynamic that
outperforms the others. In fact, while the exponential dyanmic with x = 10 works
well when H, is 30% smaller than Hy, it is one of the dynamics that perform worse
when H, is just 10% smaller than H;. Moreover, even if we fix the number of
nodes of H, still there is not a dynamic that can be preferred in all the cases. For

example if we look at figure 5.15, the exponential dynamic with x = 50, is the one
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Figure 5.17: Percentage of correctn results for sub-graph isomorphism with different
dynamics: linear (first from top), exponential with x = 10 (second),
exponential with k = 25 (third), exponential with x = 50 (bottom).

51



Total Number of Correct Experiments

1500 T T T
|-RP =10% [ RP =20% [ |RP =30%

1000

500

Number of Correct Experiments

Lin. dyn. Exp. dyn. K=10 Exp. dyn. K=25 Exp. dyn. K=50
Type of Dynamic
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that returns the best results when the connectivity rate is 0.1, while it is the one
that returns the worst results when the connectivity rate is 0.3. For this reason we
have no way to choose a specific dynamic as the best working one, not even for a
specific combination of parameters.

Another interesting thing to investigate is if, giving a specific set of parameters,
the correct experiments returned by the worst performing dynamic are correctly
returned by the other better performing dynamics too. In order to do so we have
to fix all the parameters, and check the correct results returned by the different
dynamics.

Let’s take for example the following parameters:
e cardinality k = 3,
e order n = 25,
e connectivity rate p = 0.2
e percentage of removed nodes rp = 0.1.

The best performing dynamic is the exponential with x = 50, that returned 52
correct sub-isomorphisms, then there is the exponential with x = 10, that returned

47 correct sub-isomorphisms, and finally the linear dynamic and the exponential
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with x = 25, returned both 46 correct sub-isomorphisms. However if we count all
the experiments that were successfully solved by at least one dynamic we find 60
different experiments. This means that not all the sub-isomorphisms correctly found
by the worst performing dynamic are found by the better performing dynamics

too. In figure 5.19 all the 60 experiments that returned a correct isomorphism are

Correct Experiments. Parameters: k=3, n=25, rp=0.1, p=0.2

Experiment 2 | 3 5 7 |8 10|11 12 17|19 20|21|23 |28 29|31 35|36 37 38
o  Linear X X XX X X|Xx x X X X X X X
E  ExpK=10 X X x| x x| x|[x x| x X | X X X | X
S ExpK=25 X X XX X X|XxX x X X X X X X
S ExpK=50 | X | X X X |X X | X X X | X X X X |X X|X X X
Experiment 40 |41 43 44 |45 48|49 50 53 |54 56 58 |60|61 62|63 66|67 71 72
o Lnear | x| x| X XxX|x x|x x X X | x X X X | X X X
E ExpK=10 | X | X X X |X X|X X X | X | x| x X | X | X X|X
S BpK25 | X | X X XX X|X X X X | x X X X|x x X
ExpK=50 | X | X | X X | X X |X X X X X | X X x| x X X | X
Experiment 74 |76 79 80|81 82|83 84 8586 87 88|89 90 92/93 94|95 99 100
o Linear X X | X X X X | X X X X | X X | X X X
E ExpK=10 | X | X X | X X X | X[ x| x X X[ X X |XxX|Xx X
S BxpK=2s X X | X x X | x| x x x X | X X | X X X
Exp K=50 X | X | X X | X X X|X X X|X X X X | X X

Figure 5.19: List of experiments that returned a correct isomorphism in at least one of
the tested dynamics.

listed, together with the different dynamics. An X is inserted when the dynamic
was successful on that specific experiment. As we can see most of the experiments
were correctly solved by all the dynamics, with no surprise some other experiments
(the yellow ones) were correctly solved only by the best performing dynamic.
However there are some experiments that were solved by all the dynamics except
the exponential with £ = 50 (the blue ones), and some others (the green ones)
returned the maximum isomorphism only on some worse performing dynamics.
These two sets of experiments are something that we could not have expected, and
it makes it impossible to identify a single dynamic to use with all the experiments.
A similar behaviour can be observed with every other combination of parameters
(see figure 5.20 for another example with different parameters, where in particular
there are a lot of experiments (in blue) that returned a correct answer only with the

exponential dynamic with x = 50, that is the worst performing one). The evolution
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Correct Experiments. Parameters: k=3, n=25, rp=0.2, p=0.8

Experiment | 2 ' 3 | 5|6 7 |9 11|17 21 22|23 |24 |25 26|27
© Linear X X | X X X | X XX X[ X X
% Exp K=10 X X | X | X X X X X | X X[ X | X
g. Exp K=25 X X | X | X X | X X X[ X X | X ]| X
Exp K=50 X[ X X | X | X X X | X
Experiment | 29 | 34 |37 |38 |42 |43 |46 |47 48 53 |58 63|69 70|75
o Linear X X | X | X X X X | X X X | X
% Exp K=10 X X | X | X X X X | X X X | X
S ExpK=25 X X | X | X X X | X | X | X X X | X
e Exp K=50 X X X[ X X[ X | X X | X | X | X | X
Experiment | 76 | 77 |82 |83 85|86 |87 |91 92|93 |94 95|97
o Linear X X X[ X X X | X X[ X | X | X
g Exp K=10 X X X | X X X | X X | X | X | X
S ExpK=25 X | X | X | X X | X X| X XX
e Exp K=50 X | X | X X | X X | X | X | X

Figure 5.20: Another example of a list of experiments, with different parameters, that
returned a correct isomorphism in at least one of the tested dynamics.

through time of a couple of experiments with this strange performance has been
examined in order to better understand this phenomenon. Figure 5.21 shows the
vector state at different time steps for experiment number 17 of the parameters
analysed in figure 5.19. While the linear dynamic and the exponential dynamics
with k = 10 and xk = 25 are able to converge, the exponential with x = 50, oscillates
to much and is not able to stop in a point. This behaviour is distinctive of all the
experiments coloured in yellow. Note that in this case the oscillations of x = 50 are
analogous to the ones observed with the exponential dynamic with x = 100, and
they are the reason why that dynamic has not be taken into consideration for the
experiments. However while with x = 100, nearly all the experiments failed, the
exponential with £ = 50 is often the best dynamic in terms of correctness.

On the opposite side of the same coin there are the results returned in experi-
ments like the ones coloured in yellow. With these experiments only, the exponential
dynamic with x = 50 returns the correct result, while all the other dynamics don’t.
In figure 5.22 we can see the different dynamics on experiment number 23. Even
though the exponential with x = 50 doesn’t stabilize, hence not finding an ESS,

the oscillations are between very close equilibrium points, and when the algorithm
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Figure 5.21: Evolution through time of the vector state for experiment number 17 of
figure 5.19, with all the different dynamics tested.

reaches the maximum number of iterations, the current equilibrium point represent
indeed a maximum clique, thus a correct isomorphism. On the other hand, all the
other dynamics are not able to converge to a clique even after three perturbations,

thus not being capable of returning a correct result. Finding a reason to the different
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Figure 5.22: Evolution through time of the vector state for experiment number 23 of
figure 5.19, with all the different dynamics tested.

performances of the dynamics in this case is not easy, however it seems there is no
connection with the structure of the graph to be optimized and the results with
different dynamics, since the size and order of the association hypergraphs both in

the set of experiments that works well with the exponential with £ = 50 (the yellow
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ones) and in the set of experiments that return correct results only with the other
dynamics (the blue ones) are more or less the same. In fact the 3-graphs in the
experiments belonging to the yellow set have a number of nodes that varies between
512 and 544, and a number of arcs between 12044317 and 14210692, while the
order in the blue set is between 515 and 545, and the size is between 11623540 and
13780820, thus not highlighting any significant discrepancy between the structures.
Finally figure 5.23 shows the evolution of the vector state for an experiment (number
1) with the same parameters set as the one of experiments in figure 5.19, that
does not return the correct isomorphism with any dynamic. As we can see all
the dynamics do not converge to a clique, even after multiple perturbations. This
behaviour is the same observed by the non converging dynamics of experiment
number 23 (figure 5.22), and also in this case there is nothing particular in the
structure of the association graph (516 nodes, 12125688 arcs), thus again suggesting
that the structure is not the (only) reason for the absence of convergence.

From this perspective it is interesting to have an overview of the type of results
given by the experiments which did not returned the correct isomorphisms. Figure
5.24 gives an idea of the types of results provided by the experiments according
to the different dynamics. As we have already stated around 30% of the returned
results are correct. However we can see that the wrong results can be split in two

categories:

e a very small set that contains all the experiments that returned a maximal
clique, instead of a maximum one. In these cases the optimization process has
not been able to reach the global optimum, falling in the basin of attraction
of local solutions. The size of this set is really small if compared with the
total number of experiments performed, involving only the 1.5% of the total

tests;

e a very large set, containing around 70% of the total experiments, that includes
all those trials that did not returned a clique at all, neither a maximal one,

and returned results as the ones in 5.23.

A reason that might be behind this inability to converge to a clique is that
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Figure 5.23: Evolution through time of the vector state for experiment number 1 of

figure 5.19, with all the different dynamics tested.

the solution of problem 3.8 does not have any theoretical guarantee of finding a

clique. In fact, Frankl and Ré6dl in [10] showed that maximizing the Lagrangian

of an hypergraph does not necessary produce a clique, but a 2-cover, i.e. an

hypergraph such that all the pairs of nodes are connected by at least one edge.

28



Non
Total n° of Local ,
) Correct results ) corvenging to
experiments optimum )

clique

Linear Dynamic 4500 1201 74 3225
Exp. Dynamic K =10 4500 1264 79 3157
Exp. Dynamic K =25 4500 1276 102 3122
Exp. Dynamic K =50 4500 1360 13 3127
Total 18000 5101 268 12631

Figure 5.24: Recap of the type of results returned in all the experiments by the different
dynamics.

While in 2-graphs the notion of 2-cover coincide with the notion of clique, this
in not true for generic k-graphs with & > 2. This problem has been overcome
in [30] where a continuous formulation of maximal cliques in k-graphs is given
as a minimization of the Lagrangian of the complement of the hypergraph plus
a parametrized regularization term, however this formulation has not been used
in this thesis because of its complexity and the need for tuning an additional
parameter. Moreover the results on complete isomorphism using equation 3.2 are
perfect. Anyway, an application of the formulation proposed by Rota Bulo and
Pelillo to the sub-graph isomorphism problem is certainly a possible direction that
can be examined in future works.

After all the considerations done, we can not chose a single definitive dynamic
to be used on all the experiments, even on experiments with the same parameters.
In most of the combination of parameters, the exponential dynamic with £ = 50 is
the one that returns the biggest number of correct isomorphisms. However some
isomorphisms that are not found by this dynamic are found by the others. For
this reason, in solving real problems, if enough time is available, the best option
would be to use more than one dynamic and then select the correct results on
all of them. Figures 5.25 and 5.26 shows the experiments that have returned a
correct isomorphism in at least one dynamic. As we can see in the first image,
the outline of the curves in all the different fractions of removed nodes is the same:
graphs with a medium connection rate achieve better results, while in the extreme
connectivity rates the results are really bad. Moreover, even considering all the

different dynamics, the larger the sub-graph, the higher the number of correct
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Figure 5.25: Number of correct experiments in at least one dynamic divided by number
of removed nodes in Hs.
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Figure 5.26: Total number of correct experiments with each different dynamic, and
with all the dynamics.

results. However there is a detail that we have to take into consideration, that is the
fact that the shapes of the curves are not exactly symmetric from the mean density
p = 0.5. In fact the right side of the plot returns slightly better performances in
terms of correctness with respect to the left side, even though the success rate

is decreasing while the connectivity rate become more extreme. This event can
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maybe be related to the fact that the association graphs created from dense graphs
are in general larger both in terms of size and order (see figure 5.28). The second
image instead shows the number of total correct results. As we could have expected
considering all the dynamics the number of isomorphisms found is larger than with
any single dynamic. However note that at most 1600 experiments results correct; if
we consider that the number of tests performed for the sub-graph problem is 4500,

we have that only one third of the optimizations process was successful.

5.2.2 Running Time Evaluation

For what concerns the execution time, we have to distinguish also in this case
between the time needed to build the association graph and the time needed to
find the clique. Exactly as in the complete isomorphism problem, in the first case
the running time is independent of the dynamic used, while in the second case the
running time strongly depends not only on the dynamic used, but, in general, also
on the fact that the experiment returned a correct result or not. If an experiment
converges, the step needed are usually bounded to a maximum of 600, while, if
it doesn’t converges it may take up to 2400 iterations considering at most three
perturbations.

Figure 5.27 shows the running time for creating the association graph in all the
different experiments performed. Not dissimilarly from the complete isomorphism
problem we can see that the time needed depends on the size and order of the
3-graphs to be matched. The denser the original structures the more time the
research for the hyperedges takes, up to two orders of magnitude from expected
connectivity p = 0.01 to expected connectivity p = 0.99, independently of the
number of nodes removed in Hy. Moreover the smaller the order of Hy, the smaller
the number of possible associations between nodes, thus shrinking the total number
of arcs to be checked when building the association hypergraph and consequently
the running time. In contrast to what happened in the complete isomorphism
problem, as we have seen in figure 4.7 the denser the graphs to be matched, the
smaller the overlap between the grade of the nodes, thus resulting in less pruning,

that means more pairs of nodes, that implies a bigger order in the association graph
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Figure 5.27: Running time needed for creating the association graph in the sub-graph
isomorphism problem. Times are in logarithmic scale.

and therefore a larger number of possible arcs to be checked. This behaviour can
be easily seen in figure 5.28. Looking at the order of the association graph on the
right we see that the denser the graphs the smaller the pruning thus resulting in an
higher number of association nodes; on the other hand, the higher the number of
removed nodes in Hs, the higher the maximum number of pairings possible. On the
left the average size depends both on the density rate and on the number of nodes.
Therefore in this type of problems we can deduce that the CPU time for creating
the association graph is due to a mix of time needed to check a large number of
hyperedges, that increases as the number of total nodes, and of time needed to
check each hyperarc in the edge set of the original k-graphs, set that becomes bigger
with the density of the graph.

The mean CPU time needed to run the optimization, independently of the
correctness of the results, is shown in figure 5.29. The first thing worth noticing
is that all the dynamics, except the exponential one with x = 25, have the same
behaviour. It is strange that the linear and exponential with k = 50 are the

slowest dynamics, needing more or less the same time to execute in all the different
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Figure 5.28: Average size and order of association hypergraphs build from graphs of
different orders and cardinalities.

connectivity rates and independently on the percentage of nodes removed in Hs.
The exponential dynamic with x = 10, has the same curvature, but the execution
time takes always fewer time, even though less than half an order of magnitude. The

exponential dynamic with k = 25 draws a different shape, especially in the extreme
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Figure 5.29: Mean CPU time needed to run the optimization algorithm for finding

sub-graph isomorphism on hypergraphs with different percentage of node
removal, using both linear and exponential dynamics. Y-axes are in
logarithmic scale.
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connectivity rates, sensibly speeding up the execution time when the density of
the graphs to be matches is in [0.01, 0.1] and in [0.9, 0.99]. This acceleration is
not related to the correctness of the results, since the performance of the dynamic
with respect to the performances of the other dynamics in this sense is not distant
enough to justify such a rush.

If we plot the the 95% confidence intervals (see figure 5.30), we cannot see any
particular increase in the variance that can explain this behaviour, since in the
extreme rates both the confidence intervals are close to the mean.

Another interesting thing to see is the shape drawn by the execution times, that
is really similar to the outline of the average size of the association graph plotted
in figure 5.28. The connectivity rate p = 0.01 is the one with smallest size, and
also the one that takes less to optimize. Increasing the density, results in a larger
number of arcs in the association hypergraphs as well as longer execution times, up
to connectivity p = 0.1. Then both the size and the time needed decrease again up
to p = 0.5, when they increase again up to the most dense values. This parallelism
exists in all the experiments with different fraction of removed nodes even though
the depression in the central density value is sharper where we have the maximum
number of correct isomorphism (10% of removed nodes), because of the shorter
time needed, in general, when convergence is achieved.

Finally, figures 5.13 - 5.34 show all the execution time for the optimization step,
comparing the time needed for the successful experiments against the unsuccessful
ones. With no surprise, if we consider the same rate of node removal for each
dynamic, the running time for the correct tests is always shorter than the time
needed for the wrong ones. Moreover we can notice that, in general, the curves for
the wrong experiments are way smother that the curves for the correct experiments.
In fact, except for the strange behaviours of the exponential dynamic with k = 25
that we already noticed, the dashed lines slowly constantly increase, while the full
lines are those that mainly grab the valley-like shape of the size, thus meaning
that the number of arcs is actually a discriminant only for the correct resulting
experiments.

When solving the sub-graph isomorphism problem, more than for the complete
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Figure 5.30: Mean and 95% confidence intervals of CPU time needed to run the opti-

isomorphism problem, choosing the correct dynamic is a complex task. In this kind

of problem in fact, it is not just a matter of time, but also a matter of correctness.

mization algorithm for finding sub-graph isomorphism on hypergraphs with
different percentage of node removal, using both linear and exponential

dynamics. Y-axes are in logarithmic scale.
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Figure 5.32: Comparison of the mean CPU time for the correct and wrong experiments

with the different rate of node removals in Hs using exponential dynamic
with £ = 10. Times are in logarithmic scale.

For this reason it is even more important to test the framework with some real

examples before using it on real problems, in order to be able to choose the best

dynamic, and if it is possible, consider the possibility to use more than one dynamic

in order to have a higher probability of finding the correct results.
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5.34: Comparison of the mean CPU time for the correct and wrong experiments
with the different rate of node removals in Hy using exponential dynamic
with k = 50. Times are in logarithmic scale.
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Chapter 6

Conclusions

In this thesis, the potential of a framework based on association graphs for
solving hypergraph isomorphism problems has been explored. Dynamics derived
from the Baum-Eagon inequality, together with notions from Evolutionary Game
Theory, have been introduced to optimize the objective function, thus finding the
maximum clique in the association graph that has been proven to be in one-to-one
correspondence with the isomorphism. Impressive results have been obtained in
terms of precision for the hypergraph isomorphism problem, as in 10500 experiments
run on random generated hypergraphs of different orders and connectivities 100%
of correct isomorphisms have been obtained, independently on the dynamic used,
thus showing the great ability of the simple Baum-Eagon inequality to escape
local minima in this kind of problems, and confirming earlier results on graphs
[25, 26]. Unfortunately the results obtained in the 4500 experiments on sub-graph
isomorphism are not so positive, since only 1600 experiments, 1 out of 3, have
returned the correct isomorphism. In particular the structures with medium density
returned the best results, while for the ones with extreme connectivity rates the
framework returned very poor results, having some densities with 0, or nearly to 0,
correct isomorphisms found. Moreover an analysis of the results for the sub-graph
isomorphism problem has not being able to identify which is the best dynamic
to use, since, keeping fixed the main parameters, there seems to be no concrete
distinction between those structures on which a correct isomorphism has been found

by a particular dynamic and those that were successful with a different dynamic.
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From a computational point of view, the exponentially increasing size of the
association graph might become an issue, even though the use of a performing
implementation of the algorithm and the use, only when looking for hypergraph
isomorphisms, of an exponential dynamic might ease this problem.

Given the collected results we can conclude that the proposed framework works
very well for solving the complete isomorphism problem on k-graphs of different
order and cardinality, independently on the dynamic used. However some further
investigations are needed in the sub-graph isomorphism problem, in particular
to avoid that the algorithm returns 2-covers instead of cliques, or runs into local
optimum solutions. This result might be obtained modifying the objective function
with the one proposed in [30], that gives the theoretical guarantee of returning a
(maximal) clique. Moreover some different dynamics can be tested, that might ease
the search for the maximum clique.

A further development of the proposed framework is its extension to non-uniform
hypergraphs. In fact a few experiments, concerning the isomorphism problem, have
been performed on very small structures with edged of different cardinalities,
obtaining good results. Even though the set of experiment is way too small for
declaring that the proposed algorithm works well also on non-uniform hypergraphs,

it gives a hint that this is something worth a deeper and extensive investigation.
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