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Introduction

Pollution remains one of the most critical challenges of the twenty-first century, which
is why it continually occupies a central position in international policy discussions. De-
spite advancements by individuals and,more notably, governments towards sustainable
practices, we nonetheless inevitably persist in generating excessive emissions through
our everyday activities and consumption patterns. For example, air–the most essen-
tial resource–continually faces consumption and contamination by pollutants. Concur-
rently, it benefits from its natural ability to flow freely across regions due to its physical
attributes. We are thus continuously exposed to negative externalities, although some
natural regeneration of the resource fortunately exists. With this real-life scenario in
mind, one may be interested in modelling the resource dynamics, optimal extraction
and conservation. This is, indeed, the original aim of our research.

The current study is deeply inspired by the work of Fabbri, Faggian, and Freni (2024).
In their paper, the authors propose a dynamic model in a network environment where a
resource is spatially distributed across n nodes. The resource is subject to migration and
to site-specific growth rates, making the various regions heterogeneous. In this setting,
agents compete in resource extraction subject to a regulator’s assignment of extraction
rights. By analysing the properties of a Nash equilibrium and studying the comparative
statics arising from different parametrisations of the model, researchers point out the
effect that changes in the structure of the network generate on the regulator’s assignment
decisions.

As Fabbri, Faggian, and Freni (2024) suggest, we operate in extension of their model
with the objective of exploring the spatial diffusion of pollution. Specifically, we formu-
late a dynamic model consisting of two nodes, or agents. At each of the two nodes, a
stock of unpolluted resource is available and evolves over time, while being free to flow
across the two distinct regions contingent upon specified mobility rates. At each point
in time, and within each region, the agents determine their consumption level, thereby
producing emissions, while natural regeneration processes restore some of the unpol-
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luted stock. In our analysis, we assume agents’ choices are driven by Constant Relative
Risk Aversion (CRRA) utility functions. Moreover, as discussed in the final chapter of
the thesis, the two-node simplifying assumption we impose can be further relaxed in
more advanced models with the aim of describing the overall picture of dynamics in a
complex network environment.

In Chapter 1, we introduce the main mathematical tools we adopt in our analysis. In
particular, we start by outlining and proving the most fundamental results in Dynamic
Programming. We then propose an overview of differential games modelling and its
instruments. We thus complete the framework with a final focus on matrix algebra and
linear systems solution methods.

Chapter 2 constitutes the core of this work. The chapter opens with a detailed descrip-
tion of the pollution dynamics framework in continuous time. We then develop an op-
timal control problem where a social planner coordinates the actions of the two agents
in order to maximise their joint payoff. Drawing inspiration from the work of Puliti
(2024), who addresses a similar problem in discrete time, we calculate equilibrium and
optimal consumption path, further discussing the admissibility of such a solution. At a
later stage, we remove the mediation opportunity by the social planner and we let the
two agents act independently in a noncooperative, nonzero-sum differential game, each
maximising their own payoff. By solving this problem, we identify a Nash equilibrium
and discuss its admissibility.

In Chapter 3, we complete our analysis by discussing the results and comparing the
key measures of the model, namely the value, optimal consumption and resource con-
servation, under the social planner versus the differential game frameworks. We then
explore possible future advancements of our model along with alternative applications,
with particular attention to thework of Calvia et al. (2024), who investigate an economic
growth problem on networks where each node is characterised by capital creation and
consumption, while employing an AK model production function.
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Notation

Basic mathematical notation:

• R: set of real numbers.

• R+: set of nonnegative real numbers.

• A⊤: transposed of the matrix A.

• r(A): spectral radius of the matrix A.

• C1: class of functions which are differentiable on their domain and characterised
by continuous first-order derivative.

• ei ∈ Rn: i-th vector of the standard basis in Rn. Formally, the standard basis of Rn

is the set of vectors with null components, except one entry which is equal to 1.

• ⟨a, b⟩: inner product of vectors a and b.

• ∇a: gradient of the vector a.

• || · ||: norm of a matrix/vector.

Specific notation used in this work:

• A: admissibility set.

• X(t) = (X1(t), X2(t)): stock of clean resource available at nodes 1 and 2 at time t.

• x = (x1, x2): stock of clean resource available at nodes 1 and 2 at time 0.

• Γi: regeneration rate of the resource at node i.

• G: adjacency matrix, made up of entries g12 and g21, which weigh the flow of
resource from one node to the other, and vice versa.
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• Pi(t): pollution emitted by agent i at time t, that we later assume to be equal to
agents’ consumption ci(t).

• R: matrix of net regeneration rates rii, which are defined as the regeneration factor
net of the outflows from one specific node.

• ρ: utility discount rate.

• w = (w1, w2): fixed weight vector which, combined in ⟨w,X(t)⟩, captures an extra
benefit depending on the level of the stock of natural resource.

• σ: relative risk aversionparameter representing individuals’willingness to smooth
consumption over time in CRRA utility functions.

• λ1, λ2: eigenvalues of matrix R+G⊤.

• z1, z2: eigenvectors of matrix R+G⊤.
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Chapter 1

Mathematical Tools

1.1 Optimal Control Theory

This work consists in an economic application that examines the evolution over time
of the stock of a natural resource characterised by both consumption and regeneration.
Identifying the best consumption path is a challenge policymakers face on a daily basis.
This is why mathematicians developed an entire branch of study concerned with the
analysis of this kind of problems. This is the so-called optimal control theory. Formally,
supposeX(t) represents the stock of a natural resource we hold at time t. Our aim is to
identify a trajectory x(t), namely an optimal path of resource, by choosing the optimal
level of consumption c(t) we want to sustain at any point in time.

Within the optimal control theory framework, different approaches were developed to
solve this kind of problems. Two of the most common approaches are the Pontryagin’s
Maximum Principle (PMP) and Dynamic Programming (DP). The first approach, also
known as the Hamiltonian approach, aims at transforming the infinitely dimensional
problem into a problem of finite dimension which can be solved either numerically or
analytically. More specifically, the Pontryagin’s Maximum Principle provides necessary
conditions for optimality and yields candidate solutions through the maximisation of
a Hamiltonian function. Indeed, the latter is commonly used to optimise an objective
over time while satisfying dynamic constraints (e.g. the maximisation of a lifetime util-
ity function subject to capital accumulation dynamics).

The second approach, developed by Richard Bellman, relies on the Principle of Opti-
mality to decompose the problem into a sequence of simpler problems which are then
solved backward in time. Specifically, the key intuition behind the Optimality Princi-
ple is that any segment of the optimal trajectory must itself be optimal. The optimal
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solution is then characterised through the so-called value function, which represents the
maximum utility we achieve for any given state and time, assuming optimality from
that point forward. The evolution of the value function is characterised by the so-called
Hamilton-Jacobi-Bellman (HJB) equation. This is a partial differential equation whose so-
lution provides the optimal value function, which outlines the optimal policy of interest.

Both the Pontryagin’s Maximum Principle and Dynamic Programming reveal particu-
larly convenient in economics, where dynamic optimisation problems are of major in-
terest. Think, for instance, of consumption-saving decisions, optimal taxation, mone-
tary policy and environmental economics. In these areas, optimal control theory allows
economists to study agents’ optimal behaviour over time where constraints and trade-
offs limit their action. Moreover, these tools enjoy high flexibility as they are suitable for
both deterministic and stochastic environments and, as a consequence, they can capture
most of real-world applications. In the subsequent sections, we rely on these tools to ex-
plore the dynamics of a natural resource over time, together with the identification of
its optimal consumption path.

We now introduce the optimal control problem faced by a social planner who coordi-
nates different agents through themaximisation of a single functional. In a later section,
when introducing the differential game, wewill adjust this arrangement so as to account
for the noncooperative behaviour of the two players in the absence of a social planner.

Consider a single social plannerwho coordinates two players i = 1, 2. The so-called state
of the system is described by a vector X(t) ∈ R2, evolving according to the dynamics{

Ẋ(t) = f(X(t), u1(t), u2(t))

X(0) = x
(1.1)

where ui(t) ∈ Ui ⊂ R is the control at time t of agent i, and f : R × U1 × U2 → R2 is
continuous and satisfies appropriate conditions to ensure existence and uniqueness of
solutions. In practice, the function f encloses all those elements of the dynamic that
the agents cannot control under any circumstances. For example, the physical laws, the
laws of nature and the market laws are to be regarded as definite and are thus included
in f . Conversely, the control constitutes the entirety of intervention possibilities by the
social planner aimed at reshaping the trajectory of the system. Indeed, we end up with
a different system, together with its associated evolution, for any choice of the control
made by the planner. This means that we may think of a control problem as a family of
ordinary differential equations (ODEs) parametrised by the control function u.
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The single decision-maker chooses both controls u1(·) and u2(·) so as to maximise a
discounted payoff of the form

J(u1(·), u2(·)) =
∫ ∞

0
e−ρtL(X(t), u1(t), u2(t)) dt

whereL : R2×U1×U2 → R is the running reward function, and ρ is the discount rate. In
words, the controller aims at choosing admissible controls over time so as to maximise
the total reward subject to the dynamics.

One of the aims of our analysis is to look for an optimal control pair, which is a pair of
controls (u∗1(·), u∗2(·)) that maximises the social welfare functional. In other words, the
optimal control yields the highest total discounted utility across all admissible controls:

J(u∗1(·), u∗2(·)) = sup
(u1(·),u2(·))

J(u1(·), u2(·)) (1.2)

1.2 Dynamic Programming

The Dynamic Programming method is based on the definition of the so-called value
function, that is the optimal value of J as in (1.2) when such value is made dependent
on the initial state x, that is

v(x) = sup
(u1,u2)

∫ ∞

0
e−ρtL(X(t), u1(t), u2(t)) dt (1.3)

1.2.1 Bellman’s Principle of Optimality

Definition 1.1 (Bellman’s Principle of Optimality). An optimal policy has the property
that whatever the initial state and initial decision are, the remaining decisionsmust con-
stitute an optimal policy with regard to the state resulting from the first decision.

This definition, taken from one main work of Bellman (1957) on Dynamic Program-
ming, clearly explains the main intuition behind the well-known principle. In simple
terms, if a policy is optimal starting from t = 0, then the policy that governs the be-
haviour from any subsequent time onward must also be optimal. By relying on the re-
cursive structure of Bellman’s Principle, we can formally define a functional form equa-
tion for the value function, namely the Dynamic Programming Principle (DPP), which
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holds for any t:

v(x) = sup
u1(·),u2(·)

{∫ t

0
e−ρsL(X(s), u1(s), u2(s)) ds+ e−ρtv(X(t))

}
(1.4)

We now provide a formal proof of this Principle. For simplicity, we use c as a control
since this is what we will use in our analysis.

Proof. Recall the value function (1.3). To prove (1.4), we start by decomposing J(c(·))
into two parts, as follows:

J(c(·)) =
∫ ∞

0
e−ρsL(X(s), c(s)) ds

=

∫ τ

0
e−ρsL(X(s), c(s)) ds+

∫ ∞

τ
e−ρsL(X(s), c(s)) ds

This is done by simply splitting the integral at τ . We now consider the second integral,
and we apply a change of variable, setting t = s − τ , so that s = t + τ : when s = τ we
have t = 0, and when s → ∞we have t → ∞. The second integral can thus be rewritten
as ∫ ∞

τ
e−ρsL(X(s), c(s)) =

∫ ∞

0
e−ρ(t+τ)L(X(t+ τ), c(t+ τ)) dt

= e−ρτ

∫ ∞

0
e−ρtL(X(t+ τ), c(t+ τ)) dt

= e−ρτ

∫ ∞

0
e−ρtL(X̂(t), ĉ(t)) dt

where ĉ(t) and X̂(t) are defined as ĉ(t) = c(t+ τ) and X̂(t) = X(t+ τ), respectively. We
now combine the first and the second integrals, obtaining

J(c(·)) =
∫ τ

0
e−ρsL(X(s), c(s)) ds+ e−ρτ

∫ ∞

0
e−ρtL(X̂(t), ĉ(t)) dt

We observe that the second integral is nothing but∫ ∞

0
e−ρtL(X̂(t), ĉ(t)) dt = J(X(τ), ĉ(τ))

namely, the payoff starting from state X(τ) guided by the control ĉ. Moreover, by defi-
nition of value function

J(X(τ), ĉ(τ)) ≤ v(X(τ))
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Hence, for each control cwe have

J(X, c) ≤
∫ τ

0
e−ρsL(X(s), c(s)) ds+ e−ρτv(X(τ))

Taking the supremum both sides over all controls, gives

v(X) ≤ sup
c(·)

{∫ τ

0
e−ρsL(X(s), c(s)) ds+ e−ρτv(X(τ))

}
Wenowprove the reverse inequality. Let ε > 0; by definition of supremum, there always
exists a control cε such that

v(X) ≤ J(X, cε) + ε ⇔ v(X)− ε ≤ J(X, cε)

We now apply the same technique used to prove the first inequality in order to split
J(X, cε):

v(X)− ε ≤
∫ τ

0
e−ρsL(X(s), cε(s)) ds+ e−ρτJ(X(τ), ĉε)

As before, we know that
J(X(τ), ĉε) ≤ v(X(τ))

and this implies

v(X)− ε ≤
∫ τ

0
e−ρsL(X(s), cε(s)) ds+ e−ρτv(X(τ))

We then take the supremum and rearrange:

v(X) ≤ sup
c(·)

{∫ τ

0
e−ρsL(X(s), cε(s)) ds+ e−ρτv(X(τ))

}
+ ε

Since ε is arbitrarily chosen, we can push ε → 0 and obtain

v(X) ≤ sup
c(·)

{∫ τ

0
e−ρsL(X(s), cε(s)) ds+ e−ρτv(X(τ))

}
We may finally combine the result of the two opposite inequalities in the following

v(X) = sup
c(·)

{∫ τ

0
e−ρsL(X(s), c(s)) ds+ e−ρτv(X(τ))

}
which is the Dynamic Programming Principle we wanted to prove.
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1.2.2 Derivation of the HJB Equation

By applying the Dynamic Programming Principle, we derive the necessary condition
for optimality in the form of Hamilton-Jacobi-Bellman (HJB) equation, as follows:

ρv(x) = sup
u=(u1,u2)∈R2

{L(x, u1, u2) + ⟨∇v(x), f(x, u1, u2)⟩} (1.5)

We now propose a heuristic derivation of the HJB equation, starting from the DPP we
have just defined in (1.4).

Let v(x) denote the value function starting from state x, and let (1.4) represent the DPP,
whereX(s) evolves according to the dynamics defined by the system (2.1). We start by
dividing both terms in (1.4) by t, after bringing v(x) inside the sup operator:

sup
u1(·),u2(·)

{
1

t

∫ t

0
e−ρsL(X(s), u1(s), u2(s)) ds+

e−ρtv(X(t))− v(x)

t

}
= 0

Looking at the first term, when taking the limit as t → 0, we obtain

lim
t→0

(
1

t

∫ t

0
e−ρsL(X(s), u1(s), u2(s)) ds

)
= e−ρ·0L(X(0), u1(0), u2(0)) = L(x, u1(0), u2(0))

Looking at the second term, instead, we recognise that if we take the limit, it will resem-
ble the derivative of e−ρtv(X(t)) evaluated at t = 0:

d

dt
e−ρtv(X(t))

∣∣∣∣
t=0

= lim
e−ρtv(X(t))− e−ρ·0v(X(0))

t− 0

This derivative can be easily solved as

d

dt
e−ρtv(X(t))

∣∣∣∣
t=0

=
(
−ρe−ρtv(X(t)) + e−ρt⟨∇v(X(t)), Ẋ(t)⟩

) ∣∣∣∣
t=0

and evaluating it at t = 0, we obtain

d

dt
e−ρtv(X(t))

∣∣∣∣
t=0

= −ρv(x) + ⟨∇v(x), f(x, u1(0), u2(0))⟩

We now combine the two results, which arise when taking the limit as t → 0:

sup
(u1,u2)∈R2

{L(x, u1(0), u2(0)) + ⟨∇v(x), f(x, u1(0), u2(0))⟩ − ρv(x)}
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This can be equivalently written as

ρv(x) = sup
(u1,u2)∈R2

{L(x, u1(0), u2(0)) + ⟨∇v(x), f(x, u1(0), u2(0))⟩}

coupled with the maximality condition

u = argmax {L(x, u1(0), u2(0)) + ⟨∇v(x), f(x, u1(0), u2(0))⟩}

if such maxima exist.

1.3 Differential Games

The problem we study under dynamic programming may be extended and studied
through a second approach, which is that of differential games. Differential games con-
sider the instance in which there is no social planner coordinating the action of the two
players; in such a case, the two players are left acting for themselves, each maximising
their own payoff. In particular, each player makes decisions over time and the state of
the system evolves according to a differential equation, depending on the choices of the
two players.

In this work, we will be mostly interested in noncooperative nonzero-sum differential games.
Breaking down and clarifying the concept, we first say that our game is noncooperative
because each player chooses their strategy independently, without being subject to any
binding agreement. This feature better fits the current global situation, where binding
agreements in the setting we consider are still uncommon and difficult to implement.
At the same time, we mainly focus on nonzero-sum games since both players aim to
maximise their own payoff, and they can both benefit since the total payoff is not con-
stant. We now formally describe the general setting we will apply in our model in the
next chapter.

Consider a differential game with two players i = 1, 2. The state of the system is de-
scribed by a vector X(t) ∈ R2 which evolves according to the dynamics{

Ẋ(t) = f(X(t), u1(t), u2(t))

X(0) = x

where ui(t) ∈ Ui ⊂ R is the control of player i, and f : R× U1 × U2 → R2 is continuous
and satisfies appropriate conditions to ensure existence and uniqueness of the solution.
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Each player aims at maximising the payoff

Ji(u1(·), u2(·)) =
∫ ∞

0
e−ρtLi(x(t), u1(t), u2(t)) dt

where Li : R2 × U1 × U2 → R is the running reward function for player i, and ρ > 0 is
the discount factor.

A fundamental concept in differential games is that ofNash equilibrium. Formally, aNash
equilibrium is a pair of admissible control functions (u∗1(·), u∗2(·)) if, for all admissible
controls u1(·), u2(·), we have

J1(u
∗
1(·), u∗2(·)) ≥ J1(u1(·), u∗2(·))

J2(u
∗
1(·), u∗2(·)) ≥ J2(u

∗
1(·), u2(·))

This means that no player can increase their own payoff by unilaterally deviating from
the equilibrium strategy.

In dynamic models, players often base their choices on the current state of the system
rather than just on time. Hence, a refinement of the Nash equilibrium concept is gen-
erally adopted, which is the so-called Markovian Nash equilibrium. This optimality con-
cept ensures optimality at every point along the trajectory and allows the equilibrium
to adapt to changes in the system. Let us formalise this new concept.

Let u∗i (·) denote a feedback strategy for player i, which is a control action depending on
the current stateX(t). More in detail, a feedback strategy for player i is a function of the
state that we will continue to indicate with ui such that

u∗i (·) : R2 → Ui

Then, a pair of feedback strategies (u∗1(·), u∗2(·)) induces a closed-loop system

Ẋ(t) = f(X(t), u∗1(X(t)), u∗2(X(t)))

over which individuals seek to maximise their own payoff.

A pair of feedback strategies (u∗1(·), u∗2(·)) is defined as a Markovian Nash equilibrium if

J1(u
∗
1(·), u∗2(·)) ≥ J1(u1(·), u∗2(·))

J2(u
∗
1(·), u∗2(·)) ≥ J2(u

∗
1(·), u2(·))

8



for all admissible feedback strategies u1(·) : R2 → U1, u2(·) : R2 → U2. In words, no
player can improve their own payoff by unilaterally deviating from their equilibrium
feedback strategy, given that the other player’s strategy remains fixed. As we may ob-
serve, the dependence on X(t) ensures that each player’s decision adapts to the evolu-
tion of the system, while optimality is preserved at every point along the trajectory.

1.3.1 Coupled HJB Equations

In the context of differential gameswith feedback strategies, the Dynamic Programming
Principle (DPP) provides a powerful method to characterise agents’ optimal behaviour.
Assume both players adopt Markovian feedback strategies ui(t) = αi(X(t)). Let vi(x)
denote the value function of player i, representing the maximum payoff the player ex-
pects to obtain when starting from state x. Assume that vi(x) are of class C1 and the
dynamics are driven by the usual system. Then, the value function satisfies the follow-
ing coupled HJB equations, together with their respective maximality condition:

ρv1(x) = max
u1∈U1

{L1(x, u1, u
∗
2(x)) + ⟨∇v1(x), f(x, u1, u

∗
2(x))⟩}

u1 = argmax {L1(x, u1, u
∗
2(x)) + ⟨∇v1(x), f(x, u1, u

∗
2(x))⟩}

and
ρv2(x) = max

u2∈U2

{L2(x, u
∗
1(x), u2) + ⟨∇v2(x), f(x, u

∗
1(x), u2)⟩}

u2 = argmax {L2(x, u
∗
1(x), u2) + ⟨∇v2(x), f(x, u

∗
1(x), u2)⟩}

To derive this couple of HJB equations wemay simply rely on a heuristic method, which
is mostly equivalent to the method used to derive the HJB equation under the social
planner’s problem.

By looking at the coupled HJB equations, it is important to note that u∗i (x) represents
the best response of player i given the strategy of the other player. This means that, at
each state, each player chooses a control strategy, treating the opponent’s strategy as
fixed. The solution to the coupled HJB equations provides a Markovian Nash equilib-
rium (u∗1, u

∗
2), together with a couple of corresponding value functions.
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1.4 Matrix Essentials

1.4.1 Eigenvalues and Eigenvectors

Dynamic analysis may rely on the computation of powers of a square matrix, which
may reveal quite complicated in practice when the dimensionality of the problem is
particularly high. However, if there exists a scalar λ such that

Ax = λx,

then we may easily compute the power as

Anx = λnx.

The vector x solving the previous equation is called eigenvector, and the associated λ is
called eigenvalue. Let us now provide a formal definition.

Definition 1.2 (Eigenvalues and Eigenvectors). Let A ∈ Rn×n be a square matrix. A
scalar λ is called an eigenvalue of A if there exists an associated nonzero vector x ∈ Rn,
called eigenvector, such that

Ax = λx

Notice that we are only referring to nonzero vectors, otherwise we would obtain trivial
solutions A0 = λ0 for every value of λ.

x

y

x

Ax = λx

A graphical representation of eigenvectors may be useful to clarify the concept. Eigen-
vectors are vectors whose direction in the system’s space remains unchanged after the
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transformationA is applied. Indeed, the eigenvector is only stretched or compressed by
the constant factor λ. This means that, in dynamic systems, eigenvalues reveal how fast
the system evolves along the corresponding eigenvector. Interestingly, the eigenvalue
may happen to be negative. In that case, the vector is stretched or compressed, and its
verse is reversed.

1.4.2 Diagonalisable Matrices

Theorem 1.1. If the eigenvalues of the matrix A are r and s obtained from |A − λI| = 0 such
that r ̸= s, then there exists a matrix P = [pr ps] composed of the eigenvectors associated with
r and s, respectively, such that

D =

[
r 0

0 s

]
= P−1AP

Theorem 1.2. If A is a n × n square matrix with distinct eigenvalues λ1, · · · , λn, then the
matrix A is diagonalisable, such that

P−1AP = J

and J = diag(λ1, · · · , λn), where J is the so-called ”Jordan form” of A and P the transition
matrix.

Theorem 1.3. If A is a 2× 2 matrix, then there is a transition matrix P such that

(i) P−1AP = J1 =

[
r 0

0 s

]
for real distinct roots r and s

(ii) P−1AP = J2 =

[
λ 0

0 λ

]
for repeated root λ

(iii) P−1AP = J3 =

[
α+ βi 0

0 α− βi

]
for complex conjugate roots λ = α± βi

Theorems 1.1, 1.2 and 1.3 are taken from Shone (2002).
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Theorem 1.4 (Invertibility and series expansion). Let A ∈ Rn×n be a square matrix, and
let r(A) be its spectral radius, namely

r(A) = max{|λ| : λ ∈ σ(A)},

where σ(A) denotes the set of eigenvalues of A. Then,

(i) The matrix sI −A is invertible if and only if s /∈ σ(A) (i.e. if s is not an eigenvalue of A)

(ii) If |s| > r(A), then (sI − A)−1 can be expanded as a power series in A as follows, with
convergence guaranteed in norm:

(sI −A)−1 =

∞∑
k=0

Ak

sk+1

Note that the condition |s| > r(A) invoked by the previous theorem ensures that the
series converges even if the eigenvalues of the matrixA are real. Indeed, s > λmax is not
sufficient if A has negative eigenvalues which are particularly large in absolute terms.

1.4.3 Positive and Metzler Matrices

We now review some concepts of linear algebra that are of fundamental importance in
our later analysis.

Definition 1.3 (Positive matrix). A square matrix A ∈ Rn×n is called positive if all its
entries are strictly positive, namely

A = [aij ] with aij > 0 ∀i, j.

Similarly, a matrix is defined as nonnegative if all its entries are nonnegative, namely

A = [aij ] with aij ≥ 0 ∀i, j.

Definition 1.4 (Metzler matrix). A real matrixA ∈ Rn×n is calledMetzler matrix if all of
its off-diagonal entries are nonnegative, namely

A = [aij ] with aij ≥ 0 for all i ̸= j.
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Definition 1.5 (Block upper-triangular matrix). A square matrix A ∈ Rn×n is called
block upper-triangular if it can be partitioned into blocks (i.e. square submatrices) in
such a way that all the blocks below the main diagonal are zero matrices. Here is one
example of a block upper-triangular matrix, partitioned intom×m blocks:

A =


A11 A12 · · · A1m

0 A22 · · · A2m

... . . . . . . ...
0 · · · 0 Amm


Note that if all blocks Aii are 1× 1, then A is a regular upper-triangular matrix.

Definition 1.6 (Reducible matrix). A square matrix A ∈ Rn×n is said to be reducible if it
can be transformed into block upper-triangular form by a proper permutation. In other
words, a square matrix A ∈ Rn×n is said to be reducible if there exists a permutation
matrix P such that P⊤AP is a block upper-triangular matrix:

P⊤AP =



A11 A12 A13 · · · A1m

0 A22 A23 · · · A2m

0 0 A33 · · · A3m

... . . . . . . . . .
0 · · · · · · 0 Amm



1.5 Linear systems solution methods

In this work, we will solve several linear systems of ordinary differential equations. In
particular, we will deal with homogeneous and non-homogeneous linear systems with
constant coefficients. For didactic simplicity, we first provide a solution method for
the second category, since the first is just a special case of the second where the non-
homogeneous term is null. In such a case, it is sufficient to calculate the homogeneous
solution, skipping the particular solution stage.

Non-homogeneous linear systems are commonly expressed in the form

Ẋ(t) = AX(t) + f(t)
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where X(t) is a state vector, A is a matrix with constant coefficients (i.e. real numbers)
and f(t) is the so-called forcing term, which is the non-homogeneous component of the
system. We are mainly interested in a 2-dimensional setting. In such a case, X(t) is
a vector of 2 components, X1(t) and X2(t), A is a 2 × 2 matrix, and f(t) is again a 2-
dimensional vector.

The general solution X(t) to this system takes the form

X(t) = Xh(t) +Xp(t)

whereXh(t) is the solution to the homogeneous system, namely the solution to the sys-
tem whose forcing term f(t) is null, while Xp(t) is a particular solution to the full non-
homogeneous system.

1.5.1 Homogeneous Solution

Let us formally look at the homogeneous solutionXh(t) to the associated homogeneous
system

Ẋ(t) = AX(t)

This solution is rooted on the eigenvalues and eigenvectors of the matrix A. Still con-
sidering a 2-dimensional problem, assume that A has two real and distinct eigenvalues
λ1 and λ2, with corresponding linearly independent eigenvectors z1 and z2. Then, the
homogeneous solution is given by

Xh(t) = k1e
λ1tz1 + k2e

λ2tz2

where k1 and k2 are arbitrary constants which are determined by the initial conditions
of the system.

If we aim to solve a homogeneous linear system, the general solution is simply given by
the homogeneous solutionXh(t), since the forcing term is null, and thusX(t) = Xh(t).
In this case, there will be no need to proceed with the next steps which involve the
identification of a particular solution of the system.

1.5.2 Particular Solution: A invertible

As regards the particular solution Xp(t), this part depends on the shape of the forcing
term and, thus, there is no universal solution strategy. However, if the matrix A is in-
vertible, it means that det(A) ̸= 0 and, thus, the eigenvectors of A are not null. In this
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case, there exists a unique equilibrium point such that if the forcing term is constant–as
will appear in our analysis–it must satisfy

0 = AXp + f ⇔ AXp = −f ⇔ Xp = −A−1f

We can thus combine the homogeneous and the particular solution to obtain the final
general solution to the originally defined system:

X(t) = k1e
λ1tz1 + k2e

λ2tz2 −A−1f

1.5.3 Particular Solution: A non-invertible

Wepreviously assumed that thematrixAwas invertible. However, this is not necessarily
the case. Let us now provide the intuition behind this statement.

If the matrix A is non-invertible, det(A) = 0. This implies that at least one of the eigen-
values of A is null. In a 2 × 2 system, we can thus suppose λ1 = 0 and λ2 ̸= 0. In this
case, the system AXp = −f has no stationary solutions.

Since A is diagonalisable, we can decompose the forcing term as

f = f1z1 + f2z2 (1.6)

where z1 and z2 are the eigenvectors associated with λ1 and λ2, respectively. We now
look for a particular solution. We may guess that the solution takes the form

X(t) = m1(t)z1 +m2(t)z2 (1.7)

which expresses the solution in the eigenbasis. To determine m1(t) and m2(t), we plug
(1.7) into the differential equation, comparing both sides.

(LHS) We take (1.7) and we differentiate both sides with respect to time, obtaining

Ẋ(t) = ṁ1(t)z1 + ṁ2(t)z2

(RHS) We compute

AX(t) + f = A [m1(t)z1 +m2(t)z2] + f

⇔ AX(t) = m1(t)Az1 +m2(t)Az2
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Since Azi = λizi by the definition of eigenvector, we can write

AX(t) + f = m1λ1z1 +m2λ2z2 + f

Now, recalling the decomposition of the forcing term (1.6), it follows that

AX(t) + f = m1λ1z1 +m2λ2z2 + f1z1 + f2z2

⇔ AX(t) + f = (λ1m1 + f1)z1 + (λ2m2 + f2)z2

We can now equate the left-hand side and the right-hand side, as follows:

ṁ1z1 + ṁ2z2 = (λ1m1 + f1)z1 + (λ2m2 + f2)z2

Now, recalling that λ1 = 0, we can write

ṁ1z1 + ṁ2z2 = f1z1 + (λ2m2 + f2)z2

The only way the RHS equals the LHS is that{
ṁ1 = f1

ṁ2 = λ2m2 + f2

The first ODE can be easily solved as

m1(t) = f1t+ k1,0

As regards the second ODE, we multiply both sides by e−λ2t and rearrange:

e−λ2tṁ2 = λ2e
−λ2tm2 + f2e

−λ2t

⇔ e−λ2tṁ2 − λ2e
−λ2tm2 = f2e

−λ2t

Notice that the left-hand side of this equation is nothing but the derivative of the product
between e−λ2t andm2:

d

dt
(e−λ2tm2) = f2e

−λ2t
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We thus solve integrating both sides:

e−λ2tm2(t) = − f2
λ2

e−λ2t + k2,0

⇔ m2(t) = − f2
λ2

+ k2,0e
λ2t

We finally plugm1(t) andm2(t) into (1.7), and obtain

X(t) = (f1t+ k1,0) z1 +

(
k2,0e

λ2t − f2
λ2

)
z2 (1.8)

which is the solution to our linear system.

1.6 The Perron-Frobenius Theorem

We now discuss the Perron-Frobenius Theorem, which is a fundamental result in linear
algebra that allows us to characterise the spectral properties of matrices. In particular,
when applied to Metzler matrices, this theorem sets the foundations for the study of
continuous-time dynamic systems. Therefore, we now focus on the version of the theo-
rem relating to Metzler matrices.

Theorem 1.5 (Perron-Frobenius Theorem). Let A ∈ Rn×n be an irreducible real Metzler
matrix. Then,

(i) the matrix A has a real eigenvalue λF whose absolute value is the biggest among all eigen-
values of A;

(ii) the eigenvalue λF is simple, namely it has algebraic multiplicity 1;

(iii) there exists a positive eigenvector zF ∈ Rn (i.e. a vector whose components are strictly
positive) associated with λF , and it is the only one satisfying such a property.

In mathematics, λF and zF are commonly known as Frobenius eigenvalue and Frobenius
eigenvector, respectively. 1

As anticipated, an interesting analysis focuses on the evolution of trajectories in dynamic
continuous-time linear systems. We now show that Metzler matrices preserve the non-
negativity of the initial condition over time.

1See Farina & Rinaldi (2000) for a complete proof of the theorem.
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Theorem1.6 (Positivity of trajectories forMetzlermatrices). Consider the following continuous-
time dynamic linear system {

Ẋ(t) = AX(t)

X(0) = x0

where A ∈ Rn×n is a Metzler matrix. Then, if the initial condition is such that x0 ≥ 0 (i.e. all
its components are nonnegative), we have that

X(t) ≥ 0 ∀t ≥ 0.

This theorem ensures that the evolution of the system, starting from an initial state in the
positive orthant R+

n , remains in R+
n at all times. This is fundamental in models where

the variables represent nonnegative quantities, as in our model where X(t) represents
the stock of a clean resource at time t.

As regards the long-run behaviour of the trajectory of the system, we make use of the
following theorem to precisely define the direction of convergence.

Theorem 1.7 (Asymptotic convergence). Consider the following continuous-time dynamic
linear system {

Ẋ = AX(t)

X(0) = x0

where A ∈ Rn×n is a Metzler matrix. Then, the trajectory converges asymptotically towards the
direction of the Frobenius eigenvector zF of A.
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Chapter 2

The Pollution Dynamics Model

2.1 Introduction to the model

Consider a problem framed with two nodes, or agents, i ∈ {1, 2}. Think of these agents
as two states connectedwith each other. Each state engages in production activities and,
as a consequence, generates pollution. In particular, letX1(t), X2(t) denote the stock of
a clean resource–say, clean air–at nodes 1 and 2, respectively. The stock of clean air
at the two nodes can be summarised by the vector X(t). Let ΓiXi(t) be the resource
regeneration factor at time t.

One peculiar characteristic of this model is that we are working in a network environ-
ment, which means we are studying a situation in which different nodes are intercon-
nected, forming a network. In our case, we thus have an inflow and an outflow of the
clean resource over time. Indeed, the resource moves from one node to another accord-
ing to some parameters of the model, that are g12 and g21, which weigh the movement
of the resource from node 1 to node 2 and from node 2 to node 1, respectively. These
constitute the so-called adjacency matrix G, defined as follows:

G =

[
0 g12

g21 0

]

Let ei ∈ Rn be the i-th vector of the canonical base in Rn. Let Pi(t) be the pollution
emitted at time t by agent i, which arises from consumption/production activities. In
particular, we assume that Pi(t) = ci(t) − νi(bi(t))

θ with θ ∈ [0, 1], where ci(t) is the
consumption by the agent, and bi(t) is the depollution at time t.

Let us now describe the evolution of the system over time. The evolution of the clean
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resource over time depends on different factors:

• The regeneration factor ΓiXi(t);

• The inflow and outflow of the resource from one node to another;

• The pollution Pi(t) generated by agent i.

We now describe the evolution of the system for the two agents/nodes as follows:

Ẋ1(t) = Γ1X1(t)− g12X1(t) + g21X2(t)− P1(t)

⇔ Ẋ1(t) = (Γ1 − g12)X1(t) +

[
0 g12

g21 0

][
1

0

] [
X1(t) X2(t)

]
− P1(t)

⇔ Ẋ1(t) = (Γ1 − g12)X1(t) + ⟨Ge1, X(t)⟩ − P1(t)

Ẋ2(t) = Γ2X2(t)− g21X2(t) + g12X1(t)− P2(t)

⇔ Ẋ2(t) = (Γ2 − g21)X2(t) +

[
0 g12

g21 0

][
0

1

] [
X1(t) X2(t)

]
− P2(t)

⇔ Ẋ2(t) = (Γ2 − g21)X2(t) + ⟨Ge2, X(t)⟩ − P2(t)

We can rewrite this system in a more compact way. To do so, we first introduce new
notation:

• LetR = (rij) be the diagonal matrix of regeneration rates net of the outflows from
node i

R =

[
Γ1 − g12 0

0 Γ2 − g21

]

• Let x be the vector of all initial stocks of the unpolluted resource.

Thus, [
Ẋ1(t)

Ẋ2(t)

]
=

[
Γ1 − g12 g21

g12 Γ2 − g21

]
︸ ︷︷ ︸

R+G⊤

[
X1(t)

X2(t)

]
−

[
P1(t)

P2(t)

]

In this work, we assume there is no depollution, meaning that P (t) = c(t). The system
can thus be written more compactly as{

Ẋ(t) = (R+G⊤)X(t)− c(t) t > 0

X(0) = x ∈ R2
(2.1)
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For the sake of brevity, we sometimes write X(t); however, we actually refer to the tra-
jectory of the system that started from x and has been guided by the control c(·). Indeed,
if we want to point out the dependence ofX(t) from the initial datum x and the control
c(·), we write X(t;x, c(·)).

We now address and compare a control problem and a differential game based on the
maximisation of the following payoffs:

(F1) Control problem: agents are coordinated by a social planner maximising the pay-
off described by the functional

J (c1, c2) =

∫ +∞

0
e−ρt (u (c1(t)) + u (c2(t)) + ⟨w,X(t)⟩) dt

⇔ J (c1, c2) =

∫ +∞

0
e−ρt (u (c1(t)) + u (c2(t)) + w1X1(t) + w2X2(t)) dt

Note that in the functional, utility from consumption is augmented by a reward
term depending on the stock of clean air.

(F2) Differential game: agents strategically interact, each maximising their payoff

J1 (c1) =

∫ +∞

0
e−ρt (u (c1(t)) + w1X1(t)) dt

J2 (c2) =

∫ +∞

0
e−ρt (u (c2(t)) + w2X2(t)) dt

In both cases, we assume the utility function takes the Constant Relative Risk Aversion
(CRRA) form:

• u(q) = q1−σ

1−σ for σ > 0, σ ̸= 1

• u(q) = ln(q) for σ = 1

2.1.1 Eigenvalues and eigenvectors of the system

The eigenvalues and eigenvectors of the matrix R +G⊤ play a fundamental role in our
analysis. We thus start by computing them.

LetA be a square matrix such thatA ≡ R+G⊤, and let λ be an eigenvalue ofA. Starting
from the defining equation for eigenvalues and eigenvectors

Az = λz
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we rewrite it as
(A− λI)z = 0

For a nonzero solution z to exist, the matrix (A − λI) must be singular, meaning non-
invertible. In practice, its determinant shall be zero. Then, the eigenvalues are the values
of λ satisfying the characteristic polynomial.

det(A− λI) = 0 ⇔

∣∣∣∣∣Γ1 − g12 − λ g21

g12 Γ2 − g21 − λ

∣∣∣∣∣ = 0

⇔ (Γ1 − g12 − λ)(Γ2 − g21 − λ)− g12g21 = 0

⇔ Γ1Γ2 − Γ1g21 − Γ1λ− Γ2g12 + g12g21 + g12λ− Γ2λ+ g21λ+ λ2 − g12g21 = 0

⇔ λ2 + λ(g12 + g21 − Γ1 − Γ2) + Γ1Γ2 − Γ1g21 − Γ2g12 = 0

The two eigenvalues are thus defined as

λ1 =
Γ1 + Γ2 − g12 − g21 +

√
(g12 + g21 − Γ1 − Γ2)2 − 4(Γ1Γ2 − Γ1g21 − Γ2g12)

2
(2.2)

λ2 =
Γ1 + Γ2 − g12 − g21 −

√
(g12 + g21 − Γ1 − Γ2)2 − 4(Γ1Γ2 − Γ1g21 − Γ2g12)

2
(2.3)

Once the eigenvalues have been defined, we turn to the computation of the associated
eigenvectors by plugging each λ in (A−λI)z = 0 and solving the homogeneous system.

Let us look for the eigenvector associated to the first eigenvalue λ1.

(A− λ1I)z1 = 0 ⇔

[
Γ1 − g12 − λ1 g21

g12 Γ2 − g21 − λ1

][
z11

z12

]
= 0

This gives the system {
(Γ1 − g12 − λ1)z11 + g21z12 = 0

g12z11 + (Γ2 − g21 − λ1)z12 = 0

Note that these are linearly dependent equations, so we can normalise one component
to 1 and write the second component in terms of the first:

(Γ1 − g12 − λ1)z11 + g21z12 = 0 ⇔ z12 =
λ1 + g12 − Γ1

g21
z11
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Hence, the eigenvector associated to λ1 is

z1 =

[
1

λ1+g12−Γ1

g21
z11

]
(2.4)

We now replicate the same algorithm to calculate the eigenvector associated to λ2:

(A− λ2I)z2 = 0 ⇔

[
Γ1 − g12 − λ2 g21

g12 Γ2 − g21 − λ2

][
z21

z22

]
= 0

This gives the system {
(Γ1 − g12 − λ2)z21 + g21z22 = 0

g12z21 + (Γ2 − g21 − λ2)z22 = 0

Again, these are linearly dependent equations; we thus normalise and write one com-
ponent in terms of the other:

(Γ1 − g12 − λ2)z21 + g21z22 = 0 ⇔ z22 =
λ2 + g12 − Γ1

g21
z21

We find that the eigenvector associated to λ2 is

z2 =

[
1

λ2+g12−Γ1

g21
z21

]
(2.5)

Aswe anticipated at the beginning of the subsection, the eigenvalues and eigenvectors of
R+G⊤ play a fundamental role in our analysis. In their work, Fabbri, Faggian, and Freni
(2024) suggest possible interpretations based on fundamental mathematical results.

First, in case of null consumption, the trajectories of the system converge towards the
direction of the Frobenius eigenvector zF , that is the eigenvector associated to the dom-
inant eigenvalue λF . This is, indeed, what Theorem 1.7 on asymptotic convergence
claims.

A second important interpretation consists in the introduction of a measure of environ-
mental quality, defined as ⟨X(t), z⟩, which is the scalar product ofX(t) and z. We refer
to this measure as the weighted stock, which is nothing but

⟨X(t), z⟩ = X1(t)z1 +X2(t)z2 (2.6)
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If we consider the dynamic system defined in (2.1), then

⟨Ẋ(t), z⟩ = ⟨(R+G⊤)X(t)− c(t), z⟩ = ⟨(R+G⊤)X(t), z⟩ − ⟨c(t), z⟩

= ⟨X(t), (R+G)z⟩ − ⟨c(t), z⟩ = ⟨X(t), λz⟩ − ⟨c(t), z⟩

= ⟨X(t), λz⟩ − ⟨c(t), z⟩ = λ⟨X(t), z⟩ − ⟨c(t), z⟩

We clearly observe that

⟨Ẋ(t), z⟩ = λ⟨X(t), z⟩ − ⟨c(t), z⟩

Calling m(t) = ⟨X(t), z⟩ the weighted stock, we can write

⟨Ẋ(t), z⟩ = λm(t)− ⟨c(t), z⟩ (2.7)

where eigenvectors allow us to collapse our multi-dimensional dynamic system into an
ordinary differential equation that we can easily solve. As we may observe, the eigen-
value λ may be interpreted as an index of intrinsic growth or decay of the weighted
stock. Specifically, if λ > 0, the weighted stock grows; if λ < 0, the weighted stock
decays. Similarly, the higher |λ|, the faster the dynamics.

2.2 Dynamic Programming: The Planner’s Problem

In this chapter we address the control problem of the social planner by means of Bell-
man’s dynamic programming. We start by writing the associated HJB equations.

2.2.1 HJB equations

Let V denote the value function of the problem so that

V (x) = max
c∈A

J(c;x)

The associated Hamilton-Jacobi-Bellman equation, of which V (x) is the candidate solu-
tion, is

ρv(x) = sup
c≥0

{
u(c1) + u(c2) + ⟨w, x⟩+ ⟨∇v(x), (R+G⊤)x− c⟩

}
(2.8)

coupled with the maximality condition

c ∈ argmax
{
u (c1) + u (c2) + ⟨w, x⟩+ ⟨∇v(x), (R+G⊤)x− c⟩

}
(2.9)
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We define the current value Hamiltonian, where p ∈ R2 is the adjoint variable, as

h (c, x, p) = u (c1) + u (c2) + ⟨w, x⟩+ ⟨p, (R+G⊤)x− c⟩

= u (c1) + u (c2) +
[
w1 w2

] [ x1

x2

]
+
[
p1 p2

] [ (Γ1 − g12)x1 + g21x2 − c1

g12x1 + (Γ2 − g21)x2 − c2

]
= u (c1) + u (c2)− ⟨p, c⟩+ ⟨(R+G)p+ w, x⟩

Let us now consider separately the two instances of the utility function and expand the
calculations.

Logarithmic utility

Suppose u(c) = ln(c) so that the current value Hamiltonian is

h (c, x, p) = ln(c1)− p1c1 + ln(c2)− p2c2 + ⟨(R+G)p+ w, x⟩

The stationary points are{
∂h
∂c1

= 1
c1

− p1 = 0
∂h
∂c2

= 1
c2

− p2 = 0
⇐⇒

{
c∗1 =

1
p1

= p−1
1

c∗2 =
1
p2

= p−1
2

Wemay easily show that this is a global maximiser because h(c, x, p) is concave. Indeed

∂2h

∂c21
= − 1

c21
, ∂2h

∂c22
= − 1

c22
, ∂2h

∂c1∂c2
= 0

 |Hh(c, x, p)| = 1
c21c

2
2
> 0

− 1
c21

< 0
⇒ h concave

We now plug the global maximiser within the current value Hamiltonian, getting the
Hamiltonian function H , as follows:

H(x, p) : = sup
c1≥0, c2≥0

h(c, x, p)

= ln(p−1
1 ) + ln(p−1

2 )− p1 ·
1

p1
− p2 ·

1

p2
+ ⟨(R+G)p+ w, x⟩

= − ln(p1)− ln(p2)− 2 + ⟨(R+G)p+ w, x⟩ (2.10)
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We can thus write the HJB equation (2.8) and the maximality condition (2.9) as

ρv(x) = − ln(v′x1
)− ln(v′x2

)− 2 + ⟨(R+G)∇v(x) + w, x⟩ (2.11)

c∗i = (v′xi
)−1 (2.12)

Power utility

Suppose u(c) = c1−σ

1−σ so that the current value Hamiltonian is

h (c, x, p) =
c1−σ
1

1− σ
− p1c1 +

c1−σ
2

1− σ
− p2c2 + ⟨(R+G)p+ w, x⟩

The stationary points are

{
∂h
∂c1

= 1
cσ1

− p1 = 0
∂h
∂c2

= 1
cσ2

− p2 = 0
⇐⇒

 c∗1 =
1

p
1/σ
1

= p
−1/σ
1

c∗2 =
1

p
1/σ
2

= p
−1/σ
2

Wemay easily show that this is a global maximiser because h(c, x, p) is concave. Indeed

∂2h

∂c21
= − σ

c1+σ
1

, ∂2h

∂c22
= − σ

c1+σ
2

, ∂2h

∂c1∂c2
= 0

 |Hh(c, x, p)| = σ2

(c1c2)
σ+1 > 0

− σ
c1+σ
1

< 0
⇒ h concave

We now plug the global maximiser within the current value Hamiltonian, getting the
Hamiltonian function H , as follows:

H(x, p) : = sup
c1≥0, c2≥0

h(c, x, p)

=
(p

−1/σ
1 )1−σ

1− σ
− p1 · p−1/σ

1 +
(p

−1/σ
2 )1−σ

1− σ
− p2 · p−1/σ

2 + ⟨(R+G)p+ w, x⟩

=
p
1−1/σ
1

1− σ
− p

1−1/σ
1 +

p
1−1/σ
2

1− σ
− p

1−1/σ
2 + ⟨(R+G)p+ w, x⟩

= p
1−1/σ
1

(
1

1− σ
− 1

)
+ p

1−1/σ
2

(
1

1− σ
− 1

)
+ ⟨(R+G)p+ w, x⟩

=
σ

1− σ

(
p
1−1/σ
1 + p

1−1/σ
2

)
+ ⟨(R+G)p+ w, x⟩ (2.13)
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We can thus write the HJB equation (2.8) and the maximality condition (2.9) as

ρv(x) =
σ

1− σ

[
(v′x1

)1−1/σ + (v′x2
)1−1/σ

]
+ ⟨(R+G)∇v(x) + w, x⟩ (2.14)

c∗i = (v′xi
)−1/σ (2.15)

Lemma 2.1. Assume ρ > ||R+G|| ≥ r(R+G). Then, the Hamilton-Jacobi-Bellman equation
has a linear solution of the form

φ(x) = ⟨α, x⟩+ β (2.16)

where

(i) if the utility function is logarithmic:

α = [ρI − (R+G)]−1w

β = − ln(α1α2 + 2)

ρ

(ii) if the utility function is isoelastic:

α = [ρI − (R+G)]−1w

β =
σ

ρ(1− σ)

[
α
1−1/σ
1 + α

1−1/σ
2

]

Remark

Let us clarify why we assume that ρ > ||R +G|| ≥ r(R +G). This assumption ensures
that the matrix ρI − (R+G) is invertible. To be so, the determinant of this matrix must
be different from zero since it appears at the denominator when computing the inverse
matrix. Formally, this is the case when

det(ρI − (R+G)) ̸= 0

⇔ det

[
ρ− Γ1 + g12 −g12

−g21 ρ− Γ2 + g21

]
̸= 0

⇔ (ρ− Γ1 + g12)(ρ− Γ2 + g21)− g12g21 ̸= 0

⇔ ρ2 + ρ(g21 + g12 − Γ1 − Γ2) + Γ1Γ2 − g21Γ1 − g12Γ2 ̸= 0

We understand that when ρ is sufficiently large, then the ρ2 term becomes larger than
the ρ term, making the determinant positive.
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Let us now compute in terms of eigenvalues the determinant of thematrix (ρI−(R+G)),
the eigenvalues of (R+G), and the spectral radius.

Let us start by assuming that R+G is diagonalisable, so that

R+G = P

[
λ1 0

0 λ2

]
P−1 = PDP−1

where λ1 and λ2 are the eigenvalues of R +G, D is the diagonal matrix of eigenvalues,
and P is the matrix of eigenvectors. We now want to compute the determinant of the
matrix (ρI − (R+G)). Using the diagonalisation property, we can write

|ρI − (R+G)| = |ρI − PDP−1|

We now factorise the expression as

|ρI − PDP−1| = |P (ρI −D)P−1|

By the property of determinants,

|P (ρI −D)P−1| = |P ||ρI −D||P−1| = |ρI −D|

Substituting, we end up with∣∣∣∣∣ ρ− λ1 0

0 ρ− λ2

∣∣∣∣∣ = (ρ− λ1)(ρ− λ2)

This means that the matrix is invertible as long as ρ1 ̸= λ1 and ρ2 ̸= λ2. Moreover, if we
set ρ > max {|λ1| , |λ2|}, this ensures that the eigenvalues of ρI−(R+G) are all positive.

If we also have that (R+G) ≥ 0, which is true by assumption, and ρ > r(R+G), where
r(R + G) is the spectral radius, then ρI − (R + G) is an M-matrix. In such a case, the
inverse matrix is nonnegative, namely

[ρI − (R+G)]−1 ≥ 0

We know that, by definition, the spectral radius of a square matrix A is nothing but the
greatest eigenvalue of A, in absolute terms:

r(A) = max {|λ| : λ ∈ spec(A)}
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where spec(A) is the spectrum of (A), that is the set of all eigenvalues of A. Hence, in
our case we can finally say that the matrix is invertible, has all positive eigenvalues and
has nonnegative inverse if

ρ > max {|λ1| , |λ2|} = r(R+G)

An upper bound for the spectral radius is given by the following lemma. Let A ∈ C be
a complex matrix, r(A) its spectral radius, and || · || a matrix norm. Then, for any k ∈ N,
we have

r(A) ≤ ||Ak||1/k

As a consequence
||R+G|| ≥ r(R+G)

Proof of Lemma 2.1. We now offer a proof of this lemma by considering the two func-
tional forms separately.

Logarithmic utility

In case σ = 1, we have defined the Hamiltonian (2.10) and its associated HJB equation
(2.11). As specified by the lemma, the HJB equation has a solution of the form

φ(x) = ⟨α, x⟩+ β with ∇φ(x) = α, α ≥ 0

This solves the HJB equation if and only if

ρ⟨α, x⟩+ ρβ = − ln(α1)− ln(α2)− 2 + ⟨(R+G)α+ w, x⟩

⇔ ⟨(ρI − (R+G))α− w, x⟩+ ρβ + ln(α1) + ln(α2) + 2 = 0

which, in turn, is true if and only if{
(ρI − (R+G))α = w

ρβ + ln(α1α2) + 2 = 0

Wehavepreviously proved that ρI−(R+G) is nonsingular andhas inverse [ρI − (R+G)]−1.
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Therefore, we conclude that

α = [ρI − (R+G)]−1w

β = − ln(α1α2 + 2)

ρ

Power utility

In case σ ̸= 1, we have defined the Hamiltonian (2.13) and its associated HJB equation
(2.14). As specified by the lemma, the HJB equation has a solution of the form

φ(x) = ⟨α, x⟩+ β with ∇φ(x) = α, α ≥ 0

This solves the HJB equation if and only if

ρ⟨α, x⟩+ ρβ =
σ

1− σ

[
α
1−1/σ
1 + α

1−1/σ
2

]
+ ⟨(R+G)α+ w, x⟩

⇔ ⟨(ρI − (R+G))α− w, x⟩+ ρβ − σ

1− σ

[
α
1−1/σ
1 + α

1−1/σ
2

]
= 0

which, in turn, is true if and only if{
(ρI − (R+G))α = w

ρβ − σ
1−σ

[
α
1−1/σ
1 + α

1−1/σ
2

]
= 0

Wehavepreviously proved that ρI−(R+G) is nonsingular andhas inverse [ρI − (R+G)]−1.
Therefore, we conclude that

α = [ρI − (R+G)]−1w

β =
σ

ρ(1− σ)

[
α
1−1/σ
1 + α

1−1/σ
2

]
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Lemma 2.2 (Fundamental Identity). Let v be a solution to theHamilton-Jacobi-Bellman equa-
tion, and letX(s) be the trajectory of the system with initial conditionX(0) = x. Then, for any
admissible control c(s) the following identity holds:

v(x) =

∫ t

0
e−ρs[H(∇v(X(s)), X(s))− h (c(s), X(s),∇v(X(s)))] ds

+

∫ t

0
e−ρs [u(c1(s)) + u(c2(s)) + ⟨w,X(s)⟩] ds

+ e−ρtv(X(t))

Proof. Let v be a solution to the HJB equation, and let X(s) be the trajectory. Consider
the function

e−ρsv(X(s))

and compute the derivative with respect to s

d

ds

(
e−ρsv(X(s))

)
= −ρe−ρsv(X(s)) + e−ρs⟨∇v(X(s)), Ẋ(s)⟩

= −δe−ρsv(X(s)) + e−ρs⟨∇v(X(s)), (R+G⊤)X(s)− c(s)⟩

where Ẋ(s) is substituted by the respective expression for the dynamics. Then, we in-
tegrate both sides over the interval [0, t]:

[
e−ρsv(X(s))

]s=t

s=0
=

∫ t

0
e−ρs

[
−ρv(X(s)) + ⟨∇v(X(s)), (R+G⊤)X(s)⟩ − ⟨∇v(X(s)), c(s)⟩

]
ds

Evaluating the LHS, we obtain

[
e−ρsv(X(s))

]s=t

s=0
= e−ρtv(X(t))− v(x) where x = X(0)

Let us now focus on the RHS:∫ t

0
e−ρs

[
−ρv(X(s)) + ⟨∇v(X(s)), (R+G⊤)X(s)⟩ − ⟨∇v(X(s)), c(s)⟩

]
ds

Since v solves the HJB equation, we have

ρv(X(s)) = H(∇v(X(s)), X(s))

= sup
c(s)

{u(c1(s)) + u(c2(s))− ⟨c(s),∇v(X(s))⟩}+ ⟨∇v(X(s)), (R+G⊤)X(s)⟩
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Hence,

−
∫ t

0
e−ρsH (∇v(X(s)), X(s)) ds+

∫ t

0
e−ρs

[
⟨∇v(X(s)), (R+G⊤)X(s)− c(s)⟩

]
ds

Similarly, we can write

⟨∇v(X(s)), (R+G⊤)X(s)−c(s)⟩ = h(c(s), X(s),∇v(X(s)))−u(c1(s))−u(c2(s))−⟨w,X(s)⟩

We now combine the two sides of the equation as follows:

−[LHS] = −[RHS]

This yields

v(x)− e−ρtv(X(t)) =

∫ t

0
e−ρs [H(∇v(X(s)), X(s))− h (c(s), X(s),∇v(X(s)))] ds

+

∫ t

0
e−ρs [u(c1(s)) + u(c2(s)) + ⟨w,X(s)⟩] ds

Hence, ∀v solution of HJB and ∀c(s) we have the fundamental identity

v(x) =

∫ t

0
e−ρs[H(∇v(X(s)), X(s))− h (c(s), X(s),∇v(X(s)))] ds

+

∫ t

0
e−ρs [u(c1(s)) + u(c2(s)) + ⟨w,X(s)⟩] ds

+ e−ρtv(X(t))
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Theorem 2.1 (Verification theorem). Assume that v is any differentiable solution of HJB
equation (2.11) or (2.14).

(i) If
lim sup
t→∞

e−ρtv(X(t)) ≥ 0 (2.17)

for all c(t) admissible and associated trajectory X(t) ≡ X(t;x, c(·)), then v(x) ≥ V (x).

(ii) If ĉ is admissible at x (i.e. ĉ ∈ A), X̂(t) ≡ X(t;x, ĉ(·)), v(x) = J(ĉ(·)), and

lim
t→∞

e−ρtv(X̂(t)) = 0

then v(x) ≤ V (x)

Therefore, if both conditions hold, we have that v(x) = V (x).

Proof. We start by proving (i). First, we observe that

H(∇v(X(s)), X(s))− h(c(s), X(s),∇v(X(s))) ≥ 0 ∀c(s)

Dropping this nonnegative term,

v(x) ≥
∫ t

0
e−ρs [u(c1(s)) + u(c2(s)) + ⟨w,X(s)⟩] ds+ e−ρtv(X(t))

Taking the limsup and using (2.17),

v(x) ≥
∫ ∞

0
e−ρs [u(c1(s)) + u(c2(s)) + ⟨w,X(s)⟩] ds ≡ J(x, c(·))

Since the inequality holds for all c(·), it holds also by taking the supremum both sides:

v(x) ≥ sup
c∈A

(∫ ∞

0
e−ρs [u(c1(s)) + u(c2(s)) + ⟨w,X(s)⟩] ds

)
≡ sup

c∈A
J(x, c(·)) def

:= V (x)

which can be written more compactly as

v(x) ≥ V (x)

To prove the reverse inequality (ii), we choose c = c∗ in the RHS of the fundamental
identity. In that case

H(∇v(X∗(s)), X∗(s))− h(c∗(s), X∗(s),∇v(X∗(s))) = 0
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Then,

v(x) =

∫ t

0
e−ρs [u(c∗1(s)) + u(c∗2(s)) + ⟨w, x∗(s)⟩] ds+ e−ρtv(X∗(t))

Taking the limit as t → ∞, we obtain

v(x) = J(x, c∗(·)) ≤ V (x) ≡ sup
c∈A

J(x, c(·))

In other terms,
v(x) ≤ V (x)

and this concludes our proof.

2.2.2 Power function optimal policies

Theorem2.2. Assume that ρ > ||R+G|| ≥ r(R+G) and takeu(c) = c1−σ

1−σ . Then, ρI−(R+G)

is invertible with nonnegative inverse, and:

(i) when admissible, the unique closed-loop optimal control is given by

c∗i (t) ≡ ⟨(ρI − (R+G))−1w, ei⟩−1/σ ∀t (2.18)

(ii) moreover, the value function of the problem is

V (x) = v(x) = ⟨α, x⟩+ β

with
α = [ρI − (R+G)]−1w

β =
σ

ρ(1− σ)

[
α
1−1/σ
1 + α

1−1/σ
2

]
(iii) ifX∗(t) is the system trajectory associated to c∗, then, for suitable choices of the constants

γ1, γ2

X∗(t) = γ1e
λ1tz1 + γ2e

λ2tz2 + ȳ with ȳ = (R+G⊤)−1c∗

when the matrix R+G⊤ is invertible and

X∗(t) = (−c∗1t+ γ1,0)z1 +

(
γ2,0e

λ2t +
c∗2
λ2

)
z2

when R + G⊤ is non-invertible, where λ1, λ2 are the eigenvalues of R + G⊤ defined in
formulas (2.2), (2.3) and z1, z2 are their associated eigenvectors defined in (2.4), (2.5).
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Proof. We nowwant to make use of Theorem 2.1 to prove that the function φ(x) defined
in Lemma 2.1 coincides with the value function. If we do so, (i) and (ii) follow by the
maximality condition (2.15) and by easy computations.

We preliminarily compute the trajectory associated with this choice of c∗ to prove (iii).
Recall the state equation

Ẋ(t) = (R+G⊤)X(t)− c∗

If stationary solutions exist, they are given by

Ẋ(t) ≡ 0 ⇔ (R+G⊤)ȳ − c∗ = 0 ⇔ (R+G⊤)ȳ = c∗

We now address two different conditions. For the time being, we assume that R + G⊤

is invertible. This is the case when

|R+G⊤| ≠ 0 ⇔ (Γ1 − g12)(Γ2 − g21)− g12g21 ̸= 0

Therefore, there exists a unique solution ȳ such that

ȳ = (R+G⊤)−1c∗ (2.19)

If we compute the inverse of R + G⊤, we are able to provide explicit values of the sta-
tionary solution, namely

ȳ1 =
(Γ2 − g21)c

∗
1 − g21c

∗
2

(Γ1 − g12)(Γ2 − g21)− g12g21

ȳ2 =
(Γ1 − g12)c

∗
2 − g12c

∗
1

(Γ1 − g12)(Γ2 − g21)− g12g21

We now fix Y (t) = X(t)− ȳ and we look for the equation that satisfies Y (t):

Ẏ (t) = Ẋ(t)− ȳ = (R+G⊤)X(t)− c∗

We add and subtract (R+G⊤)ȳ to the RHS, obtaining

Ẏ (t) = (R+G⊤)[X(t)− ȳ] + (R+G⊤)ȳ − c∗

Note that, by definition,X(t)−ȳ = Y (t), while (R+G⊤)ȳ−c∗ = 0 because of stationarity.
We are thus left with

Ẏ (t) = (R+G⊤)Y (t)
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This is a linear homogeneous equation with solution

Y (t) = γ1e
λ1tz1 + γ2e

λ2tz2

Hence, X(t) takes the form

X∗(t) = γ1e
λ1tz1 + γ2e

λ2tz2 + ȳ

Wenow address a second condition, that is when thematrixR+G⊤ is non-invertible. In
that case, we are not able to rely on matrix inversion to compute the particular solution.
We thus need to rely on the solution method discussed in subsection 1.5.3. By following
this path, we obtain

X∗(t) = (−c1t+ γ1,0)z1 +

(
γ2,0e

λ2t − −c2
λ2

)
z2

⇔ X∗(t) = (−c1t+ γ1,0)z1 +

(
γ2,0e

λ2t +
c2
λ2

)
z2

where c1, c2 are the two components of the forcing term c and γ1,0, γ2,0 are the two
constants reflecting the initial component X(0) in the direction of the eigenvectors z1

and z2.

Now that we have computed the trajectory of the system, we move on to the rest of
the proof, where we show that φ(x) coincides with the value function by relying on the
Verification Theorem 2.1we stated previously. We know thatφ(x) = ⟨α, x⟩+β described
in lemma 2.1 is a solution of the HJB equation (2.14). First, inequality 2.17

lim sup
t→∞

e−ρtφ(X(t)) ≥ 0

holds because φ(x) ≥ 0. Then, φ(x) ≥ V (x).

We now want to prove that
lim
t→∞

e−ρtφ(X∗(t)) = 0

Let us provide a step-by-step calculation.

lim
t→∞

e−ρtφ(X∗(t)) = lim
t→∞

e−ρt (⟨α,X∗(t)⟩+ β) = lim
t→∞

e−ρt⟨α,X∗(t)⟩
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We now look for the inner product between α and the optimal trajectory X∗(t):

⟨α,X∗(t)⟩ = ⟨α, γ1eλ1tz1 + γ2e
λ2tz2 + ȳ⟩

= γ1e
λ1t⟨α, z1⟩+ γ2e

λ2t⟨α, z2⟩+ ⟨α, ȳ⟩

Multiplying by e−ρt, we get

e−ρt⟨α,X∗(t)⟩ = γ1e
λ1te−ρt⟨α, z1⟩+ γ2e

λ2te−ρt⟨α, z2⟩+ e−ρt⟨α, ȳ⟩

= γ1e
(λ1−ρ)t⟨α, z1⟩+ γ2e

(λ2−ρ)t⟨α, z2⟩+ e−ρt⟨α, ȳ⟩

We now compute the limit as t → ∞ for our expression:

lim
t→∞

[
γ1e

(λ1−ρ)t⟨α, z1⟩+ γ2e
(λ2−ρ)t⟨α, z2⟩+ e−ρt⟨α, ȳ⟩

]
Note that if both λ1 < ρ and λ2 < ρ, then

lim
t→∞

e−ρt⟨α,X∗(t)⟩ = 0

Indeed, this holds true sincewepreviously assumed that ρ > r(R+G) = max{|λ1|, |λ2|},
knowing that the eigenvalues of R + G and those of R + G⊤ are the same. Therefore,
the limit goes to zero, and this completes our proof.

2.2.3 Logarithmic function optimal policies

Theorem 2.3. Assume that ρ > ||R + G|| ≥ r(R + G) and take u(c) = ln(c). Then, ρI −
(R+G) is invertible with nonnegative inverse, and:

(i) when admissible, the unique closed-loop optimal control is given by

c∗i (t) ≡ ⟨(ρI − (R+G))−1w, ei⟩−1 ∀t (2.20)

(ii) moreover, the value function of the problem is

V (x) = v(x) = ⟨α, x⟩+ β

with
α = [ρI − (R+G)]−1w

β = − ln(α1α2 + 2)

ρ

37



(iii) ifX∗(t) is the system trajectory associated to c∗, then, for suitable choices of the constants
γ1, γ2

X∗(t) = γ1e
λ1tz1 + γ2e

λ2tz2 + ȳ with ȳ = (R+G⊤)−1c∗

when the matrix R+G⊤ is invertible and

X∗(t) = (−c∗1t+ γ1,0)z1 +

(
γ2,0e

λ2t +
c∗2
λ2

)
z2

when R + G⊤ is non-invertible, where λ1, λ2 are the eigenvalues of R + G⊤ defined in
formulas (2.2), (2.3) and z1, z2 are their associated eigenvectors defined in (2.4), (2.5).

Proof. We nowwant to make use of Theorem 2.1 to prove that the function φ(x) defined
in Lemma 2.1 coincides with the value function. If we do so, (i) and (ii) follow by the
maximality condition (2.12) and by easy computations.

We begin the proof by observing that the preliminary computations of the trajectory of
the system under logarithmic utility can be avoided, since the trajectory appears exactly
equivalent to that under power utility. We are thus left proving that

lim
t→∞

e−ρtφ(X∗(t)) = 0

However, as before, we may observe that

lim
t→∞

e−ρtφ(X∗(t)) = lim
t→∞

e−ρt (⟨α,X∗(t)⟩+ β) = lim
t→∞

e−ρt⟨α,X∗(t)⟩

where β disappears and only α remains in the expression. Nevertheless, the value of α
is exactly the same as under the power utility function. This means we can rely on the
same proof we used previously to show that the limit goes to 0.

2.2.4 Admissibility

We now discuss the admissibility of the optimal control we calculated in the previous
section. Indeed, the admissibility of c∗ is not always guaranteed, since the trajectory
may turn out being negative. Formally,

c∗admissible ⇔ X∗(t) ≥ 0 ∀t ≥ 0

We now provide some sufficient conditions.
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Proposition 2.1 (Admissibility of solution). Let (X∗, c∗) be the optimal couple, as defined
in Theorem 2.1. Assume

(i) R+G⊤ is a Metzler matrix

(ii) R+G⊤ is invertible

(iii) X(0) = x ≥ (R+G⊤)−1c∗ ≥ 0

Then, (X∗, c∗) is admissible and thus corresponds to the optimal couple.

Proof. We start by recalling the change of variable used in Theorem 2.2, where we fix
Y (t) = X(t)− ȳ, thus getting

Y (t) = X(t)− (R+G⊤)−1c∗

Taking the derivative, we obtain

Ẏ (t) = Ẋ(t) = (R+G⊤)X(t)− c∗

We then add and subtract (R+G⊤)ȳ both sides

Ẏ (t) = (R+G⊤)X(t)− c∗ + (R+G⊤)ȳ − (R+G⊤)ȳ

⇔ Ẏ (t) = (R+G⊤)(X(t)− ȳ) + (R+G⊤)ȳ − c∗

By stationarity (R+G⊤)ȳ − c∗ = 0, which means that we can write Ẏ (t) as

Ẏ (t) = (R+G⊤)(X(t)− ȳ)

⇔ Ẏ (t) = (R+G⊤)Y (t)

Since, by hypothesis,R+G⊤ is a Metzler matrix and Y (0) ≥ 0, we may invoke Theorem
1.6 by Farina and Rinaldi (2000), which tells us that

Y (t) ≥ 0 ∀t ≥ 0

Moreover, since X(t) = Y (t) + ȳ and both Y (t) and ȳ are nonnegative quantities, then

X(t) ≥ 0
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2.3 Dynamic Programming for Competing Agents

In this section, we sketch the path to solve a problem where agents strategically interact
in a differential game, namely, each of themmaximises separately their own payoff. We
heuristically derive a formula for the value functions of the players and the associated
Nash equilibrium strategy profiles, leaving the details of the proofs for future work.

Let us start with the description of the game. In the differential game:

• Player 1 maximises J1 with respect to c1 given c∗2 and the initial stock x, where

J1(c1;x) =

∫ +∞

0
e−ρt (u (c1(t)) + w1X1(t)) dt

• Player 2 maximises J2 with respect to c2 given c∗1 and the initial stock x, where

J2(c2;x) =

∫ +∞

0
e−ρt (u (c2(t)) + w2X2(t)) dt

Let V1 and V2 denote the two value functions of the problem, namely

V1(x) = sup
c1∈A

J1(c1;x) , V2(x) = sup
c2∈A

J2(c2;x)

The game is associated to the following system of mutually dependent HJB equations

ρv1(x) = sup
c1≥0

{
u(c1) + w1x1 + ⟨∇v1(x), (R+G⊤)x−

c1
c∗2

⟩}

ρv2(x) = sup
c2≥0

{
u(c2) + w2x2 + ⟨∇v2(x), (R+G⊤)x−

c∗1
c2

⟩}
(2.21)

coupled with the maximality conditions

c1 ∈ argmax

{
u(c1) + w1x1 + ⟨∇v1(x), (R+G⊤)x−

[
c1

c∗2

]
⟩

}
(2.22)

c2 ∈ argmax

{
u(c2) + w2x2 + ⟨∇v2(x), (R+G⊤)x−

[
c∗1
c2

]
⟩

}
(2.23)

We now study each player’s maximisation problem.

40



2.3.1 Player 1’s maximisation problem

We define the current value Hamiltonian of the first player, where p ∈ R2 is the adjoint
variable, as

h(c1, x) = u(c1) + w1x1 + ⟨p, (R+G⊤)x−

[
c1

c∗2

]
⟩

= u(c1) + w1x1 +
[
p1 p2

] [ (Γ1 − g12)x1 + g21x2 − c1

(Γ2 − g21)x2 + g12x1 − c∗2

]

= u(c1) + w1x1 − ⟨p,

[
c1

c∗2

]
⟩+ ⟨(R+G)p, x⟩

= u(c1) + w1x1 − p1c1 − p2c
∗
2 + ⟨(R+G)p, x⟩

We now consider separately the two instances of the utility function and expand the
calculations.

Logarithmic utility

Suppose u(c) = ln(c) so that the current value Hamiltonian is

h(c1, x, p) = ln(c1) + w1x1 − p1c1 − p2c
∗
2 + ⟨(R+G)p, x⟩

We now look for the stationary point:

∂h

∂c1
= 0 ⇔ 1

c1
− p1 = 0 ⇔ c∗1 =

1

p1
= p−1

1

Wemay easily show that this is a globalmaximiser because h(c1, x, p) is concave. Indeed,

∂2h

∂c21
= − 1

c21
< 0

We now plug the global maximiser within the current value Hamiltonian, getting the
Hamiltonian function H1, as follows:

H1(x, p) : = sup
c1≥0

h(c1, x, p)

= ln(p−1
1 ) + w1x1 − p1

1

p1
− p2c

∗
2 + ⟨(R+G)p, x⟩

= − ln(p1) + w1x1 − 1− p2c
∗
2 + ⟨(R+G)p, x⟩ (2.24)
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We can thus write the HJB equation of the first player, defined in (2.21), and the associ-
ated maximality condition (2.22) as

ρv1(x) = − ln

(
∂v1
∂x1

)
+ w1x1 − 1− ∂v1

∂x2
c∗2 + ⟨(R+G)∇v1(x), x⟩ (2.25)

c∗1 =

(
∂v1
∂x1

)−1

(2.26)

Power utility

Suppose u(c) = c1−σ

1−σ so that the current value Hamiltonian is

h(c1, x, p) =
c1−σ
1

1− σ
+ w1x1 − p1c1 − p2c

∗
2 + ⟨(R+G)p, x⟩

We now look for the stationary point:

∂h

∂c1
= 0 ⇔ c−σ

1 − p1 = 0 ⇔ c∗1 = p
−1/σ
1

Wemay easily show that this is a globalmaximiser because h(c1, x, p) is concave. Indeed,

∂2h

∂c21
= − σ

c1+σ
1

< 0

We now plug the global maximiser within the current value Hamiltonian, getting the
Hamiltonian function H1, as follows:

H1(x, p) : = sup
c1≥0

h(c1, x, p)

=
(p

−1/σ
1 )1−σ

1− σ
+ w1x1 − p1p

−1/σ
1 − p2c

∗
2 + ⟨(R+G)p, x⟩

=
p
1−1/σ
1

1− σ
+ w1x1 − p

1−1/σ
1 − p2c

∗
2 + ⟨(R+G)p, x⟩

=
σ

1− σ
p
1−1/σ
1 + w1x1 − p2c

∗
2 + ⟨(R+G)p, x⟩ (2.27)
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We can thus write the HJB equation of the first player, defined in (2.21), and the associ-
ated maximality condition (2.22) as

ρv1(x) =
σ

1− σ

(
∂v1
∂x1

)1−1/σ

+ w1x1 −
∂v1
∂x2

c∗2 + ⟨(R+G)∇v1(x), x⟩ (2.28)

c∗1 =

(
∂v1
∂x1

)−1/σ

(2.29)

2.3.2 Player 2’s maximisation problem

We define the current value Hamiltonian of the second player, where p ∈ R2 is the
adjoint variable, as

h(c2, x) = u(c2) + w2x2 + ⟨p, (R+G⊤)x−

[
c∗1
c2

]
⟩

= u(c2) + w2x2 +
[
p1 p2

] [ (Γ1 − g12)x1 + g21x2 − c∗1
(Γ2 − g21)x2 + g12x1 − c2

]

= u(c2) + w2x2 − ⟨p,

[
c∗1
c2

]
⟩+ ⟨(R+G)p, x⟩

= u(c2) + w2x2 − p1c
∗
1 − p2c2 + ⟨(R+G)p, x⟩

We now consider separately the two instances of the utility function and expand the
calculations.

Logarithmic utility

Suppose u(c) = ln(c) so that the current value Hamiltonian is

h(c2, x, p) = ln(c2) + w2x2 − p1c
∗
1 − p2c2 + ⟨(R+G)p, x⟩

We now look for the stationary point:

∂h

∂c2
= 0 ⇔ 1

c2
− p2 = 0 ⇔ c∗2 =

1

p2
= p−1

2
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Wemay easily show that this is a globalmaximiser because h(c2, x, p) is concave. Indeed,

∂2h

∂c22
= − 1

c22
< 0

We now plug the global maximiser within the current value Hamiltonian, getting the
Hamiltonian function H2, as follows:

H2(x, p) : = sup
c2≥0

h(c2, x, p)

= ln(p−1
2 ) + w2x2 − p1c

∗
1 − p2

1

p2
+ ⟨(R+G)p, x⟩

= − ln(p2) + w2x2 − 1− p1c
∗
1 + ⟨(R+G)p, x⟩ (2.30)

We can thus write the HJB equation of the second player, defined in (2.21), and the
associated maximality condition (2.23) as

ρv2(x) = − ln

(
∂v2
∂x2

)
+ w2x2 − 1− ∂v2

∂x1
c∗1 + ⟨(R+G)∇v2(x), x⟩ (2.31)

c∗2 =

(
∂v2
∂x2

)−1

(2.32)

Power utility

Suppose u(c) = c1−σ

1−σ so that the current value Hamiltonian is

h(c2, x, p) =
c1−σ
2

1− σ
+ w2x2 − p1c

∗
1 − p2c2 + ⟨(R+G)p, x⟩

We now look for the stationary point:

∂h

∂c2
= 0 ⇔ c−σ

2 − p2 = 0 ⇔ c∗2 = p
−1/σ
2

Wemay easily show that this is a globalmaximiser because h(c2, x, p) is concave. Indeed,

∂2h

∂c22
= − σ

c1+σ
2

< 0

We now plug the global maximiser within the current value Hamiltonian, getting the
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Hamiltonian function H2, as follows:

H2(x, p) : = sup
c2≥0

h(c2, x, p)

=
(p

−1/σ
2 )1−σ

1− σ
+ w2x2 − p1c

∗
1 − p2p

−1/σ
2 + ⟨(R+G)p, x⟩

=
p
1−1/σ
2

1− σ
+ w2x2 − p1c

∗
1 − p

1−1/σ
2 + ⟨(R+G)p, x⟩

=
σ

1− σ
p
1−1/σ
2 + w2x2 − p1c

∗
1 + ⟨(R+G)p, x⟩ (2.33)

We can thus write the HJB equation of the second player, defined in (2.21), and the
associated maximality condition (2.23) as

ρv2(x) =
σ

1− σ

(
∂v2
∂x2

)1−1/σ

+ w2x2 −
∂v2
∂x1

c∗1 + ⟨(R+G)∇v2(x), x⟩ (2.34)

c∗2 =

(
∂v2
∂x2

)−1/σ

(2.35)

2.3.3 HJB solutions under power utility

Lemma 2.3. Assume ρ > ||R+G|| ≥ r(R+G). Then, the Hamilton-Jacobi-Bellman equation
for player 1 has a linear solution of the form

φ1(x) = ⟨α, x⟩+ β (2.36)

where
α = [ρI − (R+G)]−1w1e1

β =
1

ρ

[
σ

1− σ
α
1−1/σ
1 − α2µ

−1/σ
2

]
and the Hamilton-Jacobi-Bellman equation for player 2 has a linear solution of the form

φ2(x) = ⟨µ, x⟩+ δ (2.37)

where
µ = [ρI − (R+G)]−1w2e2

δ =
1

ρ

[
σ

1− σ
µ
1−1/σ
2 − µ1α

−1/σ
1

]
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Proof. In case σ ̸= 1, we have defined the Hamiltonian of the first player (2.27) and its
associated HJB equation (2.28). A function of the form

φ1(x) = ⟨α, x⟩+ β with ∇φ1(x) = α, α ≥ 0

solves the HJB equation if and only if

ρ⟨α, x⟩+ ρβ =
σ

1− σ
α
1−1/σ
1 + w1x1 − α2c

∗
2 + ⟨(R+G)α, x⟩

⇔ ρ⟨α, x⟩ − w1x1 − ⟨(R+G)α, x⟩+ ρβ − σ

1− σ
α
1−1/σ
1 + α2c

∗
2 = 0

⇔ ⟨(ρI − (R+G))α− w1e1, x⟩+ ρβ − σ

1− σ
α
1−1/σ
1 + α2c

∗
2 = 0

which, in turn, is true if and only if{
(ρI − (R+G))α− w1e1 = 0

ρβ − σ
1−σα

1−1/σ
1 + α2c

∗
2 = 0

In lemma 2.1, we proved that ρI−(R+G) is nonsingular and has inverse [ρI−(R+G)]−1.
Therefore, we obtain

α = [ρI − (R+G)]−1w1e1

β =
1

ρ

[
σ

1− σ
α
1−1/σ
1 − α2c

∗
2

]
By imposing the maximality condition (2.35) such that

c∗2 =

(
∂φ2

∂x2

)−1/σ

= µ
−1/σ
2

we can finally prove that

α = [ρI − (R+G)]−1w1e1

β =
1

ρ

[
σ

1− σ
α
1−1/σ
1 − α2µ

−1/σ
2

]

As regards the second player, we have defined theHamiltonian (2.33) and theHJB equa-
tion (2.34). A function of the form

φ2(x) = ⟨µ, x⟩+ δ with ∇φ2(x) = µ, µ ≥ 0
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solves the HJB equation if and only if

ρ⟨µ, x⟩+ ρδ =
σ

1− σ
µ
1−1/σ
2 + w2x2 − µ1c

∗
1 + ⟨(R+G)µ, x⟩

⇔ ρ⟨µ, x⟩ − w2x2 − ⟨(R+G)µ, x⟩+ ρδ − σ

1− σ
µ
1−1/σ
2 + µ1c

∗
1 = 0

⇔ ⟨(ρI − (R+G))µ− w2e2, x⟩+ ρδ − σ

1− σ
µ
1−1/σ
2 + µ1c

∗
1 = 0

which, in turn, is true if and only if{
(ρI − (R+G))µ− w2e2 = 0

ρδ − σ
1−σµ

1−1/σ
2 + µ1c

∗
1 = 0

In lemma 2.1, we proved that ρI−(R+G) is nonsingular and has inverse [ρI−(R+G)]−1.
Therefore, we obtain

µ = [ρI − (R+G)]−1w2e2

δ =
1

ρ

[
σ

1− σ
µ
1−1/σ
2 − µ1c

∗
1

]
By imposing the maximality condition (2.29) such that

c∗1 =

(
∂φ1

∂x1

)−1/σ

= α
−1/σ
1

we can finally prove that

µ = [ρI − (R+G)]−1w2e2

δ =
1

ρ

[
σ

1− σ
µ
1−1/σ
2 − µ1α

−1/σ
1

]

2.3.4 HJB solutions under logarithmic utility

Lemma 2.4. Assume ρ > ||R+G|| ≥ r(R+G). Then, the Hamilton-Jacobi-Bellman equation
for player 1 has a linear solution of the form

φ1(x) = ⟨α, x⟩+ β (2.38)
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where
α = [ρI − (R+G)]−1w1e1

β = − ln(α1) + 1 + α2µ
−1
2

ρ

and the Hamilton-Jacobi-Bellman equation for player 2 has a linear solution of the form

φ2(x) = ⟨µ, x⟩+ δ (2.39)

where
µ = [ρI − (R+G)]−1w2e2

δ = − ln(µ2) + 1 + µ1α
−1
1

ρ

Proof. In case σ = 1, we have defined the Hamiltonian of the first player (2.24) and its
associated HJB equation (2.25). A function of the form

φ1(x) = ⟨α, x⟩+ β with ∇φ1(x) = α, α ≥ 0

solves the HJB equation if and only if

ρ⟨α, x⟩+ ρβ = − ln(α1) + w1x1 − 1− α2c
∗
2 + ⟨(R+G)α, x⟩

⇔ ρ⟨α, x⟩ − w1x1 − ⟨(R+G)α, x⟩+ ρβ + ln(α1) + 1 + α2c
∗
2 = 0

⇔ ⟨(ρI − (R+G))α− w1e1, x⟩+ ρβ + ln(α1) + 1 + α2c
∗
2 = 0

which, in turn, is true if and only if{
(ρI − (R+G))α− w1e1 = 0

ρβ + ln(α1) + 1 + α2c
∗
2 = 0

In lemma 2.1, we proved that ρI−(R+G) is nonsingular and has inverse [ρI−(R+G)]−1.
Therefore, we obtain

α = [ρI − (R+G)]−1w1e1

β = − ln(α1) + 1 + α2c
∗
2

ρ

By imposing the maximality condition (2.32) such that

c∗2 =

(
∂φ2

∂x2

)−1

= µ−1
2
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we can finally prove that
α = [ρI − (R+G)]−1w1e1

β = − ln(α1) + 1 + α2µ
−1
2

ρ

As regards the second player, we have defined theHamiltonian (2.30) and theHJB equa-
tion (2.31). A function of the form

φ2(x) = ⟨µ, x⟩+ δ with ∇φ2(x) = µ, µ ≥ 0

solves the HJB equation if and only if

ρ⟨µ, x⟩+ ρδ = − ln(µ2) + w2x2 − 1− µ1c
∗
1 + ⟨(R+G)µ, x⟩

⇔ ρ⟨µ, x⟩ − w2x2 − ⟨(R+G)µ, x⟩+ ρδ + ln(µ2) + 1 + µ1c
∗
1 = 0

⇔ ⟨(ρI − (R+G))µ− w2e2, x⟩+ ρδ + ln(µ2) + 1 + µ1c
∗
1 = 0

which, in turn, is true if and only if{
(ρI − (R+G))µ− w2e2 = 0

ρδ + ln(µ2) + 1 + µ1c
∗
1 = 0

In lemma 2.1, we proved that ρI−(R+G) is nonsingular and has inverse [ρI−(R+G)]−1.
Therefore, we obtain

µ = [ρI − (R+G)]−1w2e2

δ = − ln(µ2) + 1 + µ1c
∗
1

ρ

By imposing the maximality condition (2.26) such that

c∗1 =

(
∂φ1

∂x1

)−1

= α−1
1

we can finally prove that
µ = [ρI − (R+G)]−1w2e2

δ = − ln(µ2) + 1 + µ1α
−1
1

ρ
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2.3.5 Nash equilibria under power utility

Theorem 2.4. Assume that ρ > ||R + G|| ≥ r(R + G) such that ρI − (R + G) is invertible
with nonnegative inverse, and take u(c) = c1−σ

1−σ . Then, there exists a unique Nash equilibrium
characterised as follows:

(i) The unique best responses are

c∗1 = α
−1/σ
1 and c∗2 = µ

−1/σ
2 (2.40)

with
α = [ρI − (R+G)]−1w1e1

µ = [ρI − (R+G)]−1w2e2

(ii) The value function of the problem for player 1 is

V1(x) = v1(x) = ⟨α, x⟩+ β with β =
1

ρ

[
σ

1− σ
α
1−1/σ
1 − α2µ

−1/σ
2

]
and the one for player 2 is

V2(x) = v2(x) = ⟨µ, x⟩+ δ with δ =
1

ρ

[
σ

1− σ
µ
1−1/σ
2 − µ1α

−1/σ
1

]

(iii) IfX∗(t) is the system trajectory associated to the best responses c∗1 and c∗2, then, for suitable
choices of the constants γ1, γ2

X∗(t) = γ1e
λ1tz1 + γ2e

λ2tz2 + ȳ with ȳ = (R+G⊤)−1c∗

when the matrix R+G⊤ is invertible and

X∗(t) = (−c∗1t+ γ1,0)z1 +

(
γ2,0e

λ2t +
c∗2
λ2

)
z2

when R + G⊤ is non-invertible, where λ1, λ2 are the eigenvalues of R + G⊤ defined in
formulas (2.2), (2.3) and z1, z2 are their associated eigenvectors defined in (2.4), (2.5).

Proof. We start by preliminarily observing that the formula for the trajectory in the dif-
ferential game is equivalent to the one in the optimal control problem. This similarity
arises from the equivalent dynamics, described by the system

Ẋ(t) = (R+G⊤)X(t)− c∗
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However, the resulting trajectory will not be the same as under optimal control since
the vector c∗ has changed, thus modifying the whole path. This means that, when de-
termining the new trajectory, we shall consider the new best responses c∗1 and c∗2.

As anticipated at the beginning of the section, we leave the rest of the proof for more
advanced future work.

2.3.6 Nash equilibria under logarithmic utility

Theorem 2.5. Assume that ρ > ||R + G|| ≥ r(R + G) such that ρI − (R + G) is invertible
with nonnegative inverse, and take u(c) = ln(c). Then, there exists a unique Nash equilibrium
characterised as follows:

(i) The unique best responses are

c∗1 =
1

α1
and c∗2 =

1

µ2
(2.41)

with
α = [ρI − (R+G)]−1w1e1

µ = [ρI − (R+G)]−1w2e2

(ii) The value function of the problem for player 1 is

V1(x) = v1(x) = ⟨α, x⟩+ β with β = − ln(α1) + 1 + α2µ
−1
2

ρ

and the one for player 2 is

V2(x) = v2(x) = ⟨µ, x⟩+ δ with δ = − ln(µ2) + 1 + µ1α
−1
1

ρ

(iii) IfX∗(t) is the system trajectory associated to the best responses c∗1 and c∗2, then, for suitable
choices of the constants γ1, γ2

X∗(t) = γ1e
λ1tz1 + γ2e

λ2tz2 + ȳ with ȳ = (R+G⊤)−1c∗

when the matrix R+G⊤ is invertible and

X∗(t) = (−c∗1t+ γ1,0)z1 +

(
γ2,0e

λ2t +
c∗2
λ2

)
z2
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when R + G⊤ is non-invertible, where λ1, λ2 are the eigenvalues of R + G⊤ defined in
formulas (2.2), (2.3) and z1, z2 are their associated eigenvectors defined in (2.4), (2.5).

Proof. We start the proof by observing that the preliminary computations of the trajec-
tory of the system under logarithmic utility can be neglected as the trajectory appears
exactly equivalent to that under power utility, defined in Theorem 2.4.

As for the previous theorem, we leave the rest of the proof for future work.

2.3.7 Admissibility

As we did for the optimal control problem, we discuss the admissibility of the solution,
acknowledging that it is not always guaranteed. We can thus provide some suitable
sufficient conditions.

Proposition 2.2 (Admissibility of solution). Let (X∗, c∗) be the unique Nash equilibrium,
as defined in Theorems 2.4 and 2.5. Assume

(i) R+G⊤ is a Metzler matrix

(ii) R+G⊤ is invertible

(iii) X(0) = x ≥ (R+G⊤)−1c∗ ≥ 0

Then, (X∗, c∗) is admissible and thus corresponds to the Nash equilibrium.

Proof. We start by recalling the proof of Proposition 2.1 in the optimal control setting.
We may easily observe that the same proof can be similarly applied to the proposition
above, while still acknowledging the change in the values of c∗1 and c∗2. Indeed, if we now
consider the new vector [c∗1 c∗2]

⊤, wemay complete the proof by analogous application.
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Chapter 3

Comparative Analysis and
Extensions

In this final chapter, we examine the results obtained in the preceding chapter and com-
pare them across the major variables of the model. Specifically, we will endeavour to
address the following comparisons:

1. Comparing V1 in the noncooperative gamewith 1
2V in the cooperative framework.

2. Comparing c∗ in the two frameworks in order to understand whether each of the
two players consumes more of the natural resource when competing versus when
a social planner acts as a moderator.

3. Comparing the conservation of the unpolluted natural resource in order to explore
whether the stock is better preserved under a cooperation versus competition sce-
nario.

We subsequently discuss potential extensions and more sophisticated developments of
the model we proposed, together with alternative applications documented in the cur-
rent literature.

3.1 Comparative Analysis

3.1.1 Value Function

As anticipated in the introduction to the chapter, we now start by comparing the value
function of each agent in the cooperative game (i.e. the social planner framework) ver-
sus the value function of the same agents in the competitive setting (i.e. the differential
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game). For the sake of simplicity, we only consider the logarithmic utility function in
our analysis. We can freely employ this assumption without loss of generality as an
analogous study adopting isoelastic utility functions would show similar results.

Let us recall the form of the linear solution of the HJB equation (2.11) for the optimal
control problem, defined in (2.16):

φ(x) = ⟨α, x⟩+ β with α = [ρI − (R+G)]−1w , β = − ln(α1α2 + 2)

ρ

Similarly, we recall the form of the linear solution of the HJB equations (2.25) and (2.31)
for the first and for the second player in the differential game problem defined in (2.38)
and (2.39), respectively:

φ1(x) = ⟨α, x⟩+ β with α = [ρI − (R+G)]−1w1e1 , β = − ln(α1) + 1 + α2µ
−1
2

ρ

φ2(x) = ⟨µ, x⟩+ δ with µ = [ρI − (R+G)]−1w2e2 , δ = − ln(µ2) + 1 + µ1α
−1
1

ρ

To avoid any abuse of notation when comparing the two scenarios, we adopt the follow-
ing script, which allows us to effortlessly identify the two instances:

V comp
1 = ⟨αcomp, x⟩+ βcomp

V coop = ⟨αcoop, x⟩+ βcoop

We are now ready to compare V comp
1 vs. 1

2V
coop. As one may note, we are introducing a

sharing rule applying to the social planner framework, which consists in assuming that
the two players equally split the valuewhen cooperating. With this assumption inmind,
we look for the conditions that allow V comp

1 exceed 1
2V

coop:

V comp
1 >

1

2
V coop ⇔ ⟨αcomp, x⟩+ βcomp >

1

2
⟨αcoop, x⟩+ 1

2
βcoop

⇔ ⟨αcomp − 1

2
αcoop, x⟩+ βcomp − 1

2
βcoop > 0

Noticing that αcomp + µcomp = αcoop, the inequality above may be rewritten as

V comp
1 >

1

2
V coop ⇔ ⟨αcomp − 1

2
αcomp − 1

2
µcomp, x⟩+ βcomp − 1

2
βcoop > 0

⇔ 1

2
⟨αcomp − µcomp, x⟩+ βcomp − 1

2
βcoop > 0
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By looking at the inequality we obtain, we may conclude that the relative size of each
value depends on two main determinants: (1) the relative magnitude of αcomp and
µcomp, which represent how the value is allocated across the two players in the differ-
ential game; (2) the constant terms βcomp and βcoop. However, to further explore the
real determinants of the values and to gather significant insights on the fundamental
parameters of the model, we replace αcomp, µcomp, βcomp, βcoop by their underlying spec-
ification.

Let us start by working on the inner product term:

1

2
⟨αcomp − µcomp, x⟩ = 1

2
⟨[ρI − (R+G)]−1w1e1 − [ρI − (R+G)]−1w2e2, x⟩

=
1

2
⟨[ρI − (R+G)]−1(w1e1 − w2e2), x⟩

We now expand the matrix algebra; in doing so, we let∆ denote the determinant of the
matrix [ρI − (R+G)].

1

2
⟨αcomp − µcomp, x⟩ = 1

2
⟨ 1
∆

[
ρ− Γ2 + g21 g12

g21 ρ− Γ1 + g12

][
w1

−w2

]
⟩

=
[(ρ− Γ2 + g21)w1 − g12w2]x1 + [g21w1 − (ρ− Γ1 + g12)w2]x2

2∆

We now focus our attention on the first constant term βcomp:

βcomp = − ln(αcomp
1 ) + 1 + αcomp

2 (µcomp
2 )−1

ρ

= −1

ρ

[
ln

(
(ρ− Γ2 + g21)w1

(ρ− Γ1 + g12)(ρ− Γ2 + g21)− g12g21

)
+ 1 +

g21w1/∆

(ρ− Γ1 + g12)w2/∆

]
= −1

ρ

[
ln

(
(ρ− Γ2 + g21)w1

∆

)
+ 1 +

g21w1

(ρ− Γ1 + g12)w2

]
Similarly, we expand the calculations for the second constant term βcoop:

−1

2
βcoop =

1

2ρ
ln (αcoop

1 αcoop
2 + 2)

=
1

2ρ
ln

(
[(ρ− Γ2 + g21)w1 + g12w2][g21w1 + (ρ− Γ1 + g12)w2]

∆2
+ 2

)
We can finally combine the three components of the initial inequality, reaching the fol-
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lowing expression:

V comp
1 >

V coop

2
⇔ [(ρ− Γ2 + g21)w1 − g12w2]x1 + [g21w1 − (ρ− Γ1 + g12)w2]x2

2∆

+
1

2ρ
ln

(
[(ρ− Γ2 + g21)w1 + g12w2][g21w1 + (ρ− Γ1 + g12)w2]

∆2
+ 2

)

− 1

ρ

[
ln

(
(ρ− Γ2 + g21)w1

∆

)
+ 1 +

g21w1

(ρ− Γ1 + g12)w2

]
> 0

3.1.2 Optimal Consumption

We now compare the optimal consumption under cooperation with the one under com-
petition. As we did in the previous section, we still work under logarithmic utility func-
tion to avoid any unnecessary burden.

Let us recall the optimal control for the two players in the social planner problem, de-
fined in (2.20)

c∗coop1 =
1

αcoop
1

, c∗coop2 =
1

αcoop
2

and the best responses in the differential game problem, defined in (2.41)

c∗comp
1 =

1

αcomp
1

, c∗comp
2 =

1

µcomp
2

We can now compare c∗comp
1 with c∗coop1 . In particular, we examine whether, and in what

circumstances, c∗comp
1 exceeds c∗coop1 :

c∗comp
1 > c∗coop1 ⇔ 1

αcomp
1

>
1

αcoop
1

⇔ 1

αcomp
1

>
1

αcomp
1 + µcomp

1

The last step follows from the remarkmade in the previous section (i.e. αcomp+µcomp =

αcoop). An analysis of the resulting inequality does not allow us to make any significant
conclusions aswe know little about the sign ofαcomp andµcomp. We thus proceed further
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and substitute with the underlying expressions for the two parameters.

c∗comp
1 > c∗coop1 ⇔ 1

αcomp
1

>
1

αcomp
1 + µcomp

1

⇔ ∆

(ρ− Γ2 + g21)w1
>

∆

(ρ− Γ2 + g21)w1 + g12w2

Wemay clearly acknowledge that the two terms of the inequality above differ only in the
g12w2 term on the right-hand side of the inequality. This yields the following reflections:

• In case ∆ > 0, i.e. when det[ρI − (R + G)] > 0, agent 1 consumes more when
competing rather than when cooperating if and only if g12w2 > 0. This happens
in two distinct cases: (1) when both variables are positive, i.e. g12 > 0 and w2 > 0;
(2) when both variables are negative, i.e. g12 < 0 and w2 < 0. Let us decipher the
two conditions. The first condition corresponds to the instance where there exist
positive spillovers from node 1 to node 2 (i.e. g12 > 0), but player 1’s consumption
harms player 2, since she positively values her stock of unpolluted resource (i.e.
w2 > 0). In the competitive case, player 1 does not care about the damage caused
to the second player, while the mediation of the social planner forces player 1 to
consume less, thus internalising the externality and lowering player 1’s consump-
tion and pollution emissions.

The second condition corresponds to the instance where there exists a negative
flow from node 1 to node 2 (i.e. g12 < 0). At the same time, player 2 sees this
spillover as unfavourable to her because she values negatively her stock of unpol-
luted resource (i.e. w2 < 0). As for the first condition, the social planner allows
players to internalise the externality, thus reducing the consumption of the first
player with respect to the competition scenario.

• In case ∆ < 0, i.e. when det[ρI − (R + G)] < 0, agent 1 consumes more when
competing rather than when cooperating if and only if g12w2 < 0. Economically,
thismay correspond to two situations: (1) player 2 values negatively her stock and
there is a positive spillover from node 1 to node 2; (2) player 2 values positively
her stock and there is a negative spillover from node 1 to node 2.

A similar analysis may be conducted on the optimal consumption of the second player,
yielding the same results. We can therefore conclude that, under the circumstances
explored above, each player consumes more under competition, thus generating more
emissions. As we have carefully pointed out, this happens because the players ignore
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the external damage caused by their behaviour when competing. Conversely, when a
social planner has control over players’ actions, the externalities unquestionably get in-
ternalised. This is the rationale behind the so-called tragedy of the commons: agents tend
to engage in overexploitation of resources when acting independently, uniquely think-
ing about their own welfare and ignoring the damage caused to others, thus destroying
the resource. This is particularly appealing when property rights are not clearly estab-
lished, as it happens in our differential game. Conversely, the supervision by a social
planner imposes some limits on the damage one may cause to other individuals.

3.1.3 Resource Conservation

We now extend our analysis to further explore whether the unpolluted natural resource
is better preserved under cooperation or under competition. In our investigation, we
study in deep the behaviour of theweighted stockm(t), defined in (2.6). As (2.7) shows,
the evolution of the weighted stock is given by

ṁ(t) = λm(t)− ⟨c∗, z⟩ , m(0) = x1z1 + x2z2

This is an ordinary differential equation, solved as follows:

m(t) = eλt
(
m(0)−

∫ t

0
e−λs⟨c∗, z⟩ ds

)
= eλtm(0)− eλt − 1

λ
⟨c∗, z⟩

This yields the following outcomes:

• If λ > 0 ⇒ mcoop ≥ mcomp ⇔ ⟨c∗coop, z⟩ ≤ ⟨c∗comp, z⟩
In the case consumption under competition is greater than consumption under
cooperation–which is ensured when the conditions set in the previous subsection
hold–the weighted stock of unpolluted natural resource is better preserved when
the two players cooperate and a social planner mediates their actions. Indeed, if
λ > 0, higher consumption translates into faster depletion of the stock.

• If λ < 0 ⇒ mcoop ≤ mcomp ⇔ ⟨c∗coop, z⟩ ≤ ⟨c∗comp, z⟩
In the case consumption under competition is greater than consumption under
cooperation–which is ensured when the conditions set in the previous subsection
hold–the weighted stock of unpolluted natural resource is better preserved when
the two players engage in a competitive differential game, pursuing self-interested
choices. This occurs because λ < 0 produces a slower depletion of the stock.
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3.1.4 Numerical Example

We now propose a numerical example in order to elucidate the potential interpretation
of the results we have just discussed. Let us start by assigning a specific value to each of
the underlying parameters of the model:

• ρ = 0.35

• g12 = g21 = 1

• w1 = w2 = 1

• Γ1 = 0.4,Γ2 = 0.2

• x1 = 10, x2 = 1

We now proceed with the computation of the basic elements we need in our analysis,
starting from αcoop and βcoop for the cooperative framework:

αcoop =
1

∆

[
ρ− Γ2 + g21 g12

g21 ρ− Γ1 + g12

][
w1

w2

]

=
1

∆

[
1.15 1

1 0.95

][
1

1

]

where ∆ indicates the determinant of [ρI − (R+G)], that is computed as

∆ = det[ρI − (R+G)]

= (ρ− Γ1 + g12)(ρ− Γ2 + g21)− g12g21

= 0.0925

We may thus compute the value of the two components of αcoop as

αcoop
1 =

1

0.0925
(1.15 + 1) = 23.2432

αcoop
2 =

1

0.0925
(1 + 0.95) = 21.0811

Now, knowing the value of αcoop, we proceed by computing the value of βcoop:

βcoop = − ln(αcoop
1 αcoop

2 + 2)

ρ
= −17.7099
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We now repeat the same steps to compute the values of the variables for the competitive
case:

αcomp =
1

∆

[
ρ− Γ2 + g21 g12

g21 ρ− Γ1 + g12

][
w1

0

]

=
1

∆

[
1.15 1

1 0.95

][
1

0

]
thus obtaining

αcomp
1 =

1.15

0.0925
= 12.4324

αcomp
2 =

1

0.0925
= 10.8108

The same applies to µcomp:

µcomp =
1

∆

[
ρ− Γ2 + g21 g12

g21 ρ− Γ1 + g12

][
0

w2

]

=
1

∆

[
1.15 1

1 0.95

][
0

1

]

thus obtaining
µcomp
1 =

1

0.0925
= 10.8108

µcomp
2 =

0.95

0.0925
= 10.2703

We can therefore calculate the values of βcomp and δcomp:

βcomp = −
ln(αcomp

1 ) + 1 +
αcomp
2

µcomp
2

ρ
= −13.1655

δcomp = −
ln(µcomp

2 ) + 1 +
µcomp
1

αcomp
1

ρ
= −11.9966

We are now ready to calculate the value of the value function for the players in the
cooperative framework, as follows:

V coop = ⟨αcoop, x⟩+ βcoop

= αcoop
1 x1 + αcoop

2 x2 + βcoop

= 235.8036
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Similarly, we calculate the value of the value function for the two players in the compet-
itive differential game:

V comp
1 = ⟨αcomp, x⟩+ βcomp

= αcomp
1 x1 + αcomp

2 x2 + βcomp

= 122.0696

V comp
2 = ⟨µcomp, x⟩+ δcomp

= µcomp
1 x1 + µcomp

2 x2 + δcomp

= 106.3817

We now address the first comparison, which consists in the analysis of the value func-
tion. In particular, acknowledging the sharing rule introduced in subsection 3.1.1, we
check whether the value for the first player under competition is higher than half of the
value for both players under cooperation:

V comp
1 >

1

2
V coop ⇔ 122.0696 >

235.8036

2
⇔ 122.0696 > 117.9018

As we may observe, the inequality holds, meaning that the value of the value function
appears strictly higher under competition than under cooperation in our example.

The example reveals even more interesting results when analysing the optimal con-
sumption of the two players. Knowing that

c∗coop1 =
1

αcoop
1

, c∗comp
1 =

1

αcomp
1

c∗coop2 =
1

αcoop
2

, c∗comp
2 =

1

µcomp
2

we can simply calculate the value of the optimal consumption for the two players:

c∗coop1 = 0.0430 , c∗comp
1 = 0.0804 ⇒ c∗comp

1 > c∗coop1

c∗coop2 = 0.0474 , c∗comp
2 = 0.0974 ⇒ c∗comp

2 > c∗coop2

We clearly notice that the optimal consumption for both players is higher when compet-
ing in the differential game relative to the consumption in the optimal control problem.
This is fully consistent with the theoretical analysis in subsection 3.1.2. Indeed, when
∆ > 0 and both the mobility parameters and the stock concern parameters are positive
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(g12 > 0, g21 > 0 and w1 > 0, w2 > 0), the optimal consumption of the two players is
higher under the competitive framework.

To proceed with the analysis on resource conservation, we need to calculate the eigen-
values and the eigenvectors of the system. In particular, we define the weighted stock
m(t) as the aggregate stock X(t) weighted by the dominant eigenvector z1. It is thus
sufficient to calculate the dominant eigenvalue and the dominant eigenvector according
to the expression defined in (2.2) and (2.4), respectively:

λ1 =
Γ1 + Γ2 − g12 − g21 +

√
(g12 + g21 − Γ1 − Γ2)2 − 4(Γ1Γ2 − Γ1g21 − Γ2g12)

2

= 0.3050

z1 =

[
1

λ1+g12−Γ1

g21
z11

]
=

[
1

0.9050

]
Aswemay observe, the dominant eigenvalue is strictly positive in this specific example.
As highlighted by the study in subsection 3.1.3, in case λ1 > 0 we have that

mcoop ≥ mcomp ⇔ ⟨c∗coop, z⟩ ≤ ⟨c∗comp, z⟩

We thus expand the calculations using the data from our example:

⟨c∗coop, z1⟩ = c∗coop1 z11 + c∗coop2 z12

= 0.0859

⟨c∗comp, z1⟩ = c∗comp
1 z11 + c∗comp

2 z12

= 0.1685

⇒ ⟨c∗coop, z1⟩ < ⟨c∗comp, z1⟩ ⇒ mcoop > mcomp

We have thus proved that the weighted stock is better preserved when the two players
cooperate and the social planner mediates their actions. This is consistent with the em-
pirical evidence on the tragedy of the commons: when agents act independently, they
tend to overexploit the natural resource, thus eroding the resource itself very quickly.

We may now be tempted to run a second simulation of the model in which we carefully
select the parameters so as to obtain higher optimal consumption under cooperation
than under competition. Let us consider player 1, for simplicity. According to the dis-
cussion in 3.1.3, this may be obtained in two specific circumstances:
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• When ∆ > 0, and either g12 or w2 is negative. However, neither of these two pos-
sibilities reflects a legitimate choice from the economic point of view. Indeed, that
would mean assuming a negative mobility or a negative valuation of a beneficial
resource.

• When ∆ < 0, and both g12 and w2 are positive. From an economic perspective,
these are credible possibilities. However, a negative determinant makes the value
function V comp

1 invalid. For instance,∆ < 0 implies that αcomp
1 < 0which, in turn,

makes it impossible to compute ln(αcomp
1 ) in βcomp, as a logarithm of a negative

quantity is not defined in the set of real numbers. For this reason, this alternative
shall be discarded as it makes the solution violate the necessary economic condi-
tions for a meaningful equilibrium.

This analysis proves that, under reasonable economic conditions, we are not able to find
any parametrisation such that the optimal consumption under cooperation exceeds that
in a competitive setting. Hence, competition seems to always result in higher exploita-
tion of the resource which, in turn, translates into higher pollution.

To complete our simulation, we sketched the trajectory for the two players in the com-
petitive and in the cooperative frameworks in Figure 3.1.

Figure 3.1: Stock Dynamics Simulation
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As we better observe in Figure 3.2, the trajectory for the optimal control problem lies
above the trajectory for the differential game problem. Although the difference in stocks
may appear relatively small, this difference actually increases as the two curves become
steeper. This is, indeed, what Figure 3.3 and Figure 3.4 display.

Figure 3.2: Stock Dynamics Simulation - Player 1

Figure 3.3: Absolute Difference in Stock Levels - Cooperation vs. Competition
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Figure 3.4: Relative Difference in Stock Levels - Cooperation vs Competition

3.2 Extensions and Alternative Applications

3.2.1 Model Generalisation

In the current work, we presented a two-node model where each node/agent engages
in consumption decisions. Nevertheless, more sophisticated works may act as an exten-
sion of our study to account for a more realistic view that provides a better explanation
of real-life complexities. In particular, we may consider a network of n agents, each
occupying a single node. We now offer a brief sketch of the generalised model.

Let us consider a network of n nodes, connected with each other through direct paths.
At each node i ∈ {1, 2, . . . , n}, a single agent is endowed with a stock of unpolluted
resourceXi(t), which is subject to natural regeneration at a region-specific rateΓi, which
implies a total regeneration of ΓiXi(t).

Thanks to direct connections between nodes, the clean resource freely moves in the net-
work according to specified mobility rates gij , which weigh the movement of the re-
source from node i to node j. The totality of spillovers constitute the adjacency matrix
G = (gij)

n
i ̸=j=1, with null entries on the main diagonal (i.e. gii = 0 for all i). To bet-

ter describe the system dynamics, we also let R = (rij) denote the diagonal matrix of
regeneration rates net of the outflows from node i.
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In addition to the intrinsic characteristics of the resource and of the environment under
consideration, agents actively influence the available stock. Specifically, through their
consumption choices, agents generate emissions, thus lowering the available stock at the
node. We may thus rely on the usual system describing the dynamics{

Ẋ(t) = (R+G⊤)X(t)− c(t) t > 0

X(0) = x ∈ Rn

where c(t) represents the vector of consumption choices made by each agent. As we
may observe, each agent faces an intertemporal optimisation problem similar to the
two-dimensional case; however, their payoff is determined by the influence of the entire
network through the adjacency matrixG. In particular, we may solve a control problem
where agents are coordinated by a social planner to maximise a joint payoff of the form

J(ci) =

∫ +∞

0
e−ρt

(
n∑

i=1

u(ci(t)) + ⟨w,X(t)⟩

)
dt

We may then compare the results obtained with those of a differential game problem,
where agents strategically interact, each maximising a payoff of the form

Ji(ci) =

∫ +∞

0
e−ρt(u(ci(t)) + wiXi(t)) dt

This generalisation opens the door to rich comparative statics. Indeed, the structure of
the network shapes equilibrium consumption and conservation outcomes. Importantly,
the heterogeneity in network composition may be exploited in order to determine the
optimal use of resources and their conservation. For example, from a policy perspective,
this would allow researchers to learn whether it is more appropriate to target interven-
tions at the most central nodes (in the sense of eigenvector centrality) relative to the
peripheral ones.

3.2.2 One Alternative Application

One interesting alternative application of spatio-temporal growthmodelling is provided
by Calvia et al. (2024). In their paper, the authors develop an economic growth model
where capital accumulation occurs at different nodes of a network environment rather
than on a continuum of geographic locations in a Euclidean space. This spatial distri-
bution represents a better fit for real-life applications with discrete geographical units
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(e.g. states, regions, continents) in the study of economic data. In addition, this en-
vironment characterisation makes the model more tractable computationally and more
suitable when performing calibration.

The researchers consider a network where each node represent a location in which cap-
ital creation and consumption take place. Specifically, production at each node is char-
acterised by an AK production function, which rules a production depending linearly
on capital. Due to the connections between nodes, capital may be subject to spillovers
and flows. In this environment, the authors study an optimal control problem where
the planner aims at allocating investment over time across nodes in order to maximise
an infinite-horizon intertemporal utility function.

In their study, the authors establish general results on existence and uniqueness of an
optimal control, as well as regularity properties of the value function, uncovering their
dependency on the network structure. Importantly, they investigate the long-run be-
haviour of optimal capital and consumption paths. To complete their analysis, they
eventually present a couple of examples in a simplified setting (i.e. two-node and three-
node networks) where explicit solutions can be computed, together with some numer-
ical simulations.

This contribution demonstrates how this kind of mathematical network modelling can
be fruitfully applied to various economic problems. By capturing spatial and relational
interdependencies in a discrete but flexible way, network structures prove being well
suited to analyse modern economic systems characterised by globalisation, trade and
financial linkages. Moreover, the combination of such structures with optimal control
theory allows researchers to address key normative questions, gaining insights that re-
veal fundamental in policy design.
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Conclusions

This study aimed to develop a mathematical model describing the spatial diffusion of
pollution and its dynamics over time. Building upon previous models and extending
them, we first analysed a continuous-time optimal control problem and derived a coop-
erative benchmark, characterised by an optimal allocation of consumption across agents
and a trajectory maximising the aggregate payoff. We then extended the analysis to
a noncooperative differential game, where each agent independently maximises their
own payoff. This shift from cooperation to competition highlighted how strategic inter-
actions alter equilibrium behaviour.

A central contribution of this thesis was the comparison between cooperative and com-
petitive equilibria. In particular, we showed that, under well-defined conditions, com-
petition generally leads to higher individual consumption but weaker conservation of
the unpolluted natural resource. The comparison between the two frameworks also re-
vealed the efficiency loss caused by competition: the presence of externalities in the
competitive scenario is weakened when a sharing rule is introduced by the social plan-
ner in the cooperative framework.

To complete the work, we presented a sketch of a natural generalisation of our model
to the case of multiple agents interacting on a network. This extension highlights the
potential role of network structures in determining equilibrium outcomes. Such an ex-
tension not only enriches the theoretical framework but also may enable researchers to
develop a novel perspective that could provide significant insights for guiding policy
interventions. A study of this kind may support the claim that targeted interventions
on specific agents or regions may be more effective than applying uniform regulation.
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