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Abstract

Cryptocurrency markets are characterized by large price fluctuations and recurrent episodes of
market stress, making the assessment of tail risk particularly important. Standard Gaussian-
based models often underestimate the probability of extreme events because cryptocurrency
returns exhibit heavy tails and volatility clustering.

This thesis investigates the tail behavior of four cryptocurrencies: Bitcoin (BTC), Ethereum
(ETH), Tether (USDT) and USD Coin (USDC), using Extreme Value Theory (EVT) to compare
the risk characteristics of highly volatile assets and stablecoins within a unified framework.

Return series were filtered using GARCH-type models, with ARMA-GARCH specifica-
tions adopted for the stablecoins in order to satisfy the assumptions required by EVT. The re-
sulting standardized residuals were analyzed using two univariate EVT approaches: the Block
Maxima Method (BMM), based on the Generalized Extreme Value (GEV) distribution, and
the Peaks Over Threshold (POT) method, based on the Generalized Pareto Distribution (GPD).
Return levels were estimated over a five-year horizon and used as the primary measure of tail
risk.

The results reveal substantial differences between volatile cryptocurrencies and stablecoins.
Bitcoin and Ethereum exhibit considerably larger extreme gains and losses than USDT and
USDC. While the stablecoins display Fréchet-type tail behavior, the filtered residuals of Bitcoin
and Ethereum do not provide sufficient evidence to reject a Gumbel-type specification. Return
level estimates, in line with the nature of the digital assets analyzed, indicate much greater
exposure to extreme market movements for BTC and ETH than for the stablecoins.

The analysis is subsequently extended to a bivariate EVT framework to investigate extremal
dependence between asset pairs. Componentwise Maxima and threshold exceedance models
are estimated using both two-stage and full likelihood approaches. Significant extremal depen-
dence is consistently identified between Bitcoin and Ethereum across these estimation methods.
Evidence of dependence between USDT and USDC is weaker and not robust across specifica-
tions, while pairs combining a stablecoin with a volatile cryptocurrency show no meaningful
same-tail dependence. An analysis of asymmetric tail dependence provides limited but sug-
gestive evidence consistent with the safe haven hypothesis, at times attributed to stablecoins
during periods of market stress.

Overall, the findings demonstrate that EVT provides a useful framework for quantifying
tail risk in cryptocurrency markets and highlight substantial differences in both marginal tail
behavior and extremal dependence between volatile cryptocurrencies and stablecoins.

Keywords: Extreme Value Theory (EVT); Tail Risk; Cryptocurrency Markets; Generalized Ex-
treme Value Distribution (GEV); Generalized Pareto Distribution (GPD); Multivariate Extreme
Value Theory (MEVT); Safe Haven Hypothesis.
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Chapter 1

Introduction

The cryptocurrency market has experienced unprecedented growth since the establishment of
Bitcoin in 2009 [53], evolving from a niche digital experiment into a global financial ecosys-
tem with hundreds of millions of owners [12]. Initial market dynamics were almost exclu-
sively driven by Bitcoin (BTC), originally conceived as a decentralized digital store of value.
Ethereum (ETH), launched in 2015, expanded blockchain technology beyond simple payments
by allowing developers to build programs, called smart contracts, directly on its network [14], a
functional distinction from Bitcoin, that established it as the second pillar of the cryptocurrency
market.

Much of the appeal behind this growth lies in the ability to transact directly between individ-
uals without relying on banks or other intermediaries [11]. These cryptocurrencies, however,
have mostly attracted risk-seeking investors: both BTC and ETH remain largely demand-driven
assets with prices set by market supply and demand and therefore exposed to large, unpre-
dictable swings.

For cryptocurrencies to support a broader range of portfolio allocation strategies, not only
speculative positions but also more conservative ones, an instrument less exposed to this volatil-
ity was needed. Stablecoins such as Tether (USDT) and USD Coin (USDC) were introduced
to fill this role by pegging their value to a reference asset, typically the US dollar, rather than
letting it float freely. Their design goal is price stability rather than appreciation.

The integration of these assets has significantly diversified the market landscape and the
four cryptocurrencies considered in this thesis were selected as the most representative assets
of their respective categories: BTC and ETH as the two largest and most widely traded volatile
cryptocurrencies; and USDT and USDC as major and widely adopted stablecoins.

This combination of structurally different assets, while sharing the same digital infrastruc-
ture but exhibiting fundamentally different price behavior, makes the cryptocurrency market a
natural setting in which extreme risk can be studied. Volatile cryptocurrencies expose investors
to the possibility of severe losses, while stablecoins are presumed to offer a buffer against them.
Assessing this presumption requires moving beyond average market behavior to focus specif-
ically on the tails of the return distribution, the region where standard statistical assumptions
are most likely to fail.

Standard data analyses often rely on the assumption of normality, an assumption that tends
to severely underestimate the frequency and severity of extreme market shocks. In the context
of cryptocurrencies such events are not merely occasional outliers but structural features of
the market, characterized by leptokurtosis and volatility clustering, the tendency of large price
movements to be followed by further large movements. This motivates the use of statistical
tools designed specifically to capture the unusual rather than the usual [21, 16]. Extreme Value
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Theory (EVT) provides a rigorous asymptotic framework for modeling these rare but conse-
quential tail events. While traditional statistics focus on the central tendency of a distribution,
EVT instead characterizes the stochastic behavior of a process at unusually high or low levels,
that is, extreme gains and extreme losses respectively.

EVT has already been widely applied in financial markets, particularly in the analysis of ex-
treme co-movements across equity markets [48] and has become a standard tool for estimating
tail risk measures such as return levels, Value-at-Risk [56], [25] and Expected Shortfall [34, 1]
at extreme confidence levels. To satisfy the fundamental EVT requirement that observations
be independent and identically distributed (i.i.d.), the literature, most notably McNeil and Frey
[51], suggests a two-step filtering procedure: dynamic models such as GARCH are first applied
to remove volatility clustering and EVT is then applied to the resulting standardized residuals.

This methodology has more recently been extended to cryptocurrency markets, where ex-
treme price movements are not the exception but a recurring feature of the data [27]. Studies
applying EVT to Bitcoin and other major cryptocurrencies have confirmed that their return
distributions are heavy-tailed and that EVT-based risk measures provide a more reliable char-
acterization of tail risk than measures derived from Gaussian or GARCH-only models [12].

Despite this growing body of research, an explicit gap remains in understanding the joint
tail dynamics between volatile cryptocurrencies and stablecoins. Much of the existing litera-
ture focuses either on Bitcoin in isolation or on simple diversified crypto portfolios, leaving
largely unexamined tail behavior of stablecoins and, in particular, their dependence structure
with volatile assets during periods of extreme market distress. This is a meaningful omission:
stablecoins are informally described as a safe haven [55] within the digital asset ecosystem. Yet,
it is not been systematically tested using EVT whether this perceived stability holds specifically
in the joint tails, as opposed to merely on average.

This thesis aims to fill that gap by investigating not only the individual tail risk of BTC,
ETH, USDT and USDC, but also their bivariate dependence during periods of extreme market
movements, including whether the safe haven hypothesis holds. This hypothesis states that,
during extreme crashes in volatile assets such as BTC or ETH, investors rotate capital into
stablecoins such as USDT or USDC. If this dynamic is present, it should appear as detectable
cross-tail dependence between losses in volatile cryptocurrencies and gains in stablecoins.

Three main objectives form the backbone of the thesis. The first is outlining the marginal
tail behavior of each of the four assets using univariate EVT, deriving return levels, Value-
at-Risk, and Expected Shortfall as comparable risk measures across assets. The second is
modeling the extremal dependence structure between all pairwise combinations of the four
assets using bivariate EVT, distinguishing between same-volatility pairs, such as BTC-ETH,
and mixed-volatility pairs, such as BTC-USDC. The third is testing explicitly for evidence of
the safe haven hypothesis, by examining the cross-tail dependence between losses in volatile
cryptocurrencies and gains in stablecoins.

The empirical strategy is conducted in two stages to achieve these objectives, following
the theoretical framework developed by McNeil and Frey [51]. Standardized residuals are
first obtained for each asset via GARCH-type filtering, in order to satisfy the i.i.d. assumption
required by EVT. These residuals are then analyzed using both the Block Maxima and Peaks
Over Threshold approaches at the univariate level, and using Componentwise Maxima and
Threshold Excess models, estimated via both two-stage and full likelihood procedures, at the
bivariate level followint the theory of Coles [16].

The structure of the thesis is organized as follows. Chapter 2 introduces the theoretical
foundations of univariate Extreme Value Theory, and covers the Generalized Extreme Value
distribution under the Block Maxima method and the Generalized Pareto Distribution under
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the Peaks Over Threshold method. Chapter 3 extends this framework to bivariate Extreme
Value Theory, and describes how pairs of cryptocurrencies can be jointly modeled to capture
tail dependence. Chapter 4 presents the data and the preliminary analysis, including the visual-
ization of price series and the filtering procedures applied to obtain approximately independent
and identically distributed returns. Chapter 5 applies the univariate methodology to the fil-
tered return series, through both the Block Maxima approach and the Peaks Over Threshold
approach. Chapter 6 applies the bivariate framework introduced in Chapter 3. Thefinal results
and their limitations are discussed in Chapter 7 and the conclusions are showed in Chapter 8.

All analyses and figures presented in this thesis were performed using the R programming
language [59] within the RStudio integrated development environment. GARCH filtering was
carried out using the rugarch package [24], and both univariate and bivariate extreme value
models were fitted using the evd package [63]. Further details on the specific functions em-
ployed are provided in the dedicated chapters.
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Chapter 2

Modeling Extreme Value Theory

Extreme Value Theory (EVT) is a branch of statistics concerned with the modeling and analysis
of rare, extreme events, that are occurring with very low probability. It is widely applied in
fields where understanding the behavior of extreme outcomes is crucial, this includes: science,
engineering, and finance [16] [21].

Extreme observations correspond to values that lie far in the tails of a distribution and
depart significantly from its central tendency. In contrast to typical or normal events, for which
a lot of data are usually available, extreme events are characterized by less observations, and
extrapolating from standard models often underestimates tail risk. The important feature of
EVT is that it provides quantification of the stochastic behavior of a process at unusually large
or small levels [61].

In EVT, there are two principal approaches for modeling the behavior of extremes. The
first is the Block Maxima method (BMM), which considers the maximum value achieved by a
variable over successive, non-overlapping time periods, such as months or years. These max-
ima, referred to as Block Maxima, constitute the extreme events. For instance, in the left panel
of Figure 2.1, the observations x2, x5, x7, and x11 represent the Block Maxima for four peri-
ods, each consisting of three observations. To better align with the objectives of this study, let
xt denote the daily return of Bitcoin. Partitioning the series into non-overlapping blocks, the
maximum return within each block corresponds to the largest daily movement observed, pro-
viding a sample of extreme returns for modeling tail risk. The second approach is called Peaks

Figure 2.1: Block Maxima Method (BMM) (left) and Peaks Over Threshold (POT) (right).

Over Threshold (POT) and focuses on observations exceeding a sufficiently high threshold u.
In the right panel of Figure 2.1, the observations x2, x4, x5, and x11 exceed the threshold and are
therefore classified as extreme events [26] [52]. In the financial context, threshold exceedance
of Bitcoin returns capture unusually large market movements and provide a sample of extremes
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suitable for tail modeling using the POT framework.
In addition to capturing extreme gains (large positive returns), both the Block Maxima and

Peaks Over Threshold approaches can be applied symmetrically to model extreme losses. By
focusing on minima instead of maxima or, equivalently, by analyzing the transformed series
−Xt , these methods allow us to study also the behavior of the left tail of the return distribution
[16].

An overview of both the Block Maxima and Peaks Over Threshold methods follows in the
subsequent sections.

2.1 Classical Extreme Value Theory
This first section introduces the theory that represents the basis of Extreme Value Statistics.

The focus is on the statistical behavior of the maximum of a sample,

Mn = max{X1, . . . ,Xn},

where X1, . . . ,Xn are independent and identically distributed (i.i.d.) random variables with com-
mon distribution function F . The variables Xi represent observations of a process recorded over
time. For example, they may correspond to hourly sea-level measurements, daily average tem-
peratures, or, as in our case, daily returns of an asset.

From a theoretical perspective, the distribution of Mn can be derived exactly. For any real
number z,

Pr(Mn ≤ z) = Pr(X1 ≤ z, . . . ,Xn ≤ z) = {F(z)}n

For a sample of n independent observations, the probability that every value is at most z is
[F(z)]n.

However, this expression has limited practical use because the underlying distribution F
is typically unknown. Estimating F from data can introduce errors, that increase for large
n. Instead, the focus is on approximate families of distributions that describe the behavior
of maxima using only extreme observations, in a way analogous to how the Central Limit
Theorem [46] justifies approximating sample means by a normal distribution. Extreme Value
Theory studies the limiting behavior of maxima in this sense.

To understand this behavior, we examine the limit of {F(z)}n as n → ∞. If z lies below the
upper endpoint of F , then {F(z)}n → 0, implying that the distribution of Mn degenerates at the
upper endpoint of F . To avoid this degeneracy, we apply a linear normalization to the maxima
and define

M∗
n =

Mn −bn

an
,

where an > 0 and bn are sequences of constants that adjust scale and location, respectively.
With appropriate choices of an and bn, the normalized maxima M∗

n remain non-degenerate as n
grows. Consequently, we study the limiting distribution of M∗

n rather than that of Mn directly
[16].

This leads to the fundamental result of Extreme Value Theory, known as the Extremal Types
Theorem. Introduced by Fisher, Tippett (1928) [23] and Gnedenko (1943) [29].

Theorem 1. Extremal Types Theorem. If there exist sequences {an > 0} and {bn} such that

Pr
(

Mn −bn

an
≤ z
)
→ G(z) as n → ∞,
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where G is a non-degenerate distribution function, then G must belong to one of three families
of distributions:

I: G(z) = exp
{
−exp

[
−z−b

a

]}
, −∞ < z < ∞;

II: G(z) =

{
0, z ≤ b,

exp
{
−
( z−b

a

)−α
}
, z > b;

III: G(z) =

{
exp
{
−
[
− z−b

a

]α}
, z < b,

1, z ≥ b.

These are known as: Gumbel (Type I), Fréchet (Type II) and Weibull (Type III). Each family
is characterized by a location parameter b, which shifts the distribution to the right or left; a
scale parameter a, which determines the spread of the distribution; and a shape parameter α ,
which determines the form of tail of the underlying distribution.

Rather than adopting one of the three distributions separately, a more unified approach is
obtained by combining the Gumbel, Fréchet, and Weibull distributions into the Generalized
Extreme Value (GEV) family, whose distribution function is

G(z) = exp

{
−
[
1+ξ

z−µ

σ

]−1/ξ

}
, for 1+ξ

z−µ

σ
> 0 (2.1)

where the parameters satisfy −∞ < ξ < ∞, σ > 0, and −∞ < µ < ∞. The GEV distribution has
three parameters: a location parameter µ , a scale parameter σ , and a shape parameter ξ .

The sign of ξ determines the type of tail behavior:
ξ = 0 Gumbel,
ξ > 0 Fréchet,
ξ < 0 Weibull.

The shapes of the probability density functions for the standard Fréchet, Weibull, and Gum-
bel distributions are given in Figure 2.2. We observe that the Fréchet distribution exhibits
a polynomially decaying tail and is therefore well suited for heavy-tailed distributions. The
exponentially decaying tails of the Gumbel distribution characterize thin-tailed distributions.
Finally, the Weibull distribution arises as the asymptotic distribution for distributions with a
finite upper endpoint [26]. It follows that, in applications, the three families provide distinctly
different representations of Extreme Value behavior.

Bringing the three classical extreme-value families together under a single model makes
statistical analysis far more straightforward. By estimating the shape parameter, ξ the data
themselves reveal the appropriate tail behavior, removing the need to choose in advance among
the three traditional families.

2.2 Block Maxima and Minima
To apply BMM in practice, the data are divided into non-overlapping blocks of equal size, and
the maximum from each block is extracted. These Block Maxima form the sample used for
inference. In practice, the normalizing constants an and bn from the classical Extreme Value
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Figure 2.2: Density plots for the three Extreme Value distribution families: Fréchet (left), Gumbel (center), and
Weibull (right), all with µ = 0 and σ = 1.

Theorem are unknown because they depend on the underlying data distribution. Fortunately,
this is not a problem: for sufficiently large block sizes, the Block Maxima Mn can be directly
approximated by a GEV distribution.

Pr{Mn ≤ z} ≈ G
(

z−bn

an

)
= G∗(z).

The GEV’s location and scale parameters effectively absorb the unknown constants, so explicit
normalization is not needed. In other words, Block Maxima can be modeled directly with a
GEV, and its parameters can be estimated from the data.

In some situations, the analysis focuses on extremely small observations rather than large
ones. This applies to our case study, where we are not only interested in extreme gains but,
more importantly, in extreme losses. To model this behavior, we define the Block Minima
approach, which considers:

mn = min{X1, . . . ,Xn}.

Define Yi =−Xi for i = 1, . . . ,n. This sign transformation implies that small values of Xi corre-
spond to large values of Yi. Since

mn = min{X1, . . . ,Xn} and M(Y )
n = max{Y1, . . . ,Yn},

we obtain
M(Y )

n =−mn.

Thus, for large n, the distribution of Block Minima can be studied through the distribution of
Block Maxima of the transformed variables Yi.

If the Block Maxima of Yi converge to a GEV distribution with parameters (µ,σ ,ξ ),
then the Block Minima of Xi converge to a GEV distribution with parameters (µ̃, σ̃ , ξ̃ ) =
(−µ,σ ,−ξ ).

Hence, for large n,

Pr(Mn ≤ z)≈ 1− exp

{
−
[
1−ξ

z− µ̃

σ

]−1/ξ

}
, on z : 1−ξ

z− µ̃

σ
> 0,where µ̃ =−µ.

The GEV distribution for minima is obtained rewriting Equation (2.1)

G(z) = 1− exp

{
−
[

1−ξ
z− µ̃

σ

]−1/ξ
}

(2.2)
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An alternative approach exploits the duality between maxima and minima [16]. If Z1, . . . ,Zm
arise from a GEV distribution for minima with parameters (µ̃, σ̃ , ξ̃ ), then the transformed sam-
ple −Z1, . . . ,−Zm follows the corresponding GEV distribution for maxima. Estimating the
GEV model on this transformed sample yields the parameters of the minima distribution, with
the correction of the sign for µ̃ =−µ .

Parameter Estimation

Several methods are available for estimating the parameters of the GEV distribution, worth
noting is the Probability–Weighted Moments (PWM), widely used and well established in lit-
erature [38]. This work will, however, focus on the Maximum Likelihood approach [39][16].
Under the assumption that the Block Maxima Z1, . . . ,Zm are independent and follow a GEV
distribution, the log-likelihood for the case ξ ̸= 0 can be written explicitly as

ℓ(µ,σ ,ξ ) =−m logσ −
(

1+
1
ξ

) m

∑
i=1

log
[

1+ξ

(
zi −µ

σ

)]
−

m

∑
i=1

[
1+ξ

(
zi −µ

σ

)]−1/ξ

,

which is valid only when

1+ξ

(
zi −µ

σ

)
> 0, i = 1, . . . ,m

otherwise the likelihood is zero, since at least one observation would fall outside the support
of the distribution. When the shape parameter ξ is close to zero, the general log-likelihood
becomes numerically unstable, and it is therefore replaced by its Gumbel limit, which provides
a well-behaved expression in the neighborhood of ξ = 0.

The maximization of the log-likelihood is carried out numerically, and the resulting es-
timates (µ̂, σ̂ , ξ̂ ) are used throughout the analysis. Once the GEV parameters have been esti-
mated, it is important to assess the uncertainty associated with the estimates through confidence
intervals, computed for each of the three parameters µ , σ , and ξ .

Under standard conditions, the maximum likelihood estimators follow an approximate nor-
mal distribution. The uncertainty associated with these estimators is summarized by the variance–
covariance matrix. The elements on the diagonal represent the variances of the individual
parameter estimates and whose square roots correspond to their standard errors (SE). These
quantities allow the construction of confidence intervals. For a 95% confidence level, the crit-
ical value of the standard normal distribution is z1−α/2, yielding the following approximate
confidence interval for a generic parameter λ

λ̂ ± z1−α/2 SE(λ̂ ).

2.2.1 Return Levels and Financial Risk Metrics
In Extreme Value Theory, when modelling the behavior of extremes, the main objective is often
the estimation of return levels, rather than the parameters themselves. Return levels quantify
the magnitude of rare events over a specified time horizon [16].

Let p denote the probability that the block maximum exceeds a level zp in a given year. The
quantity zp is the return level, and 1/p is the return period. Thus, zp is the level expected to be
exceeded, on average, once every 1/p periods over which the maxima are computed.

In this work, Extreme Value Theory is applied to financial markets, where related risk
measures are of central importance. When the return level is computed on the left tail, when
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modelling losses, zp corresponds to the Value-at-Risk (VaR) at confidence level α = 1− p [51].
Value-at-Risk is the maximum expected loss over a target horizon such that there is a stated low
probability that the actual loss will be larger [69]. In other words, VaR measures the maximum
potential decline in the value of a portfolio over a given horizon at confidence level α1. The
return level zp is obtained by inverting the cumulative distribution function of the Generalized
Extreme Value distribution in Equation (2.1), yielding

zp =

µ − σ

ξ

[
1−{− log(1− p)}−ξ

]
, for ξ ̸= 0,

µ −σ log
{
− log(1− p)

}
, for ξ = 0.

(2.3)

where µ , σ > 0, and ξ denote the location, scale, and shape parameters of the GEV distribution,
respectively. Define

yp =− log(1− p),

so that Equation (2.3) can be written as

zp =

µ − σ

ξ

(
1− y−ξ

p

)
, for ξ ̸= 0,

µ −σ log(yp), for ξ = 0.

When the return level is computed for gains, Equation (2.3) applies. In contrast, inverting the
cumulative distribution function of the GEV for minima in Equation (2.2) yields the return level
for losses:

zp =

µ̃ +
σ

ξ

(
1− y−ξ

p

)
, for ξ ̸= 0,

µ̃ +σ log(yp), for ξ = 0,
(2.4)

A return level plot is obtained by plotting zp against yp on a logarithmic scale. The shape
of this plot provides insight into the tail behavior of the underlying distribution. In particular,
when ξ = 0, the plot is linear, corresponding to the Gumbel case. When ξ < 0, the plot is
convex and approaches a finite upper bound, with asymptotic limit µ −σ/ξ as p → 0. Lastly,
when ξ > 0, the plot is concave and exhibits no finite upper bound, indicating a heavy-tailed
distribution.

By substituting the maximum likelihood estimates of the GEV parameters into both Equa-
tion (2.3) and Equation (2.4), the maximum likelihood estimate of the return level zp associated
with exceedance probability 0 < p < 1 is obtained.

Furthermore, by the Delta Method [16], the variance of the estimated return level ẑp can be
approximated by

Var(ẑp)≈ ∇zp(θ̂)
⊤V∇zp(θ̂),

where V = Var(θ̂) is the variance–covariance matrix of the maximum likelihood estimators
and

θ̂ = (ξ̂ , µ̂, σ̂)⊤

denotes the vector of estimated GEV parameters.
In Extreme Value applications, the return levels of greatest interest typically correspond to

long return periods, i.e., small values of p. When ξ < 0, it is also possible to make inference on
the upper end-point of the distribution, which corresponds to the limiting return level as p → 0.
In this case, the maximum likelihood estimate of the upper end-point is given by

1JP Morgan/Reuters. Risk metrics. Technical document, 1996.
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ẑ0 = µ̂ − σ̂

ξ̂
(2.5)

while for ξ > 0, the upper end-point is infinite, and Equation (2.5) becomes the lower end-point
estimation.

As with the parameter estimates, the uncertainty of the return level estimates is assessed
through confidence intervals. Since zp is a nonlinear function of the GEV parameters, the
standard approach of adding and subtracting a multiple of the standard error is not directly
applicable. Instead, a first-order Taylor expansion is used to linearize zp and propagate the
parameter uncertainty to the return level. This is known as the delta method.

The Profile Likelihood provides an alternative, likelihood-based approach to inference. It
allows inference on individual parameters or functions of parameters while accounting for un-
certainty in the other parameters. The profile likelihood is obtained by fixing the parameter of
interest at a given value and maximizing the likelihood with respect to all remaining param-
eters. Repeating this procedure over a range of values for the parameter of interest produces
the profile log-likelihood, which can then be used to construct approximate confidence inter-
vals. For example, to obtain the profile likelihood for the shape parameter ξ , one fixes ξ = ξ0
and maximizes the log-likelihood with respect to the remaining parameters µ and σ . Perform-
ing this step over a range of values of ξ0 yields the profile log-likelihood for ξ , from which
approximate confidence intervals can be derived [16].

This methodology can also be applied to inference on return levels. To obtain confidence
intervals for a specified return level zp, the GEV model is reparameterized so that zp becomes
one of the model parameters. Specifically, for ξ ̸= 0,

µ = zp −
σ

ξ

[
{− log(1− p)}−ξ −1

]
,

and for ξ = 0,
µ = zp +σ log{− log(1− p)},

so that the model is expressed in terms of the parameter vector (zp,σ ,ξ )⊤. The profile log-
likelihood for zp is then obtained by maximizing the likelihood with respect to σ and ξ , and
confidence intervals follow from the resulting likelihood function.

It is important to note that all uncertainty estimates depend on the assumed model, and
extrapolation to long return periods relies on assumptions that cannot be verified from the data
alone. Therefore, return level estimates and their confidence intervals should be interpreted
with caution, particularly for large return periods.

Expected Shortfall

To provide a complete overview of the risk measures that can be computed in EVT applica-
tions to financial analysis, we introduce the concept of Expected Shortfall (ES), also known
as Conditional Value-at-Risk [60]. While Value-at-Risk identifies the threshold for rare losses,
ES (CVaR) captures their severity, the magnitude, conditional on exceedance, offering a more
informative picture of tail risk [1, 70]. Formally, for a given exceedance probability p, the
Expected Shortfall is defined as

ESp = E[X | X > zp],

that is, the expected loss given that the loss exceeds the return level zp [70], which in a financial
context corresponds to the Value-at-Risk at confidence level α .
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It is worth noting that in the financial risk literature, EVT and ES computation is almost
exclusively developed within the Peaks Over Threshold framework, where the GPD provides
closed-form expressions and a natural setting for tail exceedance modeling. The concept is
nonetheless introduced here to maintain symmetry with the theoretical framework presented
further on in the Threshold Models Section. For this reason the empirical and practical compu-
tation of ES in this thesis is carried out solely within the POT framework [56].

The r Largest Order Statistics Approach

A natural extension of the Block Maxima method is the r largest order statistics approach. This
tries to overcome one of the biggest limitations linked to the Block Maxima framework, re-
taining the r largest observations within each block rather than only the maximum, in order to
improve statistical efficiency [16]. While this generalization offers more precise parameter es-
timates, its advantages are largely displaced by the Peaks Over Threshold approach, which uses
extreme data even more efficiently by considering all exceedances above a set threshold [52].
For this reason, the r largest order statistics approach is acknowledged here for completeness,
but the empirical analysis in this thesis proceeds directly with the POT method.

2.3 Threshold Models
Having outlined the Block Maxima framework and its extensions, we now turn to the Peaks
Over Threshold method, which forms the basis of the empirical analysis in this thesis. Rather
than partitioning the data into blocks, this approach models all observations exceeding a suf-
ficiently high threshold u, as introduced in the following. Let X1,X2, . . . be a sequence of
independent and identically distributed random variables with marginal distribution function
F . It is natural to regard as extreme events those Xi that exceed a high threshold u.

We are interested in modeling the behavior of the exceedances, defined as y−u.
The conditional probability that X exceeds u+ y given that it exceeds the threshold u is

Pr(X > u+ y | X > u) =
1−F(u+ y)

1−F(u)
, y > 0.

Since the parent distribution F is unknown in practice, a tractable approximation for the ex-
cess distribution is needed. This parallels the role of the GEV in the Block Maxima framework,
where the parent distribution is equally unknown.

Theorem 2. Pickands–Balkema–De Haan [6, 58] Let X1,X2, . . . be a sequence of indepen-
dent random variables with common distribution function F , and suppose that F satisfies the
conditions of the Extremal Types Theorem, so that for large n,

Pr{Mn ≤ z} ≈ G(z),

where G is a GEV distribution with parameters µ , σ > 0, and ξ . Then, for a sufficiently high
threshold u, the conditional distribution of exceedances y = X − u, given X > u, is approxi-
mately

Fu(y)≈ Hξ ,σ̃ (y), u → ∞,

where Hξ ,σ̃ denotes the Generalized Pareto Distribution (GPD), defined as

Hξ ,σ̃ (y) =

1−
(

1+
ξ y
σ̃

)−1/ξ

, ξ ̸= 0,

1− exp
(
− y

σ̃

)
, ξ = 0,
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on {y : y > 0 and (1+ξ y/σ̃)> 0}, and where

σ̃ = σ +ξ (u−µ).

Where ξ is the shape parameter, which, as for the GEV case, determines the tail behavior of
the distribution. The duality between the Generalized Extreme Value and Generalized Pareto
families means that the shape parameter is dominant in determining the qualitative behavior
of the Generalized Pareto Distribution, just as it is for the GEV distribution. When ξ > 0, the
GPD has a heavy tail; when ξ = 0, it reduces to the exponential distribution with mean σ ; and
when ξ < 0, the distribution has a finite upper bound at u− σ̃/ξ . σ̃ > 0 is the scale parameter,
which controls the spread of the exceedances above the threshold u.

As the Extremal Types Theorem indicates, for a large block size n, the distribution of Block
Maxima can be approximated by the Generalized Extreme Value distribution. Similarly, the
Pickands-Balkema-De Haan theorem shows that for a sufficiently high threshold u, the dis-
tribution of exceedances in the Peaks Over Threshold method can be approximated by the
Generalized Pareto Distribution.

Threshold selection and Parameter Estimation

Choosing an appropriate threshold is a crucial step in the Peaks Over Threshold approach. If
the threshold is set too low, an excessive number of observations are classified as exceedances,
increasing the variability of the parameter estimates. At high thresholds, however, the scarcity
of exceedances weakens statistical reliability and may violate the asymptotic assumptions un-
derlying the model, thereby introducing bias.

In this thesis, the threshold is selected using a combination of two complementary tech-
niques [16].

1. The first method is based on the Mean Residual Life plot, which displays the average
exceedances above a range of threshold levels u. When the Generalized Pareto Distribu-
tion provides an adequate approximation for exceedances above a threshold u0, the mean
residual life plot is expected to exhibit an approximately linear pattern in u. Confidence
intervals can be added to account for sampling variability. However, in practice, mean
residual life plots are often difficult to interpret and may not provide a clear indication
of the optimal threshold. For this reason, in this thesis the mean residual life approach is
complemented by an additional method for threshold selection.

2. The second method relies on the stability of parameter estimates across different thresh-
old levels. The scale parameter of the GPD, σ̃u = σ̃u0 +ξ (u−u0), depends on the thresh-
old and therefore cannot be directly used to assess parameter stability. To address this
issue, a transformed scale parameter is considered, defined as σ∗ = σ̃u − ξ u, which is
theoretically constant when the GPD model is valid.

The Generalized Pareto Distribution is fitted to exceedances over a range of candidate
thresholds, and estimates of both the shape parameter and the transformed scale param-
eter are obtained for each threshold. These estimates are then examined as functions of
the threshold level.

The selected threshold corresponds to the lowest value of u for which the parameter
estimates remain approximately stable, allowing for sampling variability. This criterion
provides a complementary and more robust basis for threshold selection.
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Once a threshold u has been selected, the parameters of the Generalized Pareto Distribution
can be estimated using the maximum likelihood method. Let Y1, . . . ,Yk denote the exceedances
over the threshold, where Yi = Xi −u and k is the number of exceedances.

For ξ ̸= 0, the log-likelihood function of the GPD is given by

ℓ(σ̃ ,ξ ) =−k log σ̃ −
(

1+
1
ξ

) k

∑
i=1

log
(

1+
ξ yi

σ̃

)
,

defined for parameter values such that (1+ σ̃−1ξ yi)> 0 for all i. When ξ = 0, the GPD reduces
to the exponential distribution and the corresponding log-likelihood has a simpler form.

Closed-form solutions for the maximum likelihood estimates are not available, so numerical
optimization techniques are required. As in the GEV case, particular care must be taken when
the shape parameter is close to zero and when ensuring that the estimates remain within the
admissible parameter space.

As in the GEV case, standard errors and confidence intervals for the GPD parameters are
obtained from standard likelihood theory, using the approximate normality of the maximum
likelihood estimators. This allows the uncertainty associated with the estimated scale and shape
parameters to be quantified.

2.3.1 Return Levels and Financial Risk Metrics
As in the GEV framework, extreme behavior is often interpreted in terms of return levels rather
than individual parameter values. In the threshold approach, the m-observation return level xm
is defined as the level exceeded on average once every m observations.

If exceedances over the threshold u follow a GPD with parameters σ̃ and ξ , the return level
is given by

xm = u+
σ̃

ξ

[
(mζu)

ξ −1
]
, ξ ̸= 0,

where ζu = Pr{X > u}. In the special case ξ = 0, the expression simplifies to

xm = u+ σ̃ log(mζu).

In financial applications, as in the GEV case, when associated with extreme losses xm can
be interpreted as the Value-at-Risk, defined as the maximum expected loss over m observations
at confidence level

α = 1− 1
m
,

so that a larger return period m corresponds to a higher VaR confidence level. Return levels
provide a direct and statistically grounded estimate of VaR for extreme losses, while the return
level plot serves as a visual representation of risk across different probabilities or return periods.

Annualizing the return levels is straightforward: if ny denotes the number of observations
per year, the N-year return level corresponds to m = Nny. Uncertainty in GPD parameter esti-
mates and return levels can be quantified using the delta method [65], exploiting the asymptotic
normality of the maximum likelihood estimators, or the profile likelihood [57], as in the Block
Maxima framework.

Thus, the POT framework offers a flexible method for estimating return levels for extreme
events, complementing the BMM approach and allowing inference for return levels beyond the
observed data.
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Expected Shortfall

In the Peaks Over Threshold framework, the Expected Shortfall provides a natural complement
to the return level and offers a more informative measure of tail risk. For a given return level
xm, interpreted as the Value-at-Risk at confidence level α = 1− 1

m , the Expected Shortfall is
defined as the expected loss conditional on exceeding this level.

If exceedances over the threshold u follow a Generalized Pareto Distribution with param-
eters σ̃ and ξ , the Expected Shortfall for a high quantile q (or equivalently for a large return
period) is given by

ESα =
1

1−α

∫ 1

α

qx(F)dx =
VaRα

1−ξ
+

β −ξ u
1−ξ

, ξ < 1.

where β = σ̃ +ξ (u−u0) denotes the scale parameter of the GPD re-evaluated at the threshold
u, and ξ < 1 ensures the existence of the first moment of the tail distribution. This result holds
provided that ξ < 1, ensuring the existence of the first moment of the tail distribution [52].

The Expected Shortfall increases more rapidly than the corresponding Value-at-Risk as the
shape parameter becomes larger, reflecting the increasing thickness of the tail. In the case of
heavy-tailed cryptocurrency returns, this implies that extreme losses, when they occur, are on
average substantially larger than the VaR level.

Consequently, while the Value-at-Risk identifies the threshold for rare losses, the Expected
Shortfall measures their expected severity, making it a more coherent and informative risk
measure for Extreme Value analysis [1].
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Chapter 3

Bivariate Extreme Value Theory

In the previous chapter, the univariate model was introduced to estimate the tail behavior of
the four cryptocurrencies individually. In financial contexts, however, it is also of interest to
analyze whether these assets are somehow related: whether a crash in one coincides with a
crash in another, or whether an unexpected growth in one drives growth in the others as well
[48, 28]. For this reason, the analysis is extended to multivariate Extreme Value Theory, in
order to capture potential dependencies between the assets.

Following [16], the theoretical framework is developed and applied in the bivariate case.
This choice is motivated by two reasons. First, the bivariate setting keeps the mathematics
tractable and the models interpretable [18]. Second, parameter estimates are more reliable when
the model is kept as parsimonious as possible, which is particularly important given the limited
number of Block Maxima available in practice [16]. A fully parametric four-dimensional model
would require significantly more parameters and stronger assumptions, moving beyond the
scope of this thesis.

In practice, the bivariate framework is applied pairwise to all possible pairs of assets.
With four cryptocurrencies, Bitcoin (BTC), Ethereum (ETH), Tether (USDT) and USD Coin
(USDC), this yields six pairs, each analyzed independently. This pairwise approach is standard
in the applied Extreme Value literature and allows the dependence structure between each pair
of assets to be estimated and interpreted separately. In particular, it allows us to study how
the two more volatile cryptocurrencies behave together, how the two stablecoins behave to-
gether, and whether the expected inverse relationship between stablecoins and the riskier assets
is visible in the data.

The multivariate estimation procedure can follow two strategies. The first, Two-Stage Esti-
mation, proceeds as follows:

1. Fit an appropriate univariate model (GEV via Block Maxima or GPD via Peaks-Over-
Threshold) to each asset individually to characterize the marginal tail behavior.

2. Transform the original data into standard, common margins using the estimated marginal
cumulative distribution functions (CDFs) to isolate and analyze the pure joint dependence
structure.

The first step corresponds precisely to the univariate methodologies introduced in Chapter 2
and empirically applied in Chapter 5. The second step, which isolates the copula and the
joint tail dynamics, is theoretically developed in the remainder of this chapter and applied to
the data in Chapter 6. The second strategy, Full Likelihood Estimation, instead estimates all
marginal and dependence parameters jointly in a single step, and is described in detail later
in this chapter. Throughout the theoretical derivations, the framework is presented in terms
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of Maxima, extreme gains, but, by symmetry, all results apply equally to extreme losses via a
standard negative sign transformation of the return series.

3.1 Copulas and Bivariate Dependence
Before introducing the formal Extreme Value framework, it is useful to connect bivariate Ex-
treme Value Theory with Copula theory. A copula is a joint distribution function with standard
uniform margins. Its primary purpose is to link individual univariate distributions into a valid
joint distribution, effectively separating the pure dependence structure from the marginal be-
haviors [54].

To understand this mechanism, let X and Y be continuous random variables representing
the daily returns of two cryptocurrencies. These assets are individually characterized by their
cumulative distribution functions (CDFs), denoted as FX(x) = Pr{X ≤ x} and FY (y) = Pr{Y ≤
y}. Because each asset operates on its own scale and displays different levels of volatility,
analyzing their raw returns directly would distort our understanding of their joint behavior.

To isolate how the two assets move together, we must remove these marginal differences
by standardizing the data. This standardization is achieved through the Probability Integral
Transform (PIT). The PIT states that if we evaluate any continuous random variable through its
own CDF, the resulting values are mapped onto a continuous uniform scale between 0 and 1.
Mathematically, this transformation is expressed as

U = FX(X)∼ Uniform(0,1) and V = FY (Y )∼ Uniform(0,1).

As a result of this transform, the new variables U and V lose their original financial units and
vary continuously within the interval [0,1]. The paired random vector (U,V ) now operates
entirely within the unit square [0,1]2, where each component is marginally uniform. The joint
distribution of this standardized uniform pair is precisely a copula. The foundational rule gov-
erning this framework is Sklar’s Theorem [62].

Theorem 3. Sklar’s Theorem. Let F(x,y) be a joint Cumulative Distribution Function (CDF)
with continuous marginal CDFs FX and FY . Then there exists a unique copula C : [0,1]2 → [0,1]
such that

F(x,y) =C(FX(x), FY (y)), for all x,y ∈ R.

Conversely, if C is a copula and FX ,FY are univariate distribution functions, then F(x,y) is a
valid joint distribution function with marginals FX and FY .

Sklar’s theorem implies that any bivariate distribution can be uniquely decomposed into its
individual marginal behaviors and a unique copula C, which summarizes the asset interaction.
Within this domain, the parametric framework of the classical bivariate Extreme Value Logistic
model corresponds to the family of Gumbel copulas [32], defined as

C(u,v) = exp
{
−
[
(− logu)1/α +(− logv)1/α

]α}
, α ∈ (0,1], (3.1)

where u = FX(x) and v = FY (y). The parameter α explicitly modulates the degree of associa-
tion: as α → 1, the structure simplifies to the product copula C(u,v) = uv, representing com-
plete independence; on the contrary, as α → 0, it approaches perfect asymptotic dependence.
The Gumbel copula is a member of the restricted class of Extreme Value Copulas, which are
the only copula families preserved under componentwise maximization.
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Specifically, we focus on the Gumbel copula, which belongs to the class of max-stable
copulas. Max-stability means that if we take the maximums of our data over a certain period,
the mathematical formula of their connection (the copula) stays exactly the same. This property
is fundamental for multivariate Extreme Value Theory. Without max-stability, we would not
have a solid mathematical foundation to predict or extrapolate the probability of extreme joint
events that have never been observed in historical data.

3.2 Componentwise Maxima
Let (X1,Y1),(X2,Y2), . . . ,(Xn,Yn) be a sequence of independent and identically distributed (i.i.d.)
random vectors with a joint distribution function F(x,y). In our empirical setup, these vectors
denote the daily returns of asset pairs, such as Bitcoin and Ethereum. Following the Block
Maxima paradigm, we define the vector of Componentwise Maxima Mn = (Mx,n,My,n) where

Mx,n = max
i=1,...,n

{Xi}, My,n = max
i=1,...,n

{Yi}.

Crucially, because the maximum for each asset can occur on different days within the block,
Mn represents a synthetic vector that does not necessarily coincide with any single historical
observation.

Furthermore, because X and Y have different marginal distributions, modeling their raw re-
turns together would mix up individual asset traits with their actual joint behavior. As discussed
by Coles [16], standard univariate Extreme Value results apply to both components separately.
Therefore, to simplify the presentation and isolate the pure dependence structure, we can trans-
form the marginal distributions into a standard form. Following Coles [16], representations are
especially simple if we assume that both variables have the standard Fréchet distribution, with
the cumulative distribution function

F(z) = exp(−1/z), z > 0. (3.2)

This is a special case of the GEV distribution where the parameters are fixed at µ = 1, σ = 1,
and ξ = 1. Once the margins are mapped into this common standard form, any remaining joint
behavior reflects the pure, isolated structure of their tail dependence.

The limiting behavior of these standardized Componentwise Maxima is formalized by the
following theorem [16].

Theorem 4. Let M∗
n = (M∗

x,n,M
∗
y,n) be the rescaled vector of Componentwise Maxima, where

the underlying vectors have standard unit Fréchet marginal distributions. If

Pr{M∗
x,n ≤ x, M∗

y,n ≤ y} d−→ G(x,y)

as n → ∞, where G is a non-degenerate distribution function, then G takes the form:

G(x,y) = exp{−V (x,y)}, x > 0, y > 0,

where the exponent measure V (x,y) is defined as:

V (x,y) = 2
∫ 1

0
max

(
w
x
,

1−w
y

)
dH(w),

and H is a valid distribution function on the simplex [0,1] satisfying the mean marginal con-
straint: ∫ 1

0
wdH(w) =

1
2
. (3.3)
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The function V (x,y), known as the Exponent Measure, fully determines the joint tail be-
havior. The spectral measure H(w) governs how extreme mass is distributed between the two
components. The constraint in equation (3.3) ensures that the marginal distributions of G(x,y)
remain structurally consistent with the standard unit Fréchet assumption.

Although Theorem 4 provides a complete representation of bivariate Extreme Value bound-
aries, the non-parametric nature of H implies that the family of valid limit distributions is
infinite-dimensional, making direct empirical estimation unfeasible without further structure.
To operationalize the theorem, we must adopt parametric sub-families for V (x,y).

The most prominent framework is the symmetric Logistic model proposed by [32]

G(x,y) = exp
{
−
(

x−1/α + y−1/α

)α}
, x > 0, y > 0, (3.4)

where α ∈ (0,1] represents the dependence parameter.
Substituting the standard Fréchet cumulative distribution functions u = exp(−1/x) and

v = exp(−1/y) into the standard Gumbel copula (Equation 3.1)we are able to obtain the bivari-
ate logistic Extreme Value distribution [31], reinforcing the structural unity between Gumbel
copula and Logistic model.

While the logistic model is robust its main limitation, is that it is symmetric: it treats both
components identically and cannot capture asymmetric dependence structures. Two asymmet-
ric extensions address this limitation. The Bilogistic model [41] introduces two parameters α

and β , where the difference α − β controls the degree of asymmetry. The Dirichlet (Coles–
Tawn) model [17] offers an alternative asymmetric parameterization, also governed by two
parameters α and β . In both cases, symmetry is recovered when α = β .

Two-Stage Estimation

Following the two-stage estimation, let z1,1, . . . ,z1,m1 and z2,1, . . . ,z2,m2 , denote the series of
Block Maxima extracted from each respective asset using a monthly block size, as adopted in
this analysis. By independently fitting univariate GEV distributions to these series, we obtain:

Zi ∼ GEV(µi,σi,ξi), i = 1,2,

where maximum likelihood estimation yields parameter estimates (µ̂i, σ̂i, ξ̂i) for each asset
independently. Each marginal series is then transformed to the standard Fréchet scale via:

Z̃i =

[
1+ ξ̂i

(
Zi − µ̂i

σ̂i

)]1/ξ̂i

, i = 1,2. (3.5)

The transformed pairs (z̃1, j, z̃2, j) for j ∈ I1,2 are then treated as independent realizations from a
bivariate Extreme Value distribution with joint density:

g(x,y) =
{

Vx(x,y)Vy(x,y)−Vxy(x,y)
}

exp{−V (x,y)}, x > 0, y > 0, (3.6)

where Vx, Vy, and Vxy denote the first-order partial and mixed second-order derivatives of V
respectively. Given a parametric model for V with parameter vector θ (where θ = α for the
symmetric Logistic model), the profile log-likelihood is constructed as

ℓ(θ) = ∑
j∈I1,2

logg
(
z̃1, j, z̃2, j; θ

)
. (3.7)

Maximizing ℓ(θ) yields the dependence parameter estimates along with their standard errors.
A limitation of this approach is that the uncertainty in the first-stage marginal estimates is
propagated into the second stage.
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Full Likelihood Estimation

An alternative is to treat the marginal transformation not as a preliminary step but as part of a
single joint model. Taking g to be the density of the full bivariate GEV family with arbitrary
GEV margins (µi,σi,ξi) for i = 1,2, and denoting by g1 and g2 the corresponding marginal
densities, the log-likelihood is [16]:

ℓ(θ ,φ) = ∑
j∈I1,2

logg
(
z1, j, z2, j

)
+ ∑

j∈I1

logg1
(
z1, j
)
+ ∑

j∈I2

logg2
(
z2, j
)
, (3.8)

where φ = (µi,σi,ξi) for i = 1,2, and I1,2 denotes the index set of blocks in which both
series have data, I1 the blocks available only for the first series, and I2 the blocks available
only for the second. All marginal and dependence parameters are estimated simultaneously in
a single optimization. As noted by [16], maximizing (3.8) corresponds to an analysis in which
all available information is utilized and the potential for sharing information across variables is
fully exploited. The price for this gain in statistical efficiency is an increase in computational
cost.

Both strategies are applied and compared in Chapter 6. The two-stage approach preserves
direct comparability with the univariate GEV results of Chapter 5, while the full likelihood
approach provides more efficient joint estimates by exploiting the dependence structure across
variables. Both are applied uniformly across all six asset pairs (both for losses and gains).

3.3 Bivariate Threshold Excess Model
As in the univariate case, the Block Maxima approach discards a large portion of the available
data by retaining only the per-block maximum of each series. A more data-efficient alterna-
tive is to model all observations exceeding a prescribed threshold, adapting the Peaks Over
Threshold framework of Section 2.2 to the bivariate setting. Recall from that section that, for a
sufficiently high threshold u, the tail of an arbitrary distribution function F is approximated by
the Generalized Pareto Distribution (Theorem 2). The bivariate counterpart seeks to approxi-
mate the joint distribution F(x,y) on the region x > ux, y > uy, for suitably chosen thresholds
ux and uy.

Let (X1,Y1), . . . ,(Xn,Yn) be independent realizations of a random vector (X ,Y ) with joint
distribution function F , representing concurrent daily returns of two cryptocurrencies, such as
USDT and USDC. Applying the marginal transformations

X̃ =−

(
log

{
1−ζx

[
1+

ξx(X −ux)

σ̃x

]−1/ξx
})−1

(3.9)

Ỹ =−

(
log

{
1−ζy

[
1+

ξy(Y −uy)

σ̃y

]−1/ξy
})−1

(3.10)

yields a transformed pair (X̃ ,Ỹ ) whose marginals are approximately standard Fréchet for X > ux
and Y > uy.

Once both marginal series have been transformed to the standard Fréchet scale via (3.9)–
(3.10), the pair (X̃ ,Ỹ ) satisfies the conditions of Theorem 4. That theorem establishes that any
non-degenerate limit distribution of rescaled Componentwise Maxima with standard Fréchet
margins must take the form

G(x,y) = exp{−V (x,y)},
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where the exponent measure V is determined by a spectral measure H on [0,1] satisfying the
mean constraint ∫ 1

0
wdH(w) = 1

2 .

As a consequence, the same structure applies not only to Block Maxima but also locally above
the thresholds ux and uy: for x > ux and y > uy, the joint tail of (X̃ ,Ỹ ) is approximated by

F(x,y)≈ G(x,y) = exp{−V (x̃, ỹ)}, x > ux, y > uy. (3.11)

The conditions of Theorem 4, in particular the form of V and the mean constraint on H, there-
fore remain in force here. The Logistic model [32] is adopted for the same reasons as in
Section 3.1: it provides a parametric family for H that satisfies the mean constraint automat-
ically, is tractable in closed form, and is flexible enough to cover all dependence levels from
independence (α → 1) to perfect dependence (α → 0). As before, the main limitation of this
model is its symmetry. Accordingly, the Bilogistic model [41] and the Dirichlet model [17]
are also fitted, with the best-fitting specification selected via the Akaike Information Criterion
(AIC) [3, 43].

A key complication of the bivariate threshold approach is that an observed pair (xi,yi) may
exceed the threshold in only one of its components, as illustrated in Figure 3.1. For instance,
USDC may exceed a given threshold while USDT does not. To handle this, the observation
space is partitioned into four regions:

R0,0 = (−∞,ux)× (−∞,uy),

R1,0 = [ux,∞)× (−∞,uy),

R0,1 = (−∞,ux)× [uy,∞),

R1,1 = [ux,∞)× [uy,∞).

For observations in R1,1, both components exceed their respective thresholds and the bivariate
tail model (3.11) applies directly. For observations in the remaining regions, the likelihood
contribution must be censored, retaining only the information available from the component
or components that exceed the threshold. For a point (x,y) ∈ R1,0, for instance, only the x-
component carries information about the joint tail, so the likelihood contribution is

Pr{X = x,Y ≤ uy}=
∂F
∂x

∣∣∣∣
(x,uy)

.

In general, the full likelihood takes the form

L(θ ; (x1,y1), . . . ,(xn,yn)) =
n

∏
i=1

ψ(θ ; (xi,yi)), (3.12)

where θ collects the parameters of the model and the contribution ψ is determined by the region
in which (xi,yi) falls:

ψ(θ ;(x,y)) =



∂ 2F
∂x∂y

∣∣∣∣
(x,y)

if (x,y) ∈ R1,1,

∂F
∂x

∣∣∣∣
(x,uy)

if (x,y) ∈ R1,0,

∂F
∂y

∣∣∣∣
(ux,y)

if (x,y) ∈ R0,1,

F(ux,uy) if (x,y) ∈ R0,0.
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Figure 3.1: Partition of the bivariate observation space into four regions defined by the thresholds uX (vertical
dashed line) and uY (horizontal dashed line).

Maximizing the log-likelihood ℓ(θ) = logL(θ) yields parameter estimates and associated stan-
dard errors in the usual way.

To implement this framework, as in the Componentwise Maxima approach, two distinct
estimation strategies are deployed and compared. In the two-stage approach, the marginal pa-
rameters (σ̃x,ξx) and (σ̃y,ξy) are first estimated separately by fitting the univariate GPD to
the exceedances Y x

i = Xi − ux and Y y
i = Yi − uy respectively. The probability integral transfor-

mations (3.9)–(3.10) are then applied to map the data onto a standard Fréchet scale, and the
censored likelihood (3.12) is subsequently maximized as a function of the dependence param-
eters alone (θ = α).

On the other hand, the full likelihood approach is fitted directly onto the original, untrans-
formed data. In this case, the full parameter vector θ = (σ̃x,ξx, σ̃y,ξy,α) is optimized in a
single step, maximizing Equation (3.12) to estimate both the marginal GPD scaling and the
asymptotic dependence structure simultaneously. This framework prevents the propagation of
first-stage estimation errors and provides unified standard errors for the entire bivariated sys-
tem.

3.3.1 Measures of Asymptotic Dependence: χ and χ̄

To visually and non-parametrically assess the tail dependence structure alongside parametric
fitting, the empirical profiles of χ and χ̄ can be analyzed. While this technique is generally not
recommended for the Block Maxima Method due to the limited number of extreme observa-
tions and consequently high sampling variance, it becomes effective and data-efficient within a
threshold framework [16].

Both measures are defined on the uniform scale, obtained by transforming the marginals
X and Y through their probability integral transforms FX(X) and FY (Y ), so that u → 1 cor-
responds to moving toward the joint upper tail. This framework allows for the evaluation of
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the asymptotic persistence of dependence as events become increasingly extreme within the
bounded domain u ∈ [0,1]. The first measure, χ , is defined as

χ = lim
u→1

P{FX(X)> u, FY (Y )> u}

for 0 < u < 1

χ(u) = 2− logP{FX(X)< u, FY (Y )< u}
logu

(3.13)

and so
χ = lim

u→1
χ(u).

Intuitively, χ(u) is the conditional probability that one variable exceeds a high quantile u
given that the other variable also exceeds it, and χ is the limiting value of this conditional prob-
ability as the threshold is pushed to the extreme. The coefficient is bounded, 0 ≤ χ ≤ 1: a value
of χ = 0 indicates asymptotic independence, while χ > 0 indicates asymptotic dependence,
with values closer to 1 denoting a stronger tendency for extreme events to occur simultane-
ously in both variables.

The limitation of χ is that, whenever the variables are asymptotically independent, it col-
lapses to zero regardless of how strong the sub-asymptotic association actually is, and it carries
no information on the rate at which the dependence vanishes as u → 1 [16]. To adress this, for
0 < u < 1, χ̄(u) can be defined as

χ̄(u) =
2logP{FX(X)> u}

logP(FX(X)> u, FY (Y )> u)
−1. (3.14)

and so
χ̄ = lim

u→1
χ̄(u).

In the regime of asymptotic dependence, χ summarizes the strength of the association.
However, if the variables are asymptotically independent, χ drops to zero and fails to provide
further information. In this scenario, χ̄ becomes the appropriate measure: it quantifies the
residual dependence within the asymptotic independence regime by evaluating how fast the
joint probability of extreme events vanishes compared to individual probabilities. The coeffi-
cient is bounded by −1 ≤ χ̄ ≤ 1, where χ̄ > 0 implies a positive residual association before the
limit is reached, and χ̄ = 0 signifies exact independence.

There is a direct mathematical duality between these non-parametric measures and the para-
metric specifications outlined in Section 3.3. Specifically, for the standard symmetric Logis-
tic model, the tail dependence coefficient χ is explicitly tied to the dependence parameter α

through the relation:
χ = 2−V (1,1) = 2−2α . (3.15)

By virtue of (3.15), the maximum likelihood estimate of χ can be obtained directly by substi-
tuting the maximum likelihood estimate of α (α̂) into the equation1.

1In the empirical analysis, this measure is computed automatically within the fbvpot fitting in R, where the
output labeled "dependence" provides the sample estimate of χ to corroborate the parametric findings.
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3.4 The Safe Haven Hypothesis: Asymmetric Tail Analysis
One of the central questions in the empirical analysis of this thesis is the existence of a flight to
safety mechanism [66] within digital asset markets. Stablecoins, by their structural design,
were created with the explicit purpose of offering a stable asset within the cryptocurrency
market that could function as a safe investment [2]. By contrast, traditional crypto-assets such
as Bitcoin and Ethereum are characterized by high-risk, high-reward dynamics [11].

This specific analysis aims to test the safe haven hypothesis [8]: namely, whether sharp
declines in BTC or ETH are accompanied by significant increases in their stablecoin counter-
parts, USDC or USDT. In other words, the objective is to understand whether, under conditions
of heightened uncertainty and market stress, investors reallocate capital away from high-risk
cryptocurrencies and toward stable assets.

To empirically test this dynamic, the analysis exploits the duality between maxima and
minima already introduced in the univariate analysis (Section 2.2) [16, 51], whereby the minima
of a series correspond to the maxima of the sign-reversed series:

min(R) = max(−R)

where R represents a generic financial return. Consequently, the joint behavior of four asym-
metric pairs is examined, each potentially capturing evidence of this flight to safety mechanism
by pairing the losses of both BTC and ETH with the gains of USDC and USDT, respectively.

Since the objective is to capture the dependence between large losses in speculative assets
(Rcrypto) and the contemporaneous gains in stablecoins (Rstable), a preliminary transformation is
applied to align both events onto the same positive right tail:

• Speculative asset (Y ): Yt =−Rcrypto,t (sign reversal so that losses are analyzed as positive
maxima or tail excesses).

• Safe-haven asset (X): Xt = Rstable,t (gains already lie naturally on the right tail).

Having defined this asymmetric sampling scheme, the subsequent modeling of the asymp-
totic dependence structure, together with simultaneous estimation, follows exactly the same
theoretical framework described for the symmetric cases in the preceding Sections 3.3 and 3.2.

Since the full likelihood estimation approach provides a more statistically robust framework
by preventing the propagation of estimation errors from the univariate marginal fits into the
dependence parameters [16], the safe haven hypothesis will be tested exclusively through this
estimation method.

This asymmetric methodological setup allows for isolating and testing the presence of de-
pendence or independence in the tails. In the Block Maxima approach, it verifies whether
historical maxima of losses in speculative assets tend to co-occur with historical maxima of
gains in stablecoins within the same temporal horizons. Symmetrically, within the bivariate
threshold excess model, it evaluates the joint probability of exceeding critical thresholds ux
and uy, allowing for the comprehensive analysis of the joint tail behavior under the exact same
conditional framework.
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Chapter 4

Data and Preliminary Analysis

4.1 Data Description
This section describes the datasets used in the empirical analysis. For the scope of the analysis
four OHLC (Open, High, Low, Close) cryptocurrencies time series were collected: Bitcoin
(BTC), Ethereum (ETH), Tether (USDT) and USD Coin (USDC), with all prices expressed in
U.S. dollars (USD). For this study, only daily closing prices are used. Figure 4.1 displays the
evolution of these series.

All datasets were downloaded in CSV format from publicly available sources, Bitcoin data
were collected from Investing.com1, starting from the earliest available records [27]. Ethereum,
Tether, and USD Coin data were downloaded from CoinMarketCap.com2.

Bitcoin (BTC)

Bitcoin [53] is the main asset in this analysis. The dataset includes daily OHLC prices, from
20 July 2010 to 18 January 2026, covering the entire history of the market, from its early
low-liquidity stage to its current global adoption.

Because Bitcoin has the largest market capitalization and serves as the primary gateway to
the crypto ecosystem, it is used as the benchmark for measuring volatility and shock transmis-
sion [44].

Ethereum (ETH)

Ethereum [14] is included as the second major cryptoasset in the analysis, using daily data from
7 August 2015 to 18 January 2026. While Bitcoin is mainly held as a store of value, Ethereum
functions both as a cryptocurrency and as a payment token within its own network, thereby
reflecting broader market activity [15]. For the purposes of this thesis, however, Ethereum is
considered solely in its role as a cryptocurrency. Including Ethereum enables us to capture
wider crypto-market dynamics beyond Bitcoin, allowing us to distinguish Bitcoin-specific be-
havior from market-wide movements.

1https://www.investing.com/
2https://coinmarketcap.com/
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(a) Bitcoin (BTC) (b) Ethereum (ETH)

(c) Tether (USDT) (d) USD Coin (USDC)

Figure 4.1: Daily closing prices of the four cryptocurrency datasets used in the analysis. All series are shown over
the period January 2016 – January 2026 to facilitate visual comparison across assets.

Stablecoins: USDT and USDC

To compare volatile assets with low-volatility instruments, two stablecoins are included:

• Tether (USDT): 2 November 2016 – 18 January 2026

• USD Coin (USDC): 8 October 2018 – 18 January 2026

Stablecoins, like the name suggests, are designed to maintain a price close to 1 USD, com-
monly referred to as the peg [30, 40], which leads to time series that tend to fluctuate within a
narrow band around this value. The peg is supported by three main mechanisms:

• Convertibility: coins can be created or redeemed at a fixed price of approximately 1 USD;

• Reserves: issuers hold assets intended to support the fixed redemption value;

• Arbitrage: traders exploit small deviations from 1 USD, rapidly pushing the market price
back toward the peg.

Data of both stablecoins are collected from the early stages of their respective cryptocurrencies.
As visible in Figure 4.2, the behavior of stablecoins in their initial period is far from stable. In
the first years after launch, market mechanisms made it difficult for the peg mechanism to
function properly and the trust necessary to anchor the price to the reference value had yet to
consolidate. For USDT we observe the largest upward deviation at approximately +0.3 above
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(a) Tether (USDT) (b) USD Coin (USDC)

Figure 4.2: Daily closing prices of the two stablecoins, truncated to the 2016–2020 period to highlight their early-
stage instability before converging toward a more stable peg.

the target value of 1 USD. For USDC, deviations are also measured relative to the 1:1 peg
with the US dollar, but remain considerably smaller, with a maximum positive deviation of
approximately +0.035 and a maximum negative deviation of approximately −0.03.

After these early-stage fluctuations, stablecoin prices exhibit very limited variability, with
only some significant movements from the peg. This is the feature that is most relevant to
this thesis, and the reason behind wanting to add stablecoins to the analysis. Stablecoins often
attract demand during periods of high crypto-market volatility [7, 50]. When uncertainty rises
in the market, investors move capital from volatile assets, like Bitcoin and Ethereum, into
stablecoins, which act as a low-volatility liquidity option within the crypto ecosystem. We
already referred to this mechanism as the flight to safety mechanism [66] or the safe haven
hypothesis [8].

4.2 Distributional Properties
For the purposes of this analysis, daily closing prices are transformed into daily log returns
[64], defined as

rt = ln
(

Pt

Pt−1

)
(4.1)

where Pt denotes the closing price at day t (Figure 4.3). This transformation is standard
in financial time series analysis as it ensures approximate stationarity and yields a scale-free
measure of price changes comparable across assets. All subsequent analysis are conducted on
the log return series.

When computing the log returns, a problem came up with USDT. In its early stages, from
the end of 2016 to approximately March 2017, the stablecoin’s price was fixed at 1 and did
not change (visible at the beginning of the left panel of Figure 4.2). Computing log returns
as in Formula 4.1 therefore yields all zeros over this period, since ln(Pt/Pt−1) = ln(1) = 0
whenever consecutive prices are identical. Given that the preparatory analysis performed in the
following paragraphs to ensure that returns are i.i.d. can be distorted by a long sequence of
zeros clustered at the beginning of the series, these observations are dropped, and the USDT
dataset used throughout the paper starts on 26 March 2017.

After this truncation, a small number of zero returns remain in the series, less than 40
observations out of 3,221 in total. These are again caused by periods in which the price did
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not change from one day to the next. Unlike the initial block of zeros, however, these residual
observations are spread across the full sample and do not concentrate in any particular region
of the distribution, so they are unlikely to distort the subsequent estimation and are therefore
left in the dataset.

(a) Bitcoin (BTC) (b) Ethereum (ETH)

(c) Tether (USDT) (d) USD Coin (USDC)

Figure 4.3: Daily log returns of the four cryptocurrency datasets used in the analysis. All series are shown over
the period January 2016 – January 2026 to facilitate visual comparison across assets.

Before proceeding to the Extreme Value analysis, a preliminary exploratory analysis is
carried out to assess whether the return series exhibit heavy-tailed behavior, a key prerequisite
for the application of EVT, which is specifically designed to model distributions whose tails
decay more slowly than those of the normal distribution [21, 16].

For each asset, a histogram of the empirical return distribution is plotted alongside the fitted
normal density curve, and a normal QQ plot is produced (Figure 4.4). Leptokurtic behavior
manifests in the histograms as a sharper and taller central peak than the normal curve predicts,
with observable mass in the tails beyond what the normal distribution would suggest. In the QQ
plots, heavy tails appear as a characteristic S-shaped deviation from the reference line, where
both the lower left and upper right tails bend away from normality. All four assets display this
pattern clearly.

To Quantify the tail heaviness, the Kurtosis measure is computed for each series. Distri-
butions can be classified into three types based on this measure: leptokurtic (kurtosis > 3),
mesokurtic (kurtosis ≈ 3, as in the normal distribution), and platykurtic (kurtosis < 3) [19].
The results are reported in Table 4.1.
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Table 4.1: Kurtosis of the log returns of the four cryptocurrencies under analysis.

Asset Kurtosis

Bitcoin 20.03
Ethereum 82.19
USDT 377.69
USDC 55.62

(a) Bitcoin (BTC) (b) Ethereum (ETH)

(c) Tether (USDT) (d) USD Coin (USDC)

Figure 4.4: Histogram and QQ plot of log returns for the four cryptocurrency series. The red curve represents the
fitted normal distribution.

All four assets display kurtosis values far exceeding 3, confirming strongly leptokurtic be-
havior. The values range from 20 for Bitcoin to nearly 378 for USDT. These results confirm that
the normal distribution substantially underestimates the probability of extreme events across all
four series, providing clear empirical motivation for the application of Extreme Value Theory
[21, 16, 51].

4.3 Stationarity and Independence Diagnostics
Both the Block Maxima and the Peaks Over Threshold approaches require i.i.d. series, so in-
dependent and identically distributed observations. To ensure this, some preprocessing steps
were carried out in order to correctly apply the theory explained in Chapter 2. While the pre-
vious section confirmed that the return series exhibit heavy-tailed behavior suitable for EVT,
log returns are not automatically independent and identically distributed. Financial return se-
ries often exhibit dependence structures, particularly in their volatility, even when the returns
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(a) Bitcoin (BTC) (b) Ethereum (ETH)

(c) Tether (USDT) (d) USD Coin (USDC)

Figure 4.5: ACF of the returns of the four cryptocurrencies used in the analysis.

themselves appear uncorrelated. Therefore, additional diagnostics are required to assess the
dependence properties of the data.

Initially the autocorrelation function (ACF) of the returns was examined (Figure 4.5).
This helps us understand whether there is correlation in the mean.
For both Bitcoin and Ethereum, the vast majority of autocorrelations across all lags fall

well within the confidence bands, confirming that serial correlation in the mean is negligible.
With only a marginal spike at lag 6 that significantly reaches the upper bound for Bitcoin, and
three small but statistically significant spikes (at lags 10, 17 and 19) for Ethereum. The ACF
structure of both series is therefore indistinguishable from white noise, and serial correlation in
the mean is considered absent.

For the stablecoins USDT and USDC, the picture differs notably. USDT displays an ir-
regular ACF structure with prominent spikes around lags 1–3 and again near lags 12–18, with
several additional lags exceeding the confidence bounds. USDC shows a negative spike at
lags 1–2, alongside further exceedances scattered across the ACF. Both stablecoins thus exhibit
meaningful serial correlation in the mean, standing in clear contrast to the white noise behavior
observed for Bitcoin and Ethereum.

Beyond autocorrelation in the mean, the ACF of the squared returns was examined (Fig-
ure 4.6) to analyze possible autocorrelation in the variance. For Bitcoin, significant autocor-
relations are visible at the first several lags with a gradual decay, providing clear evidence of
volatility clustering and conditional heteroskedasticity [4]. Ethereum displays a considerably
weaker pattern, with only lags 3 and 5 marginally exceeding the bounds, suggesting mild but
present volatility persistence. For USDT, pronounced spikes appear at early lags and again be-
tween lags 12 and 17, while USDC shows exceedances throughout the entire plot. Despite their
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(a) Bitcoin (BTC) (b) Ethereum (ETH)

(c) Tether (USDT) (d) USD Coin (USDC)

Figure 4.6: ACF of the squared returns of the four cryptocurrencies used in the analysis.

price-stabilizing design, both stablecoins therefore exhibit substantial volatility clustering, with
dynamics markedly different from those of Bitcoin and Ethereum.

In order to test the independence condition of the log returns, we perform two statistical
tests: the Ljung-Box test and the Runs test.

The first is the Ljung-Box test [47], which evaluates the null hypothesis H0 of absence of
serial correlation up to a given lag m, against the alternative hypothesis H1 that at least one
autocorrelation coefficient is significantly different from zero. Table 4.2 reports the p-values
obtained at 10 and 20 lags. The null hypothesis is rejected, since we observe a small p-value
(p < 0.001), for all four analyzed assets. While this result is consistent with the presence
of linear dependencies observed in the ACF plots of the stablecoins (USDT and USDC), the
rejection for Bitcoin and Ethereum requires a different interpretation. For these two assets, the
visual analysis of the ACF of the residuals (higher panels of Figure 4.5) suggested a behavior
close to white noise. In light of this discrepancy between the formal test result and the visual
evidence, and in order to avoid overfitting the conditional mean equation with dynamics that
could be spurious, we treat the mean as uncorrelated for Bitcoin and Ethereum.

The second test applied is the non-parametric Runs test proposed by Wald and Wolfowitz
[68]. This methodology verifies the hypothesis of independence by analyzing the sequence
of positive and negative returns. A run is defined as a consecutive sequence of returns with
the same sign. Under the null hypothesis H0, the number of runs follows a random distribu-
tion, whereas the alternative hypothesis H1 implies non-random behavior due to excessively
long runs, indicating persistence, or excessively short runs, indicating frequent alternation. As
shown in Table 4.2, the Runs test rejects the null hypothesis for all assets, indicating that the
directional sequence of returns deviates from pure randomness.
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Table 4.2: P-values of independence diagnostic tests on log returns.

Asset Ljung–Box (10) Ljung–Box (20) Runs Test

Bitcoin 0.0000 0.0000 0.0072
Ethereum 0.0004 0.0000 0.0003
USDT 0.0000 0.0000 0.0000
USDC 0.0000 0.0000 0.0000

Taken together, the visual inspection of the ACF plots and the formal statistical tests provide
strong and consistent evidence that the raw log return series cannot be treated as i.i.d. The
presence of serial dependence and volatility clustering violates both the independence and the
identical distribution assumptions required for the application of Extreme Value Theory.

These violations are not merely a technical inconvenience, they reflect a fundamental char-
acteristic of financial time series that must be explicitly accounted for before any Extreme Value
analysis can be conducted. Simply applying the Block Maxima or Peaks Over Threshold meth-
ods to raw returns would risk producing unreliable estimates, as the theoretical guarantees of
EVT rely on the i.i.d. assumption [16]. A natural and widely adopted solution in the financial
econometrics literature is to first filter the return series through a GARCH-type model [51, 33],
which explicitly models the time-varying volatility. This filtering procedure is described in
detail in the following section.

4.3.1 GARCH Filtering
The preliminary analysis presented in the previous section provides clear evidence that the
log return series as it is cannot be treated as i.i.d. In particular, the ACF of returns revealed
significant autocorrelation in the mean for the two stablecoins and the ACF of the squared
returns revealed volatility clustering, autocorrelation in the variance, across all four assets:
large price movements tend to be followed by further large movements, and calm periods tend
to be followed by further calm periods.

This patterns violate the independence and identically distributed assumption required for
the direct application of Extreme Value Theory.

To address this, a GARCH-type filtering procedure is applied before the EVT analysis, us-
ing the rugarch package [24] in R [59], following the methodological framework presented
in the course materials by Embrechts et al. [20], which are themselves grounded in the foun-
dational texts of the field [52, 37]. These references provide the practical foundation for both
the GARCH filtering procedure and the subsequent univariate EVT analysis conducted in this
work.

ARCH and GARCH Models Theoretical Framework

To understand the GARCH model, it is useful to introduce first its predecessor, the Autoregres-
sive Conditional Heteroskedasticity (ARCH) model [22]. The key intuition behind ARCH is
that this time-varying variance is not random: it depends on how large the most recent shocks
have been. A large unexpected return today, whether positive or negative, tends to be followed
by further periods of elevated volatility.

In other words, ARCH captures the idea that turbulent times in financial markets tend to
cluster together.
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While ARCH was an important conceptual step forward, it has a practical limitation: cap-
turing long periods of volatility persistence requires including a large number of past shocks
in the model, making it parameter-heavy and difficult to estimate reliably. Bollerslev [9] ad-
dressed this by proposing the Generalized ARCH, or GARCH model. The key improvement
is that GARCH models volatility is depending not only on past shocks, but also on its own
past values. Intuitively, if volatility was already high yesterday, it is likely to remain elevated
today, regardless of whether a new shock has occurred. This means that a single parsimonious
specification, the GARCH(1,1) using just one lag of each component, is sufficient to capture
the long memory in volatility that characterizes most financial time series [64].

Formally, the GARCH(1,1) model is specified as

rt = c+ εt , εt = σt zt , zt
i.i.d.∼ N(0,1),

σ
2
t = α0 +α1 ε

2
t−1 +β σ

2
t−1,

Where rt is the return at time t, and it is decomposed into a constant mean c and a shock term εt .
The shock is itself the product of two components: a time-varying standard deviation σt , which
captures the current level of volatility, and a standardized innovation zt , which is an i.i.d. draw
from a standard normal distribution and carries the purely random, unpredictable component
of the return. Crucially, while zt is i.i.d., the shock εt is not, because its variance σ2

t changes
over time according to the second equation. There, ω > 0 represents the long-run average level
of variance; α ≥ 0 measures how strongly a large shock yesterday increases volatility today;
and β ≥ 0 measures how much of yesterday’s volatility level carries forward into today. The
constraint α +β < 1 ensures covariance stationarity, meaning that volatility fluctuates around
a finite long-run level rather than growing without bound.

Two-Step Filtering Procedure

The methodology adopted throughout this thesis follows a two-step filtering framework that is
standard in the financial econometrics literature. In the first step, a GARCH(1,1) model is fitted
to each return series to remove serial dependence and render the residuals approximately i.i.d.
In the second step, detailed in the following chapter, Extreme Value Theory is then applied
to these standardized residuals, which by construction are free from the dependence structures
that would otherwise violate the underlying EVT assumptions [51].

Given the strong leptokurtic behavior documented in the previous section, relying on the
classical normally distributed innovations would likely underestimate the probability of ex-
treme events. For this reason, Student-t innovations are adopted instead, since the heavier tails
of the t-distribution offer a more realistic characterization of return shocks.

Innovators are then expressed as zt
i.i.d.∼ tν(0,1), where zt are still i.i.d. variables with zero

mean and variance equal to one, and where v is the degrees of freedom parameter. v is not
fixed a priori but is estimated jointly with the GARCH parameters via maximum likelihood
estimation, allowing the data themselves to determine the appropriate level of tail heaviness.
To validate, also empirically, this choice, both models, with both Normal and Student-t spec-
ification were estimated and compared using the Akaike Information Criterion (AIC) [3, 43].
Across all four assets, the GARCH model with Student-t innovations consistently yielded a
lower AIC than the Normal counterpart, confirming that the Student-t specification provides a
statistically superior fit to the data [13]. The Normal distribution model was therefore discarded
in favor of the Student-t for all subsequent analysis. Once the model has been estimated, the
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standardized residuals are extracted as

ẑt =
εt

σ̂t
=

rt − ĉ
σ̂t

, (4.2)

where ĉ is the estimated constant mean and σ̂t is the estimated conditional standard deviation
at time t. By dividing each return by its own estimated volatility, this transformation removes
the volatility clustering from the series. This two-step approach has become a standard ref-
erence in the literature on extreme risk measurement [21, 52] and has been widely applied to
cryptocurrency studies [42, 27, 12].

For Bitcoin and Ethereum, the GARCH(1,1) specification with Student-t innovations per-
forms well. After filtering, the ACF of the squared standardized residuals shows no signifi-
cant autocorrelation confirming that the volatility clustering has been successfully removed, as
shown in Figure 4.7.

The standardized residuals of these two assets are therefore considered approximately i.i.d.
and are used directly as input for the subsequent EVT analysis.

(a) Bitcoin (BTC) (b) Ethereum (ETH)

Figure 4.7: ACF of standardized squared residuals after GARCH(1,1) filtering for Bitcoin and Ethereum.

For the two stablecoins, the situation is more complex. As already documented in the ACF
analysis of raw returns, USDT and USDC exhibit significant dependence not only in their
squared returns, but also in the returns themselves. This is a direct consequence of the peg sta-
bilization mechanism: when the price deviates from 1 USD, the three mechanisms immediately
push the price back toward the peg [50, 30]. This creates a predictable mean-reverting pattern
in returns, a positive deviation today is systematically followed by a negative correction tomor-
row, that a standard GARCH model with a constant mean cannot capture, because GARCH
only models the variance and leaves the mean equation unchanged.

To address this, an ARMA(1,1) component is added for both USDT and USDC. An ARMA
model captures linear dependence in the level of the returns themselves [10]. In simple terms,
the ARMA component models and removes the predictable mean-reverting behavior induced
by the peg mechanism, while the GARCH component, still with Student-t innovations, con-
tinues to handle the volatility clustering. The two components therefore serve complemen-
tary roles: ARMA cleans the mean, GARCH cleans the variance. The formal model of the
ARMA(1,1) is:

rt = c+φ rt−1 +θ εt−1 + εt , εt = σt zt , zt
i.i.d.∼ tν(0,1),

σ
2
t = α0 +α1 ε

2
t−1 +β σ

2
t−1,
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Consequently, for USDT and USDC, the standardization of the residuals must account for this
time-varying conditional mean. The standardized residuals are therefore obtained as:

ẑt =
εt

σ̂t
=

rt − Êt−1[rt ]

σ̂t
, (4.3)

Where Êt−1[rt ] = ĉ + φ̂ rt−1 + θ̂ εt−1 that corresponds to the estimated conditional mean of
the return at time t, computed using all information available up to time t − 1, and σ̂t is the
conditional standard deviation estimated by the GARCH process.

For completeness, given the residual uncertainty regarding the correlation structure in the
mean of BTC and ETH discussed earlier, an ARMA(1,1)–GARCH(1,1) specification was ad-
ditionally estimated for both these assets, in order to verify whether it provided a better fit than
the simple GARCH(1,1). The two specifications were compared using the AIC, consistent with
the model selection criterion adopted throughout this thesis. For both assets, the GARCH(1,1)
model yielded a lower AIC, confirming the choice made at the beginning of this section to
retain a constant-mean GARCH(1,1) specification for BTC and ETH.

As a methodological detail, the raw returns of both stablecoins were multiplied by 100 prior
to estimation. This solution was adopted because stablecoin price fluctuations are extremely
small. In their original decimal form, these tiny numbers caused numerical instabilities and
optimization errors during the GARCH estimation in R [59]. Rescaling the data to percentages
resolves this issue without affecting the standardized residuals or any subsequent statistical
inference. The only consequence of this adjustment is that the calculated return levels must be
divided by 100 afterward to restore their original real-world magnitude.

After applying the ARMA(1,1)–GARCH(1,1) specification, the squared residuals of both
stablecoins show no significant autocorrelation, confirming that the volatility clustering has
been successfully removed, as showed in Figure 4.8. Table 4.3 displays the p-values for the
Ljung-Box Test on the standardized residuals of the stablecoins. As shown in the table, for lag
5, 10 and 20 we can not reject (p-value > 0.01) the null hypothesis of no serial autocorrelation
in the mean.

(a) Tether (USDT) (b) USD Coin (USDC)

Figure 4.8: ACF of standardized squared residuals after ARMA-GARCH filtering for USD Coin and Tether.
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Table 4.3: Ljung–Box test on standardized residuals of USDC Coin and Tether.

Asset Lag p-value

USDT 5 0.2640
10 0.4954
20 0.5500

USDC 5 0.9888
10 0.9995
20 0.9999

Overall, the GARCH(1,1), and ARMA(1,1)–GARCH(1,1), filtering procedure has proven
effective across all four assets, producing standardized residuals that are approximately i.i.d.
These filtered residuals satisfy, at least approximately, the independence assumptions required
by Extreme Value Theory and are therefore used as the input for the Block Maxima and Peaks
Over Threshold analyses carried out in the following chapter.

Finally, it is worth acknowledging that a range of more advanced GARCH models exist
beyond the basic one adopted here. More sophisticated variants, capable of capturing asym-
metric effects, non-linear dynamics, and complex conditional distributions, might have more
closely reflected unique cryptocurrency behaviors [42]. However, this analysis intentionally
focuses on foundational models to maintain a clear and interpretable baseline, and this remains
a recognized limitation of the work.
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Chapter 5

Univariate Extreme Value Theory
Analysis

The univariate Extreme Value analysis was conducted in R [59], primarily using the evd (Ex-
treme Value Distributions) package [63], which provides functions for fitting Generalized Ex-
treme Value models and Generalized Pareto Distribution models, computing profile likelihoods,
and extracting diagnostic plots.

5.1 Block Maxima and Minima Approach
Following Section 2.2, the Block Maxima Method is applied to the GARCH-filtered residuals
of all four assets, extracting Block Maxima and Minima to capture extreme losses and gains re-
spectively. A block size of 30 calendar days is adopted, reflecting the fact that cryptocurrencies
trade continuously and, unlike traditional financial assets, are not subject to weekend closures
or market holidays.

The block of size 30 balances the bias-variance trade-off inherent to the BMM: smaller
blocks yield more observations but weaker extremes, while larger blocks produce purer ex-
tremes at the cost of fewer data points [16, 26].

Table 5.1 summarizes the number of observations and resulting blocks for each asset. Bit-
coin presents the largest dataset with 188 blocks, followed by Ethereum (127 blocks) and Tether
(107 blocks). The dataset for USD Coin (88 blocks) remains at the lower boundary of what
can be considered adequate for reliable GEV estimation. This is the fundamental limitation
of the BMM: regardless of the total number of observations available, the method retains only
one maximum and one minimum per block, so that the entire estimation is conducted on a
drastically reduced set of observations.

Table 5.1: Number of daily observations and resulting monthly blocks (block size = 30 days) for each cryptocur-
rency.

Asset Observations Blocks
Bitcoin (BTC) 5,661 188
Ethereum (ETH) 3,853 127
Tether (USDT) 3,221 107
USD Coin (USDC) 2,574 88
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5.1.1 GEV Parameter Estimates
Using the fgev function 1, the GEV distribution is fitted to the block maxima of both the
loss and gain series for each asset. Parameter estimates are obtained via maximum likelihood,
along with their standard errors and 95% confidence intervals computed through the normal
approximation [67]. Profile likelihood confidence intervals are additionally derived for the
shape parameter ξ to ensure more reliable inference [16]. The results are presented for each
asset individually.

Bitcoin (BTC) Table 5.2 reports the GEV parameter estimates for the BTC loss and gain
series, together with standard errors.

Table 5.2: GEV parameter estimates and corresponding standard errors for the Bitcoin Block Maxima.

Loss Series Gain Series

Parameter Estimate SE Estimate SE
µ 1.9339 0.0632 1.8756 0.0615
σ 0.7791 0.0457 0.7458 0.0447
ξ 0.0061 0.0480 -0.0239 0.0558

For the loss series, the GEV maximum likelihood estimates are (µ̂, σ̂ , ξ̂ )= (1.9339, 0.7791,
0.0061). The mildly positive shape parameter is suggestive of heavy-tailed behavior consistent
with the Fréchet family, though it lies close enough to zero to also be consistent with a Gum-
bel distribution. The 95% normal approximation confidence interval [−0.088, 0.100] includes
zero, indicating that this distinction is not statistically significant, a conclusion further sup-
ported by the profile likelihood interval [−0.0762, 0.1106] (Figure 5.1). Hence, the data do not
allow one to distinguish between a Fréchet and a Gumbel-type tail for extreme losses.

For the gain series, the estimates are (µ̂, σ̂ , ξ̂ ) = (1.8756, 0.7458,−0.0239) with a mildly
negative shape parameter, placing the distribution within the Weibull family and suggesting a
bounded upper tail. However, the corresponding confidence intervals [−0.1334, 0.0855] (nor-
mal approximation) and [−0.1232, 0.0927] (profile likelihood, Figure 5.1) again, as in the
losses case, straddle zero, providing no statistically significant evidence to support this con-
clusion.

Overall, despite the relatively large sample size, neither tail yields a shape parameter sig-
nificantly different from zero. This suggests that, after GARCH filtering, the BTC residuals are
consistent with a Gumbel-type distribution, implying exponentially decaying tails rather than
the polynomial decay characteristic of the Fréchet family.

Ethereum (ETH) Table 5.3 reports the GEV parameter estimates for the ETH loss and gain
series, together with standard errors.

For the loss series, the estimates are (µ̂, σ̂ , ξ̂ ) = (1.9689, 0.7206,−0.0818) yield a neg-
ative shape parameter close to zero, pointing toward the Weibull family. Both the 95% nor-
mal approximation confidence interval [−0.1863, 0.0227] and the profile likelihood interval
[−0.1684, 0.0404] contain zero (Figure 5.2), providing no statistically significant evidence of
heavy-tailed behavior in the ETH loss series.

1https://www.rdocumentation.org/packages/evd/versions/2.3-7.1/topics/fgev
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(a) Loss series (b) Gain series

Figure 5.1: Profile log-likelihood for the shape parameter ξ of the GEV fit to the Bitcoin Block Maxima. The
dashed horizontal line indicates the 95% critical threshold, from which the profile likelihood confidence interval
is derived.

Table 5.3: GEV parameter estimates and corresponding standard errors for the Ethereum Block Maxima.

Loss Series Gain Series

Parameter Estimate SE Estimate SE
µ 1.9689 0.0706 1.7223 0.0656
σ 0.72061 0.0498 0.6596 0.0475
ξ -0.08177 0.0533 0.0065 0.0620

For the gain series, the estimates (µ̂, σ̂ , ξ̂ ) = (1.7223, 0.6596, 0.0065) in the ξ param-
eter correspond to a Fréchet type of tail. The 95% normal approximation confidence inter-
val [−0.1151, 0.1282] and the profile likelihood interval [−0.0997, 0.1445] both straddle zero
(Figure 5.2), indicating that the data do not provide sufficient evidence to actually distinguish
between a Fréchet and a Gumbel-type tail.

Ethereum thus mirrors Bitcoin in exhibiting no statistically conclusive evidence of heavy-
tailed behavior in either tail.

Tether (USDT) Table 5.4 reports the GEV parameter estimates for the USDT loss and gain
series, together with standard errors. For the loss series, the estimates (µ̂, σ̂ , ξ̂ ) = (2.0865,

Table 5.4: GEV parameter estimates and corresponding standard errors for the Tether Block Maxima.

Loss Series Gain Series

Parameter Estimate SE Estimate SE
µ 2.0865 0.1069 2.0652 0.1097
σ 0.9822 0.1002 1.0237 0.0932
ξ 0.4629 0.0879 0.3244 0.0723

0.9822, 0.4629) yield a clearly positive shape parameter, with the 95% normal approximation
confidence interval [0.2907, 0.6352] lying entirely above zero, providing strong evidence of
Fréchet behavior. The profile likelihood interval [0.3065, 0.6525] (Figure 5.4) is fully consis-
tent with this conclusion. For the gain series, the estimates (µ̂, σ̂ , ξ̂ )= (2.0652, 1.0237, 0.3244)
tell the same story: both the 95% normal approximation confidence interval [0.1826, 0.4661]
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(a) Loss series (b) Gain series

Figure 5.2: Profile log-likelihood for the shape parameter ξ of the GEV fit to the Ethereum Block Maxima. The
dashed horizontal line indicates the 95% critical threshold, from which the profile likelihood confidence interval
is derived.

and the profile likelihood interval [0.1976, 0.4819] (Figure 5.4) are strictly positive, confirming
statistically significant heavy-tailed Fréchet behavior in both tails.

USD Coin (USDC) Table 5.5 reports the GEV parameter estimates for the USDC loss and
gain series, together with standard errors and 95% normal approximation confidence intervals.

Table 5.5: GEV parameter estimates and corresponding standard errors for the USD Coin Block Maxima.

Loss Series Gain Series

Parameter Estimate SE Estimate SE
µ 1.7909 0.0987 1.9829 0.1075
σ 0.8347 0.0769 0.9279 0.0897
ξ 0.1857 0.0738 0.3115 0.0654

For the loss series, the estimates (µ̂, σ̂ , ξ̂ ) = (1.7909, 0.8347, 0.1857) yield a positive
shape parameter, placing the distribution within the Fréchet family and indicating heavy-tailed
behavior. This is confirmed by the 95% normal approximation confidence interval [0.0410, 0.3303],
which lies entirely above zero, and further supported by the profile likelihood interval [0.0577, 0.3467]
(Figure 5.3).

For the gain series, the estimates (µ̂, σ̂ , ξ̂ ) = (1.9829, 0.9279, 0.3115) point to an even
more pronounced Fréchet tail. The 95% normal approximation confidence interval [0.1834, 0.4397]
and the profile likelihood interval [0.1993, 0.4562] (Figure 5.3) are both strictly positive, pro-
viding strong and robust evidence that extreme gains in USDC follow a heavy-tailed distribu-
tion.

Compared to Bitcoin and Ethereum, both stablecoins exhibit substantially heavier tails, as
reflected in the notably larger shape parameter estimates.

5.1.2 Return Level Estimates
When analyzing tail behaviour, a key quantity of interest is the return level, which provides a
direct measure of potential portfolio risk in a financial context. As introduced in Section 2.2.1,
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(a) Loss series (b) Gain series

Figure 5.3: Profile log-likelihood for the shape parameter ξ of the GEV fit to the USDC Coin Block Maxima. The
dashed horizontal line indicates the 95% critical threshold, from which the profile likelihood confidence interval
is derived.

(a) Loss series (b) Gain series

Figure 5.4: Profile log-likelihood for the shape parameter ξ of the GEV fit to the Tether Block Maxima. The
dashed horizontal line indicates the 95% critical threshold, from which the profile likelihood confidence interval
is derived.

the p-block return level zp is the threshold expected to be exceeded exactly once in p consecu-
tive Block Maxima. For instance, the 60-block return level is the value that exactly one of 60
monthly maxima is expected to surpass.

The choice of p = 60, corresponding to a 5-year return period, reflects a practical consid-
eration. As Coles [16] notes, return level estimates lose credibility as the return period grows
relative to the length of the data, since the model is asked to extrapolate well into the tail
where little or no empirical information exists. A 60-month horizon strikes a balance between
financial relevance and statistical prudence.

Since the GEV is fitted to the standardized GARCH residuals, return levels are initially
expressed on the residual scale, and cannot be interpreted directly as economically meaningful
quantities. To recover such quantities, we invert the standardization of Equation 4.2 for the
purely GARCH(1,1) models

zp = ĉ+ σ̂t zres,

where ĉ is the fixed mean defined by the GARCH model, and σ̂t is the last-day conditional
volatility, from the GARCH model. Using the most recent estimates ensures that return lev-
els reflect prevailing market conditions. Because this mapping is linear, standard errors and
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confidence intervals transform accordingly

SEret = σ̂t SEres, CIret = ĉ+ σ̂t CIres,

so both the delta method and profile likelihood intervals carry over without distortion.
For the ARMA(1,1)-GARCH(1,1), used to filter the stablecoin returns, the return levels are

obtained inverting Equation 4.3

zp = Êt−1[rt ]+ σ̂t zres,

The only difference is that here we must estimate both the last-day conditional mean,
Êt−1[rt ], the conditional standard deviation, σ̂t .

Standard errors and confidence intervals, as well as before, transform accordingly

SEret = σ̂t SEres, CIret = Êt−1[rt ]+ σ̂t CIres,

The resulting return-scale estimates are reported in Table 5.6, alongside standard errors and
95% confidence intervals from both methods.

Table 5.6: 60-block (five-year) return levels for losses and gains, rescaled to the log-return scale using the last-
day GARCH conditional mean and volatility. Point estimates and standard errors are reported, along with 95%
confidence intervals obtained via the delta method and via profile likelihood.

Asset Series RL SE Delta Method CI Profile Likelihood CI

Lower Upper Lower Upper

BTC Loss 1.1404 0.0726 0.9980 1.2828 1.0337 1.3275
BTC Gain 1.0565 0.0681 0.9231 1.1900 0.9576 1.2299
ETH Loss 0.8973 0.0511 0.7972 0.9975 0.8278 1.0372
ETH Gain 0.8936 0.0701 0.7563 1.0309 0.7956 1.0904
USDT Loss 0.8835 0.2052 0.4813 1.2857 0.6078 0.9432
USDT Gain 0.6785 0.1195 0.4443 0.9128 0.5104 0.7849
USDC Loss 3.8419 0.5072 2.8478 4.8361 3.1537 5.3335
USDC Gain 5.2254 0.8301 3.5986 6.8523 4.0680 5.9824

Before discussing the return level estimates, one clarification is necessary. Since the ARMA–
GARCH model for the stablecoins was fitted on returns scaled by a factor of 100, the return
level estimates reported in Table 5.6 must be divided by 100 to recover the original log-return
scale.

All reported return levels can be mapped back to percentage price declines or increases
by reversing the standard log-return transformation introduced in Equation (4.1), namely via
ezp − 1. It is important to note that these percentage changes are scale-free: they represent
the proportional move relative to whatever the asset’s price happens to be on that day, and
are therefore directly interpretable as the fraction of the current position that would be lost or
gained in a tail event, regardless of the prevailing price level.

Several compelling patterns emerge from Table 5.6, the most striking of which is the sharp
contrast between the highly volatile crypto-assets (Bitcoin and Ethereum) and the fiat-pegged
stablecoins (USDC and USDT).

For Bitcoin and Ethereum, the estimated return levels are large and economically signifi-
cant. Bitcoin’s five-year conditional loss return level stands at 1.1404, which translates into a

45



severe single-day price decline of e−1.1404−1 ≈ 68%. This represents the conditional worst ex-
pected single-day loss to be exceeded exactly once over a five-year horizon. The corresponding
gain return level of 1.0565 implies an exceptional single-day price surge of e1.0565−1 ≈ 187%,
reflecting the historically violent upside momentum typical of crypto bull markets (such as the
2020–2021 expansion) [11].

Notably, this framework reveals a marked asymmetry in the tails: while the downside
crashes are massive, single-day positive rallies at the five-year horizon are even more explosive
in proportional terms. This asymmetry is a direct consequence of the positive skewness in-
herent to speculative cryptocurrency return distributions, a crucial stylized fact that symmetric,
Gaussian-based risk models fail to capture. Ethereum displays a qualitatively identical behav-
ior: its five-year loss return level of 0.8973 translates into a price drop of e−0.8973−1 ≈ 59.2%,
while its gain return level of 0.8936 corresponds to a price increase of e0.8936 − 1 ≈ 144.4%,
again demonstrating upside tail dominance. For both assets, the standard errors are small and
the 95% confidence intervals (both delta method and Profile Likelihood) are narrow, indicating
stable tail estimations and reliable asymptotic extrapolations.

The contrast with the stablecoin market is stark. As noted, because the ARMA–GARCH
models for the stablecoins were fitted on percentage returns, their return levels must be divided
by 100 before applying the exponential transformation. For USDC, the five-year loss return
level is adjusted to 0.0384, which implies an expected price decline of e−0.0384 −1 ≈ 3.8%. Its
gain return level is adjusted to 0.0523, corresponding to a price appreciation of e0.0523 − 1 ≈
5.36%. While these figures are orders of magnitude smaller than those of BTC and ETH
confirming the stability enforced by the peg mechanism, they are far from negligible. A single-
day deviation of approximately 3.8% to 5.36% from the dollar peg for a supposedly stable asset
represents a meaningful tail risk. This is consistent with historical episodes such as the brief
de-pegging triggered by the Silicon Valley Bank collapse in March 2023 [2].

Finally, USDT presents the most extreme case of tightly bound volatility within the sam-
ple. Its adjusted five-year return levels are 0.0088 for losses and 0.0068 for gains, yielding a
maximum expected price decline of e−0.0088 − 1 ≈ 0.88% and a maximum price increase of
e0.0068 −1 ≈ 0.68%.

Overall, the conditional GEV framework sharply divide the two asset classes based on
their extreme risk profiles. Bitcoin and Ethereum display large, asymmetric five-year horizons,
with worst-case single-day losses hovering around 59.23% to 68.03% and worst-case gains
reaching 144.39% to 187.63%, fully consistent with the heavy-tailed and volatile nature of
unbacked cryptocurrencies. At the same time, the model captures the distinct regimes within
the stablecoin space: USDC retains a small but historically justified tail risk of approximately
4% to 5% under stress, whereas USDT, conditional on its recent period of compressed, near-
zero volatility, exhibits conditional extreme return levels that are economically minor across
the considered horizon.

5.1.3 Model Evaluation
The adequacy of the GEV model fitted via the Block Maxima method is assessed using four
standard diagnostic plots [16]. The probability plot compares empirical and theoretical cumu-
lative probabilities, with observations lying close to the 45◦ line indicating a good fit. The
quantile plot is particularly informative in the EVT context, as it emphasizes tail behavior;
systematic upward deviations in the upper tail indicate that the model underestimates extreme
observations. The return level plot displays the fitted return level curve together with confi-
dence bands and empirical estimates, where observations falling outside the bands, especially

46



at longer return periods, signal model inadequacy in the tail. Recall from the theoretical Chap-
ter 2.2.1 that the shape of the curve also reflects the tail behavior of the underlying distribution:
it is linear when ξ = 0 (Gumbel case), convex with a finite upper bound µ −σ/ξ when ξ < 0,
and concave with no finite upper bound when ξ > 0, indicating a heavy-tailed distribution.
Finally, the density plot provides a visual comparison between the fitted GEV density and the
empirical distribution of Block Maxima. These diagnostics are interpreted jointly to assess
model adequacy. For brevity, only the most informative plots are presented here, while the
remaining ones are reported in Appendix A.

Bitcoin (BTC) The GEV model provides a good overall fit for Bitcoin. The probability
plot shows observations closely aligned with the diagonal, and the quantile plot indicates a
strong agreement between empirical and theoretical quantiles across most of the distribution,
with only minor deviations in the upper tail. The return level plot is broadly consistent, with
the majority of Block Maxima falling within the confidence bands. The density plot further
supports this assessment, with the fitted distribution closely matching the empirical histogram
for both losses and gains. While the fit for gains is marginally weaker than for losses, the Block
Maxima approach offers an adequate representation of extreme behavior for this asset.

Ethereum (ETH) A similar conclusion holds for Ethereum. Both the probability and quan-
tile plots display no clear evidence of systematic misspecification, and the model captures tail
behavior reasonably well in both series. Some deviation is visible in the upper tail of the quan-
tile plot, and a small number of observations fall outside the return level confidence bands,
particularly for gains. However, these discrepancies are limited in magnitude and do not mate-
rially affect the overall adequacy of the model.

USD Coin (USDC) Figure 5.5 displays the GEV diagnostic plots for the ARMA–GARCH
standardized residuals of USDC gains. While the probability plot suggests a reasonable fit in
the central region of the distribution, the quantile and return level plots reveal a severe upward
deviation in the extreme upper tail. Specifically, a single macro-outlier stands out dramatically
above the fitted GEV curve, lying far outside the 95% confidence band at longer return periods.
This phenomenon illustrates a well-known structural limitation of the GARCH framework:
its inability to anticipate sudden, instantaneous price jumps (such as unexpected de-pegging
events). Because the GARCH model updates its volatility forecasts based on lagged historical
information, the conditional variance (σt) estimated for the day of the shock was too low, failing
to properly standardize and "shrink" the extreme return [51]. A less severe but qualitatively
similar pattern emerges for USDC losses. The density and probability plots both show a cleaner
fit compared to the gains, with the distribution tracking the theoretical curve more faithfully
across most of its range. Still, the quantile and return level plots reveal that one outlier manages
to slip outside the 95% confidence band, the same structural issue as before, just less dramatic.
The point sits just past the edge of the confidence interval, suggesting that the extreme loss
event, while still outside the model’s reach, was comparatively less disruptive to the overall fit.
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Figure 5.5: GEV diagnostic plots for USDC gains. The quantile and return level plots reveal a severe upward
deviation in the extreme upper tail, with a single macro-outlier lying far outside the 95% confidence band at
longer return periods.

Tether (USDT) The diagnostic plots for the USDT gains residuals, shown in Figure 5.6, in-
dicate once again a lack of fit. The probability plot displays some deviations from the diagonal,
but the most striking feature is the severe departure in the quantile and return level plots, where
an isolated outlier breaks completely away from the fitted GEV distribution, breaching the
95% confidence bands at longer horizons, mirroring the USDC gains case. A similar conclu-
sion holds for USDT losses, where deviations are again visible in the probability plot and the
density plot also fails to achieve a satisfactory fit. The quantile and return level plots likewise
display suboptimal results. This time, however, no particular outlier dramatically exits the 95%
confidence band, yet the overall fit remains far from optimal.
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Figure 5.6: GEV diagnostic plots for USDT gains. The quantile and return level plots reveal a severe departure
from the fitted GEV distribution, with an isolated outlier breaching the 95% confidence band at longer return
periods, mirroring the pattern observed for USDC gains.

Overall, the diagnostic analysis reveals a clear separation between the two asset classes.
For USDC and USDT, the GEV model fitted via the Block Maxima approach fails to fully
capture the behavior of the stablecoins, as evidenced by consistent deviations in the quantile
and return level plots. It is worth noting that stablecoins are, by their very nature, among the
most difficult assets to model: for the vast majority of the time they exhibit extremely low
variation, only to experience sudden spikes that are almost immediately corrected through the
mechanisms that support the peg, producing a return distribution that is highly atypical and
particularly challenging to capture with standard Extreme Value tools. Their relatively shorter
time series, combined with the limited number of observations retained by the BMM method,
further compounds this challenge, reducing the precision of tail estimation.

In contrast, the model provides a substantially better fit for BTC and ETH, consistent with
their near-Gumbel shape parameter estimates, which imply lighter and more stable tails. These
findings highlight a fundamental limitation of the Block Maxima approach in this setting: by
construction, it discards the majority of extreme observations, leading to reduced efficiency
and potential underestimation of tail risk. These limitations motivate the adoption of the Peaks
Over Threshold method in the following section, which exploits all exceedances above a high
threshold and is therefore expected to yield a more efficient and reliable characterization of
extreme risk across all assets.
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5.2 Peaks Over Threshold Approach

5.2.1 Threshold Selection
The first step in the Peaks-Over-Threshold approach is to select an appropriate threshold u for
each series. This choice reflects the bias-variance trade-off inherent in threshold selection. In
empirical implementation, low thresholds introduce contamination from non-tail observations,
whereas high thresholds reduce the number of exceedances and increase estimation uncertainty.

Following the two-step procedure described in Section 2.3, the threshold is determined by
jointly examining the mean residual life plot and the parameter stability analysis for each series.
Specifically, the selected threshold is the lowest value of u at which the shape parameter ξ and
the modified scale parameter σ∗ = σ̃u − ξ u no longer exhibit systematic trends and instead
fluctuate within their respective confidence intervals, in line with the criterion of [16]. The
mean residual life plots for all series are shown in Figure 5.7 for gains and Figure 5.8 for
losses, with the red dashed vertical line indicating the chosen threshold based on the stability
analysis.

The selected thresholds are summarized in Table 5.7, together with the corresponding num-
ber of exceedances available for estimation. Two features of this table are worth noting. First,
the stablecoins USDC and USDT require substantially higher thresholds than Bitcoin and
Ethereum, reflecting the heavy Fréchet tail behavior identified in the Block Maxima analy-
sis: for these assets, the GPD approximation only becomes valid deeper into the tail, and full
parameter stabilization is not always achieved, consistent with the presence of an extremely
heavy tail. For BTC and ETH, by contrast, stability is attained at low thresholds, consistent
with the near-Gumbel shape parameter estimates that imply a well-behaved and rapidly stabi-
lizing tail. Second, and importantly, the number of exceedances available for GPD estimation
is considerably larger than the number of Block Maxima retained in the GEV analysis. This
is a direct consequence of the greater efficiency of the POT approach, which conditions on all
observations exceeding the threshold rather than discarding all but the single maximum within
each block. The increased sample size is expected to translate into more precise parameter
estimates and more reliable return level extrapolations, addressing one of the key limitations of
the Block Maxima method identified in the previous section.

Table 5.7: Selected thresholds and number of exceedances for each series.

Asset Side Threshold u Exceedances nu

BTC Losses 0.78 877
Gains 0.86 714

ETH Losses 0.78 591
Gains 0.75 575

USDT Losses 1.40 255
Gains 1.35 266

USDC Losses 1.45 219
Gains 1.26 173
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(a) Bitcoin (BTC) (b) Ethereum (ETH)

(c) Tether (USDT) (d) USD Coin (USDC)

Figure 5.7: Mean residual life plots for gains across all four assets. The red dashed vertical line indicates the
threshold selected on the basis of the parameter stability analysis.

5.2.2 GPD Parameter Estimates
The Generalized Pareto Distribution is fitted using the fpot function 2, separately to the ex-
ceedances above the selected threshold for the loss series and the gain series of each cryp-
tocurrency, yielding estimates of the scale parameter σ̃ and the shape parameter ξ . Parameter
estimates are obtained by maximum likelihood estimation, with standard errors and approxi-
mate 95% confidence intervals derived via the normal approximation. To obtain more accurate
inference on ξ specifically, given that the asymptotic normality assumption underlying the
normal approximation may be unreliable for tail index estimation in moderate samples [16],
profile likelihood confidence intervals are additionally computed for the shape parameter of
each series. The results for each asset are discussed in turn.

Bitcoin (BTC) Table 5.8 reports the GPD parameter estimates for the BTC loss and gain
series, together with standard errors and 95% normal approximation confidence intervals.

For the loss series, maximum likelihood estimation yields estimates ( ˆ̃σ , ξ̂ )= (0.6825, 0.0497).
The shape parameter is greater than 0, corresponding to a Fréchet distribution. The 95% normal
approximation confidence interval for ξ , equal to [−0.0199, 0.1192], and the profile likelihood
interval [−0.01397, 0.12489], fully consistent with the result of Figure 5.9, do not discard a
Gumbel family since they contain 0. There is no statistically meaningful evidence of heavy-
tailed behavior in the BTC loss series.

For the gain series, the situation is very similar: the estimates are ( ˆ̃σ , ξ̂ ) = (0.7330, 0.0043)

2https://www.rdocumentation.org/packages/evd/versions/2.3-7.1/topics/fpot
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(a) Bitcoin (BTC) (b) Ethereum (ETH)

(c) Tether (USDT) (d) USD Coin (USDC)

Figure 5.8: Mean residual life plots for losses across all four assets. The red dashed vertical line indicates the
threshold selected on the basis of the parameter stability analysis.

Table 5.8: GPD parameter estimates for Bitcoin (BTC) exceedances above u = 0.78 (losses) and u = 0.86 (gains),
with standard errors.

Loss Series Gain Series

Parameter Estimate SE Estimate SE
σ̃ 0.6825 0.0334 0.7330 0.0407
ξ 0.0497 0.0355 0.0043 0.0409

and again the shape parameter is slightly positive, but the 95% normal approximation confi-
dence interval [−0.0760, 0.0845] straddles zero, and the profile likelihood interval [−0.0694, 0.0908]
corroborates this result (Figure 5.9). As with the loss series, the evidence is insufficient to con-
clusively establish heavy-tailed behavior in BTC extreme gains.

Bitcoin therefore exhibits no statistically conclusive evidence of heavy-tailed behavior in
either tail under the POT framework, with shape parameter estimates close to zero and confi-
dence intervals straddling zero under both inference methods. This is fully consistent with the
near-Gumbel findings from the Block Maxima analysis, and suggests that the tail of the BTC
standardized residual distribution decays exponentially rather than polynomially.

Ethereum (ETH) Table 5.9 reports the GPD parameter estimates for the ETH loss and gain
series, together with standard errors and 95% normal approximation confidence intervals.

For the loss series, maximum likelihood estimation yields estimates ( ˆ̃σ , ξ̂ )= (0.7265,−0.0177).
The shape parameter estimate is negative, suggesting a Weibull-type distribution, but the 95%
normal approximation confidence interval of [−0.1025, 0.0671] straddles zero, so the Gumbel
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(a) Loss series (b) Gain series

Figure 5.9: Profile log-likelihood for the shape parameter ξ of the POT fit to Bitcoin exceedances. The dashed
horizontal line indicates the 95% critical threshold, from which the profile likelihood confidence interval is derived.

Table 5.9: GPD parameter estimates for Ethereum (ETH) exceedances above u = 0.78 (losses) and u = 0.75
(gains), with standard errors.

Loss Series Gain Series

Parameter Estimate SE Estimate SE
σ̃ 0.7265 0.0434 0.5991 0.0356
ξ -0.0177 0.0433 0.0578 0.0425

family cannot be rejected. The profile likelihood interval of [−0.0936, 0.0756] is consistent
with this finding (Figure 5.10).

For the gain series, the estimates are ( ˆ̃σ , ξ̂ ) = (0.5991, 0.0578). The shape parameter point
estimate is small but positive, suggesting a Fréchet-type distribution. The 95% normal ap-
proximation confidence interval of [−0.0256, 0.1411] straddles zero, and the profile likelihood
interval of [−0.0169, 0.1499] corroborates this result (Figure 5.10). The data therefore do not
provide sufficient evidence to distinguish between the Fréchet and Gumbel families for ETH
extreme gains.

Ethereum thus mirrors Bitcoin in exhibiting no statistically conclusive evidence of heavy-
tailed behavior in either tail, with shape parameter estimates close to zero and confidence in-
tervals straddling zero under both inference methods. These findings are consistent with the
Block Maxima results and reinforce the conclusion that ETH standardized residuals are well
described by a near-Gumbel tail.

Tether (USDT) Table 5.10 reports the GPD parameter estimates for the USDT loss and gain
series, together with standard errors and 95% normal approximation confidence intervals.

Table 5.10: GPD parameter estimates for Tether (USDT) exceedances above u = 1.40 (losses) and u = 1.35
(gains), with standard errors.

Loss Series Gain Series

Parameter Estimate SE Estimate SE
σ̃ 0.6056 0.0618 0.6252 0.0639
ξ 0.4669 0.0857 0.4186 0.0858
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(a) Loss series (b) Gain series

Figure 5.10: Profile log-likelihood for the shape parameter ξ of the POT fit to Ethereum exceedances. The
dashed horizontal line indicates the 95% critical threshold, from which the profile likelihood confidence interval
is derived.

For the loss series, maximum likelihood estimation yields estimates ( ˆ̃σ , ξ̂ )= (0.6056, 0.4669).
The shape parameter estimate is the largest among all series considered, and the 95% nor-
mal approximation confidence interval of [0.2990, 0.6348] lies entirely above zero, provid-
ing strong evidence of heavy-tailed Fréchet-type behavior. The profile likelihood interval of
[0.3171, 0.6553] confirms this result (Figure 5.11), and its asymmetric shape reflects the pro-
nounced positive skewness of the likelihood surface for large values of ξ .

For the gain series, the estimates are ( ˆ̃σ , ξ̂ ) = (0.6252, 0.4186). The shape parameter
is again positive, with a 95% normal approximation confidence interval of [0.2504, 0.5867]
lying entirely above zero. The profile likelihood interval of [0.2701, 0.6084] corroborates this
result (Figure 5.11). USDT therefore exhibits statistically significant heavy-tailed behavior in
both tails, consistent with the GEV findings and further supported by the increased precision
afforded by the POT approach.

(a) Loss series (b) Gain series

Figure 5.11: Profile log-likelihood for the shape parameter ξ of the POT fit to Tether exceedances. The dashed
horizontal line indicates the 95% critical threshold, from which the profile likelihood confidence interval is derived.

USD Coin (USDC) Table 5.11 reports the GPD parameter estimates for the USDC loss and
gain series, together with standard errors and 95% normal approximation confidence intervals.
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Table 5.11: GPD parameter estimates for USD Coin (USDC) exceedances above u = 1.26 (losses) and u = 1.45
(gains), with standard errors.

Loss Series Gain Series

Parameter Estimate SE Estimate SE
σ̃ 0.5071 0.0568 0.6162 0.0741
ξ 0.3550 0.0926 0.4262 0.0986

For the loss series, maximum likelihood estimation yields estimates ( ˆ̃σ , ξ̂ )= (0.5071, 0.3550).
The shape parameter estimate is positive and the 95% normal approximation confidence inter-
val of [0.1735, 0.5364] lies entirely above zero, providing statistically significant evidence of
heavy-tailed Fréchet-type behavior in the USDC loss series. The profile likelihood interval of
[0.1959, 0.5616] corroborates this finding (Figure 5.12).

For the gain series, the estimates are ( ˆ̃σ , ξ̂ ) = (0.6162, 0.4262). The shape parameter is
more decisively positive, with a 95% normal approximation confidence interval of [0.2330, 0.6194]
lying entirely above zero. The profile likelihood interval of [0.2633, 0.6532] confirms this result
(Figure 5.12), reinforcing the conclusion that extreme gains in USDC exhibit strongly heavy-
tailed behavior under the POT framework. These findings are consistent with the corresponding
GEV results, suggesting that both methods successfully characterize the tail behavior.

(a) Loss series (b) Gain series

Figure 5.12: Profile log-likelihood for the shape parameter ξ of the POT fit to USDC Coin exceedances. The
dashed horizontal line indicates the 95% critical threshold, from which the profile likelihood confidence interval
is derived.

Overall, the GPD parameter estimates are in close agreement with those obtained under the
GEV framework, not only in terms of tail classification, but also in the scale estimates and the
sharp contrast between volatile assets and stablecoins.

5.2.3 Return Level Estimates
Having established the GPD parameter estimates for all four assets, we now turn to the es-
timation of return levels under the Peaks-Over-Threshold framework. The m-observation re-
turn level xm represents the level exceeded on average once every m observations, where m is
expressed in trading days. Return levels are estimated at the 1260-observation horizon, cor-
responding to a five-year return period, for both the loss and gain series of each asset. As
in the Block Maxima section, the estimated return levels are converted back from the filtered
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standardized residual scale to the original daily log-return scale. Following the framework of
McNeil and Frey [51]. Practically, this is performed scaling the static GPD quantiles using
the last day conditional volatility and mean values from the ARMA-GARCH model for the
stablecoins, and the last day conditional volatility value for the pure GARCH models (where
the conditional mean is fixed). This step ensures that all final figures are directly interpretable
as actual daily log-returns.

Table 5.12: Estimated five-year (1260-observation) return levels for losses and gains of each asset, expressed as
daily log-returns after rescaling from the GARCH-filtered standardized residual scale using the last-day condi-
tional mean and volatility. Point estimates and standard errors are reported, along with 95% confidence intervals
obtained via the delta method and via profile likelihood.

Asset Series RL SE Delta Method CI Profile Likelihood CI

Lower Upper Lower Upper

BTC Loss 1.0824 0.0665 0.9520 1.2127 0.9803 1.2389
BTC Gain 1.0205 0.0612 0.9005 1.1404 0.9240 1.1680
ETH Loss 0.8905 0.0583 0.7762 1.0049 0.8066 1.0381
ETH Gain 0.8871 0.0655 0.7588 1.0154 0.7909 1.0528
USDT Loss 0.7063 0.1404 0.4311 0.9815 0.5145 1.1334
USDT Gain 0.6474 0.1228 0.4068 0.8881 0.4806 1.0208
USDC Loss 4.0224 0.6676 2.7139 5.3309 3.1385 6.1428
USDC Gain 5.1347 0.9745 3.2247 7.0448 3.8477 8.3693

The results in Table 5.12 reveal a stark contrast between the volatile assets and the stable-
coins, fully consistent with the GEV findings of Table 5.6. As for the GEV case all the return
levels can be interpreted as price decline and increase, reversing the definition of the return
levels, as introduced in 4.1.

For Bitcoin, the five-year loss return level is estimated at 1.0824, which corresponds to a
price decline of e1.0824 − 1 ≈ 66.1%, while the gain return level stands at 1.0205, translating
into a price increase of e1.0205 − 1 ≈ 177.5%. These figures are in line with those obtained
under the GEV framework, providing a sign of robustness across both EVT methodologies.
Ethereum exhibits slightly lower but highly comparable figures: the five-year loss return level
of 0.8905 translates into a price decline of e0.8905 − 1 ≈ 58.9%, and the gain return level of
0.8871 implies a price increase of e0.8871 −1 ≈ 142.8%.

When analyzing the stablecoins, a first crucial step is required. As for the GEV case, the
values reported in the table for USDC and USDT must be scaled down by a factor of 100 to
account for the return adjustments. For USDC, the true five-year loss return level is 0.0402,
which corresponds to a modest price decline of e0.0402 − 1 ≈ 3.9%. The gain return level is
0.0513, translating into a price increase of e0.0513−1≈ 5.3%, that is really close to the ≈ 5.36%
decline estimated in the GEV. These figures are roughly two orders of magnitude smaller than
those of the volatile assets, confirming that USDC extreme moves remain small in absolute
terms. As noted in the GEV discussion, a 4%-5% extreme move reflects the occasional stress
episodes that even asset-backed pegs can experience during periods of severe market-wide
liquidity crunches.

USDT presents an even more contained case, with the scaled five-year return levels drop-
ping to 0.0071 for losses and 0.0065 for gains. These values translate into a price decline of
e−0.0071 −1 ≈ 0.70% and a price increase of e0.0065 −1 ≈ 0.65%, respectively. This outcome
is fully consistent with the near-zero tail risk found in the GEV analysis. As previously noted,
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this behavior comes from how the GPD model and the GARCH filter interact. Because USDT
returns were extremely stable during the final part of the sample, the GARCH model predicts
a very low conditional volatility. When the GPD quantiles are multiplied by this tiny scale
parameter, the final return levels collapse toward zero.

Value-at-Risk and Expected Shortfall

Table 5.13 reports the Value-at-Risk and Expected Shortfall for the loss series of each asset
at two confidence levels. The 99% confidence level corresponds to a loss expected to be ex-
ceeded once every 100 trading days, while the 99.92% level corresponds to once every 1260
trading days, precisely the five-year horizon adopted throughout this work. By construction, the
VaR99.92% is therefore directly comparable to the five-year return levels reported in Table 5.12.

Table 5.13: Value-at-Risk and Expected Shortfall at the 99% and 99.92% confidence levels for the loss series
of each asset, expressed as daily log-returns after rescaling from the GARCH-filtered standardized residual scale
using the last-day conditional mean and volatility. The 99.92% level corresponds to the five-year return horizon
and is directly comparable to the return levels reported in Table 5.12.

99% 99.92%

Asset VaR ES VaR ES

BTC 0.6149 0.7971 1.0808 1.2874
ETH 0.5462 0.6827 0.8895 1.0201
USDT 0.2179 0.4069 0.7037 1.3180
USDC 1.8032 2.6408 4.0118 6.0648

For Bitcoin and Ethereum the results are consistent with the return level estimates. The
BTC VaR99% of 0.6149 corresponds to a price decline of e−0.6149 −1 ≈ 45.9%, representing a
loss threshold exceeded roughly once every 100 trading days. The corresponding ES of 0.7971,
e0.7971−1≈ 54.94%, indicates that on days when losses surpass this threshold, the average loss
is substantially larger. At the five-year horizon, the VaR99.92% of 1.080 aligns closely with the
return level of 1.0824 from Table 5.12, as expected by construction, and on days when losses
surpass the threshold, the average loss is e−1.2874 −1 ≈ 72.4%.

Ethereum follows the same pattern. The VaR99% of 0.5462 corresponds to a price decline
of ≈ 42%, with an ES of 0.6827 indicating that average losses on exceedance days are sub-
stantially larger than the threshold, and are ≈ 49.5%. The five-year VaR99.92% of 0.8895 is
consistent with the corresponding return level of 0.8905, corresponding to a price decline of
≈ 59% beyond which the average tail loss progresses to e−1.0201 −1 ≈−63.94%.

The values recorded for USDC, as noted in previous sections, must be divided by 100
to reverse the original operational rescaling and allow for an accurate interpretation on the
proper daily log-return scale. At the 99% confidence level, USDC records a true VaR99% of
0.018032, which equates to a daily price decline of e−0.018032−1 ≈ 1.79%. The corresponding
Expected Shortfall of 0.026408 indicates that on days when tail losses breach this threshold, the
conditional average price contraction is bounded at e−0.026408−1≈ 2.61%. At the extreme five-
year horizon, the VaR99.92% of 0.040118 maps to a potential price decline of e−0.040118 − 1 ≈
3.93%, a result that demonstrates strong empirical consistency with the return levels reported
in Table 5.12. Within this extreme multi-year tail scenario, if the VaR limit is violated, the
conditional average loss is estimated by the ES (0.060648) to be a price decline of e−0.060648−
1 ≈ 5.88%.
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Lastly, USDT confirms the stability of the fiat peg, exhibiting minimal extreme tail risk. Its
rescaled VaR99% of 0.002179 corresponds to a negligible daily price decline of e0.002179 −1 ≈
0.22%, and even at the five-year horizon the VaR99.92% of 0.007037 implies a maximum daily
contraction of just e0.007037 −1 ≈ 0.70%.

5.2.4 Model Evaluation
The evaluation of the GPD model fitted via the Peaks Over Threshold method is assessed
using the same four standard diagnostic plots employed in the GEV analysis: the probability
plot, the quantile plot, the return level plot, and the density plot [16]. These diagnostics are
interpreted jointly to assess model adequacy. Overall, the POT method yields a more reliable
characterization of tail risk than the Block Maxima approach, consistent with its more efficient
use of extreme observations. However, the improvement is not uniform across assets, and in
one instance, specifically the USDC loss series, the GPD fit is notably worse than its GEV
counterpart. For brevity, only the most informative plots are presented here, while the full set
of diagnostics is reported in Appendix B.

Bitcoin (BTC) The GPD model provides a good overall fit for Bitcoin in both the loss and
gain series. The probability plot shows observations closely aligned with the diagonal, and the
density plot confirms that the fitted distribution captures the empirical shape well. The most
notable weakness is in the quantile plot, which exhibits some departures from the diagonal in
the upper tail, indicating that the model tends to underestimate the most extreme observations.
This pattern is consistent across both series, though it remains limited in magnitude and does
not materially affect the overall adequacy of the fit. The return level plot is broadly consistent,
with the majority of exceedances falling within the confidence bands. On balance, the POT
approach offers an adequate representation of extreme behavior for this asset.

Ethereum (ETH) A similar conclusion holds for Ethereum. Both the probability and quan-
tile plots display no clear evidence of systematic misspecification, and the model captures tail
behavior reasonably well across both series. As observed in the GEV analysis, the gain series
exhibits a marginally weaker fit than the loss series, with slightly more pronounced deviations
in the upper tail of the quantile plot and a small number of exceedances falling outside the
return level confidence bands. These discrepancies remain limited in magnitude and do not
materially affect the overall adequacy of the model. The GPD thus provides a satisfactory char-
acterization of extreme behavior for Ethereum, broadly in line with the GEV results for this
asset.

Tether (USDT) For USDT the POT method yields results broadly similar to those of the
GEV, which had already displayed a pronounced lack of fit for this asset. For the loss series,
the probability plot is somewhat better aligned with the diagonal relative to the GEV case,
suggesting a marginal improvement in the central fit. However, the quantile and return level
plots continue to exhibit the same difficulties in tail estimation, with large outliers attributable
to the ARMA–GARCH standardization remaining visible and breaching the confidence bands.
A comparable pattern is observed for the gain series, shown in Figure 5.13, where the quantile
and return level plots are largely indistinguishable from their GEV counterparts. On balance,
no clear improvement over the GEV model can be established for USDT, suggesting that the
structural characteristics of stablecoin returns, rather than the choice of EVT method, are the
primary source of model inadequacy.
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Figure 5.13: GPD diagnostic plots for USDT gains. As in the GEV case, large outliers attributable to the ARMA–
GARCH standardization remain visible in the quantile and return level plots, breaching the 95% confidence band,
while the probability plot shows only a marginal improvement in the central fit relative to the GEV model.

USD Coin (USDC) The results for USDC are mixed and present the most notable divergence
between the two methods. For the gain series, the GPD model represents a clear improvement
over the GEV fit: the probability and quantile plots show substantially better alignment with
the diagonal, and while the return level plot still reveals some difficulty in estimating the ex-
treme upper tail, the outliers are considerably less pronounced than those observed under the
GEV framework. In contrast, the loss series tells a different story. The POT model for USDC
losses performs markedly worse than its GEV counterpart, with clear deviations in both the
probability and quantile plots and multiple exceedances falling outside the return level confi-
dence bands. This is illustrated in Figure 5.14. This asymmetry between the two series is likely
attributable to the structural nature of stablecoin returns combined with the limited number of
observations available for USDC, which represents the shortest time series across all assets
examined, reducing the reliability of tail estimation under both approaches.
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Figure 5.14: GPD diagnostic plots for USDC losses. In contrast to the gain series, where the POT model represents
a clear improvement over the GEV, the loss series exhibits a markedly poorer fit, with substantial deviations in
the probability and quantile plots and multiple exceedances falling outside the 95% confidence band in the return
level plot.

Overall, the diagnostic analysis confirms a pattern broadly consistent with the GEV results.
The GPD model provides an adequate fit for BTC and ETH, with the POT approach offering
modest improvements over the Block Maxima method, consistent with its more efficient use of
extreme observations. For the stablecoin series, however, neither method achieves a satisfac-
tory fit. As discussed in the GEV analysis, stablecoins are inherently difficult to model with
standard Extreme Value tools: their return distributions combine prolonged near-zero variation
with sudden, short-lived spikes driven by de-pegging events, producing a tail structure that is
highly atypical. Their comparatively shorter time series further compounds this challenge, re-
ducing the precision of tail estimation regardless of the method employed. The one notable
exception to the general pattern of improvement is the USDC loss series, where the GPD fit
is unexpectedly worse than its GEV counterpart, highlighting that the advantages of the POT
approach are not guaranteed and may be sensitive to the specific tail structure and threshold
selection for individual series.
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5.3 Final Remarks
The empirical results obtained from the Block Maxima (GEV) and Peaks-Over-Threshold
(POT) methods show how different types of digital assets behave under extreme conditions.
For both Tether (USDT) and USD Coin (USDC), the two statistical methods agree on two main
points. First, the tail shape of these pegged assets belongs to the heavy-tailed Fréchet family
(ξ > 0). Second, their risk measures (the return levels, VaR and ES) are very small, making
them look almost invisible when compared to the high-risk profiles of Bitcoin and Ethereum.
This accurately reflects the real-world economic mechanics of stablecoins. The mathematical
framework successfully separates how severe a shock is compared to normal days from how
much value the asset actually loses in dollars.

To understand this clearly, we must look at what the shape parameter ξ actually measures
in Extreme Value Theory. The shape parameter is a number that does not tell us the actual size
of a loss. Instead, it measures how unusual a shock is compared to the asset’s normal daily
price movements [16]. For Bitcoin and Ethereum, the analysis shows tails that are close to the
Gumbel baseline or only slightly heavy. This happens because the two-step GARCH model
appears to perform reasonably well for highly volatile assets. It captures and removes much
of the continuous price changes that happen every day. Because this volatility filter cleans the
data efficiently, the remaining variations show a smoother and more predictable tail behavior.

For stablecoins, this situation is completely reversed because of the artificial dollar peg.
Assets like USDT and USDC experience very long periods of flat calm, during which the price
barely moves and volatility is close to zero. This everyday flatness is only broken by rare,
sudden crises when the stablecoin temporarily loses its peg to the dollar. When a de-pegging
event happens, even a small price drop of 1% or 2% represents a massive shock compared to
the long history of near-zero daily changes. The GARCH volatility filter divides these sudden
jumps by an extremely low conditional variance, generating massive standardized innovations.
Consequently, Extreme Value Theory identifies this huge disproportion in the filtered residuals,
resulting in a positive ξ . The model is not saying that stablecoins are riskier than Bitcoin;
it is simply pointing out that a de-pegging event is a major structural shock relative to the
stablecoin’s usual quiet behavior.

In conclusion, this analysis provides a valuable methodological proof of the limits and
strengths of financial models in crypto markets. The combination of GARCH and EVT models
is naturally designed to work best with continuous assets like Bitcoin and Ethereum, which
move constantly and show a lot of volatility. Stablecoins break these standard assumptions
because they alternate between absolute flatness and sudden jumps, which puts a lot of strain
on standard variance models. However, both the GEV and POT frameworks focus on the
tails of the distribution rather than on ordinary daily observations. While the results highlight
several challenges in modeling assets with fundamentally different market dynamics, they also
demonstrate the usefulness of EVT as a framework for investigating tail risk in cryptocurrency
markets.

The following section extends the analysis to a multivariate framework, aiming to charac-
terize the joint tail behavior of the four cryptocurrency series and assess whether extremes tend
to occur concurrently across assets.
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Chapter 6

Bivariate Extreme Value Theory Analysis

The bivariate Extreme Value analysis, as the univariate analysis, was conducted in R [59], using
the evd package [63], which provides functions for fitting bivariate extreme-value dependence
models. These include the Logistic, Bilogistic, and Dirichlet (Coles–Tawn) models, estimated
via maximum likelihood with associated standard errors, as well as diagnostic and graphical
tools for model assessment, such as χ and χ̄ plots.

6.1 Componentwise Maxima
This section presents the Componentwise Maxima analysis. As described in Chapter 3, esti-
mation proceeds under two approaches: two-stage estimation and full likelihood estimation.

6.1.1 Two-Stage Estimation
The two-stage estimation begins by forming all pairwise combinations of the four cryptocur-
rencies, separately for the upper tail (gains) and the lower tail (losses), before applying the
Fréchet transformation. Each pair of Block Maxima is then transformed to standard Fréchet
margins following Equation 3.5, using the GEV parameter estimates µ̂ , σ̂ , and ξ̂ obtained in
Section 5.1.1. The standardized data are then fitted with three dependence models: Logistic,
Bilogistic, and Dirichlet [16].

Fitting is performed via the fbvevd1 function in R [59]. Since fbvevd defaults to full
likelihood estimation, jointly estimating both the marginal and dependence parameters, the
two-stage approach requires the marginal parameters to be fixed at their standard Fréchet values
(µ = 1, σ = 1, ξ = 1), so that only the dependence parameter α (and β ) is estimated in this
second stage [16].

Gains Model selection is based on the Akaike Information Criterion (AIC) [3, 43]. Table 6.1
reports the AIC values for all three models across each asset pair for the gains.

The Bilogistic model failed to converge for the BTC–USDT and ETH–USDT pairs, likely
because the near-independence between a stablecoin and a highly volatile asset leaves little
dependence structure for an asymmetric model to capture.

The Logistic model achieves the lowest AIC across all asset pairs except BTC–USDC and
ETH–USDC, where the Bilogistic yields a marginally lower AIC. For BTC–USDC the AIC

1https://www.rdocumentation.org/packages/evd/versions/2.3-7.1/topics/fbvevd
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Table 6.1: AIC comparison of bivariate extreme-value dependence models. Two Step Approach (gains).

Asset Pair Logistic Bilogistic Dirichlet

ETH–BTC 1001.896 1002.276 1003.983
BTC–USDT 875.665 — 878.762
BTC–USDC 719.615 719.063 719.833
ETH–USDT 926.151 — 927.319
ETH–USDC 741.272 739.590 740.939
USDC–USDT 697.772 699.765 699.579

Note: blue denotes the high-volatility asset (BTC/ETH); bold indicates the lowest AIC per pair.

difference is small (∆AIC = 0.552), and the standard error on the Bilogistic dependence pa-
rameter is degenerate (SE ≈ 0). A similar behavior occurs under the Logistic specification for
the ETH–USDC pair. Here, the estimate α̂ = 0.9991 is practically equal to 1, which is the exact
boundary of the model representing absolute independence. In Extreme Value Theory, when
an estimate hits this boundary, the standard statistical assumptions break down. As a result,
the formula used to calculate the standard error collapses, making it unreliable [16]. Given this
lack of reliable inference, the small AIC improvement carries no real weight, and the Logistic
model is retained across all pairs to keep the analysis consistent and easy to interpret.

Having selected the Logistic model uniformly, Table 6.2 reports the estimated dependence
parameter α̂ and the corresponding extremal dependence coefficient for each pair. Recall that
under the Logistic model α ∈ (0,1], with values near zero indicating strong dependence and
values approaching one indicating near-independence; correspondingly, χ̂ = 2− 2α , where χ̂

close to zero signals near-independence [16].

Table 6.2: Parameter estimates and extremal dependence coefficients. Two Step Approach (gains).

Asset Pair α̂ Std. Error χ̂

ETH–BTC 0.5628 0.0408 0.5229
BTC–USDT 0.9121 0.0704 0.1182
BTC–USDC 0.9725 0.0762 0.0340
ETH–USDT 0.9342 0.0658 0.0892
ETH–USDC 0.9991 2×10−6 0.0012
USDC–USDT 0.9489 0.0855 0.0695

The parametric estimates reveal a clear hierarchy in tail dependence. The ETH–BTC pair
exhibits the strongest tail association (α̂ = 0.5628, χ̂ = 0.5229), validating the empirical co-
movements observed between the two largest cryptocurrencies by market capitalization. To
visually validate these parametric conclusions, the Block Maxima for gains transformed into
standard Fréchet margins are plotted in the left panel of Figure 6.1. The plot provides a clear
empirical justification of the estimates. For the ETH–BTC pair, a prominent alignment of
observations along the main diagonal is visible, particularly for simultaneous large values.
This concentration of co-occurring tail events strongly reflects the high estimated extremal
dependence coefficient. On the other hand, observations near the origin represent periods where
both assets experienced low maximum gains within the specific block, carrying no information
regarding the loss tail, which is modeled independently.

The remaining pairs display some dependence under this framework, with α̂ values clus-
tered between 0.91 and 0.97, apart from the ETH–USDC pair, which despite showing near-
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(a) ETH–BTC (b) USDC–USDT

Figure 6.1: Fréchet transformed Block Maxima for the ETH–BTC pair (left) and the USDC–USDT pair (right).

independence carries a degenerate standard error, making the estimate inconclusive. Depen-
dence is comparatively stronger for the two pairs involving USDT and the two high-risk cryp-
tocurrencies. The USDC–USDT stablecoin pair displays a weak tail dependence (α̂ = 0.9489),
suggesting that extreme deviations from the peg are not driven by a common shock. This em-
pirical behavior is illustrated in the right panel of Figure 6.1, which presents the stablecoin joint
extremes transformed into standard Fréchet margins.

Losses The same procedure is applied to the lower tail. Table 6.3 reports the AIC values for
the three dependence models across each transformed Fréchet asset pair.

Table 6.3: AIC comparison of bivariate extreme-value dependence models. Two Step Approach (losses).

Asset Pair Logistic Bilogistic Dirichlet

ETH–BTC 1007.909 1009.776 1009.041
BTC–USDT 890.043 890.262 891.369
BTC–USDC 736.089 735.896 735.587
ETH–USDT 903.862 906.312 906.216
ETH–USDC 731.801 733.651 —
USDC–USDT 717.962 718.398 718.355

Based on the AIC, the Logistic model is selected for almost all pairs, with the sole exception
of BTC–USDC, for which the Dirichlet model (Coles-Tawn) yields a lower AIC. However,
even for this pair, the Logistic model is retained. This decision is motivated by the fact that for
both the Dirichlet and Bilogistic specifications, the estimated parameters hit the boundary of
the parameter space, causing the standard error calculations to collapse. The final parametric
estimates are then reported in Table 6.4.

The ETH–BTC pair exhibits a solid tail association (α̂ = 0.7012, χ̂ = 0.3741), though it is
weaker than its upper-tail counterpart. This implies that extreme negative shocks are slightly
less dependent than extreme positive shocks between the two main cryptocurrencies. The
USDC–USDT stablecoin pair displays a moderate and significant tail dependence (α̂ = 0.7605,
χ̂ = 0.3058), suggesting that extreme losses (de-pegging risks) tend to, intuitively, co-occur.
While, the remaining volatile-stablecoin pairs display some weak tail association, with α̂ val-
ues ranging between 0.901 (BTC–USDT) and 0.973 (BTC–USDC). As before, the mixed pairs
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Table 6.4: Parameter estimates and extremal dependence coefficients. Two Step Approach (losses).

Asset Pair α̂ Std. Error χ̂

ETH–BTC 0.7012 0.0483 0.3741
BTC–USDT 0.9006 0.0617 0.1331
BTC–USDC 0.9726 0.0824 0.0376
ETH–USDT 0.9394 0.0628 0.0822
ETH–USDC 0.9351 0.0718 0.0879
USDC–USDT 0.7605 0.0637 0.3058

involving USDT exhibit comparatively higher dependence; in this case, however, ETH–USDC
also shows a non-negligible degree of dependence, with α̂ ≈ 0.94.

While this two-stage approach provides a valuable preliminary assessment, fixing the marginal
distributions prior to estimating the dependence structure fails to account for the uncertainty in
the marginal parameters, potentially leading to an understatement of the final standard errors.
This limitation motivates the adoption of a joint full likelihood approach in the next section.

6.1.2 Full Likelihood Estimation
To compare against the two-stage procedure and avoid carrying forward the estimation errors
of the univariate marginal fits into the dependence parameters, a full likelihood estimation
framework is also implemented, where marginal GEV parameters and bivariate dependence
parameters are optimized simultaneously.

Gains Applying the full likelihood approach to the gains, all three dependence models are
fitted simultaneously across marginal and dependence parameters, as done before. Table 6.5
reports the resulting AIC values.

Table 6.5: AIC comparison of bivariate extreme-value dependence models. Full Likelihood Approach (gains).

Asset Pair Logistic Bilogistic Dirichlet

ETH–BTC 552.992 553.580 555.217
BTC–USDT 647.374 649.180 649.260
BTC–USDC 520.684 532.476 520.907
ETH–USDT 644.747 645.395 645.829
ETH–USDC 508.323 506.190 507.605
USDC–USDT 586.643 — 588.627

Note: blue denotes the high-volatility asset (BTC/ETH); bold indicates the lowest AIC per pair.

Following the same pattern noted earlier, the Bilogistic specification for ETH–USDC pro-
duces a marginally lower AIC (∆AIC ≈ 2.1) than the Logistic model, but both models yield a
degenerate standard error on the dependence parameter, indicating that the joint tail observa-
tions are too few to reliably distinguish between the two specifications. All pairs are modeled
here using the Logistic specification, matching the choice made throughout the rest of the anal-
ysis.

The full likelihood dependence parameters are provided in Table 6.6 provides full likelihood
estimations that are broadly consistent with the two-stage approach, with only minor numerical
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Table 6.6: Parameter estimates and extremal dependence coefficients. Full Likelihood Approach (gains).

Asset Pair α̂ Std. Error χ̂

ETH–BTC 0.5501 0.0486 0.5359
BTC–USDT 0.9153 0.0718 0.1141
BTC–USDC 0.9825 0.0763 0.0242
ETH–USDT 0.9272 0.0706 0.0988
ETH–USDC 0.9995 2×10−6 0.0007
USDC–USDT 0.9682 0.0831 0.0436

differences in the dependence structure. The ETH–BTC pair remains the most strongly associ-
ated (α̂ = 0.5501, χ̂ = 0.5359), with both the point estimate and the implied dependence coef-
ficient closely matching those obtained in Section 6.1.1. All remaining pairs continue to cluster
near asymptotic independence, with α̂ > 0.91 for every volatile–stablecoin combination. This
is economically sensible: since stablecoins are pegged near unity, large positive returns in BTC
or ETH need not be accompanied by comparably large positive returns in USDT or USDC.
The ETH–USDC pair again carries a degenerate standard error, and so the α̂ estimate is not a
confirmation of near-independence.

Losses The joint likelihood maximization routine is replicated for the lower tail. Table 6.7
and Table 6.8 report the model selection criterion and parameter estimates, respectively.

Table 6.7: AIC comparison of bivariate extreme-value dependence models. Full Likelihood Approach (losses).

Asset Pair Logistic Bilogistic Dirichlet

ETH–BTC 607.313 609.302 608.464
BTC–USDT 674.340 681.742 676.280
BTC–USDC 505.165 503.803 504.157
ETH–USDT 660.544 663.366 662.527
ETH–USDC 486.897 492.334 488.918
USDC–USDT 567.321 567.841 567.828

The Logistic model has a lower AIC for all pairs except BTC–USDC, where the Bilogistic
yields a marginally lower AIC (∆AIC ≈ 1.4). As in the gains case for ETH–USDC, inspection
of the Bilogistic output for BTC–USDC reveals a degenerate standard error on the dependence
parameter, indicating numerical instability at the boundary of the parameter space. The small
AIC improvement therefore carries no reliable inferential weight, and the Logistic model is
retained. Notably, the ETH–USDC pair, which was a boundary case in the gains sample, be-
haves regularly here, with the Logistic model selected and well-behaved standard errors. The
Logistic specification is therefore maintained across all pairs for consistency.

The negative tail parameters confirm the overall structure observed in the upper tail, with
some notable differences. ETH–BTC remains the most dependent pair (α̂ = 0.6915, χ̂ =
0.3849), though dependence is weaker than in the gains sample, suggesting that extreme losses
in the two assets are less synchronized than extreme gains. The most interesting reversal con-
cerns USDC–USDT, which shows stronger lower-tail dependence (α̂ = 0.7649, χ̂ = 0.3011)
than in the upper tail. This means that during periods of systemic stress, a loss of confidence in
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Table 6.8: Parameter estimates and extremal dependence coefficients. Full Likelihood Approach (losses).

Asset Pair α̂ Std. Error χ̂

ETH–BTC 0.6915 0.0556 0.3849
BTC–USDT 0.9078 0.0609 0.1238
BTC–USDC 0.9962 0.0905 0.0053
ETH–USDT 0.9360 0.0656 0.0875
ETH–USDC 0.9223 0.0754 0.1051
USDC–USDT 0.7649 0.0721 0.3011

fiat-pegged instruments tends to affect both stablecoins simultaneously, producing correlated
extreme losses that are absent during normal or positive market conditions.

Overall, the bivariate Componentwise Maxima analysis delivers a consistent and inter-
pretable picture. The most robust finding across both estimation methods and both tails is the
dependence between assets of similar volatility profile: the ETH–BTC pair exhibits meaningful
tail dependence in both the gains and losses samples under both the two-stage and full likeli-
hood approaches, confirming that extreme movements in the two major cryptocurrencies tend
to occur together. Moreover, dependence is consistently higher in the gains than in the losses
under both estimation methods, suggesting that joint extreme upward movements are more
strongly linked than joint extreme downward movements. The USDC–USDT pair follows a re-
lated pattern in the lower tail, where systemic stress appears to drive correlated extreme losses
between the two stablecoins.

For the volatile–stablecoin pairs, the evidence is less conclusive: a weak but coherent degree
of dependence emerges for the mixed pairs involving USDT, namely BTC–USDT and ETH–
USDT, consistent across both the gains and losses samples. This pattern is also reflected in the
full likelihood estimation, but in this case for ETH–USDC, where some dependence persists in
the losses. For the remaining pairs, however, no significant dependence is detected. The main
takeaway is therefore that same-volatility asset pairs display detectable tail dependence, while
cross-volatility pairs provide only limited and inconsistent evidence of systematic joint extreme
behavior.

This naturally leads to an investigation of whether volatile and stable assets exhibit opposing
tail behavior: specifically, whether extreme losses in BTC or ETH coincide with extreme gains
in USDT or USDC, consistent with investors rotating into stable assets during periods of market
stress, the so-called safe haven hypothesis. The following part of the chapter addresses this
directly by extending the analysis to the gain and loss mixed-tail setting.

6.1.3 Asymmetric Tail Analysis
Given that full likelihood estimation provides asymptotically unbiased and statistically effi-
cient estimates, this framework is extended to analyze mixed-tail dynamics.A core objective
of this analysis is to investigate asset reallocation dynamics during periods of extreme market
distress. Specifically, we test the safe haven hypothesis: whether extreme losses in volatile
cryptocurrencies systematically trigger simultaneous positive capital inflows into stablecoins,
causing positive tail deviations in the latter due to short-term peg inelasticity. To implement
this, bivariate models are fitted by pairing the negative Block Maxima (losses) of BTC/ETH
with the positive Block Maxima (gains) of USDT/USDC, following the reasoning outlined in
Section 3.4.
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Table 6.9 details the cross-tail parametric model selection via AIC.

Table 6.9: AIC comparison of bivariate extreme-value dependence models. Full Likelihood Approach (mixed
tails).

Asset Pair Logistic Bilogistic Dirichlet

BTC–USDT 665.8553 666.0987 665.7946
BTC–USDC 533.6655 528.6823 529.9619
ETH–USDT 652.3510 653.3552 653.4324
ETH–USDC 519.4199 — 521.4193

Note: blue denotes the high-volatility asset (BTC/ETH); bold indicates the lowest AIC per pair.

The Logistic model is selected for ETH–USDT and ETH–USDC. For BTC–USDT the
Dirichlet yields a negligible improvement (∆AIC ≈ 0.06), and for BTC–USDC the Bilogis-
tic yields a larger but still moderate improvement (∆AIC ≈ 4.98). However, inspection of the
Bilogistic output for BTC–USDC reveals again a degenerate standard error on the α parame-
ter, indicating numerical instability at the boundary of the parameter space and rendering the
asymmetric specification unreliable for this pair. As in the previous cases, the AIC improve-
ment carries no reliable inferential weight under these conditions. We therefore fit the Logistic
model uniformly across all four pairs, so that any differences in results reflect the data rather
than the choice of specification.

Table 6.10: Parameter estimates and extremal dependence coefficients. Full Likelihood Approach (mixed tails).

Asset Pair α̂ Std. Error χ̂

BTC–USDT 0.8924 0.0660 0.1437
BTC–USDC 0.9222 0.0611 0.1050
ETH–USDT 0.9419 0.0712 0.0790
ETH–USDC 0.9692 0.0686 0.0423

The BTC–USDT pair shows the strongest cross-tail dependence (α̂ = 0.8924, χ̂ = 0.1437),
and BTC–USDC follows a similar pattern (χ̂ = 0.1050). Both values exceed the correspond-
ing same-tail coefficients for these pairs, where gains-gains and losses-losses structures con-
verged near independence. This suggests that the cross-tail relationship, extreme BTC losses
coinciding with extreme stablecoin gains, is more pronounced than any same-direction co-
movement, which is precisely what the safe haven hypothesis predicts. The ETH–stablecoin
pairs show weaker but non-negligible cross-tail dependence: while χ̂ = 0.0790 for ETH–USDT
and χ̂ = 0.0423 for ETH–USDC are small, they remain above the near-zero same-tail estimates
for these pairs, suggesting a faint directional signal that falls short of constituting evidence for
the safe haven hypothesis. Overall, the evidence points to a Bitcoin-specific dynamic, whereby
extreme BTC losses are accompanied by extreme stablecoin gains in roughly 10% to 14% of
tail episodes, while the ETH signal, though not absent, is too weak to draw firm conclusions.

To complement these results and provide a comprehensive analysis of the joint tails, we
mirror our previous univariate strategy and transition to the threshold approach, completing the
bivariate framework.
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6.2 Threshold Approach
The threshold approach is carried out following the same two estimation strategies as the Com-
ponentwise Maxima analysis: two-stage and full likelihood estimation.

6.2.1 Two-Stage Estimation
The rationale behind the two-stage approach mirrors the one described for the Block Maxima
framework, following the theory presented in Chapter 3. Each exceedance of each cryptocur-
rency series is transformed to standard Fréchet margins via Equations 3.9 and 3.10, using the
GPD parameter estimates σ̂ and ξ̂ obtained in Chapter 5. The standardized exceedances are
then paired for both gains and losses to analyze the bivariate dependence structure.

The transformed data are fitted via the Logistic, Bilogistic, and Dirichlet models [16], with
model evaluation performed through the AIC criterion. Fitting is performed via the fbvpot2

function in R [59], with marginal parameters fixed at their standard Fréchet values.

Gains As shown in Table 6.11, the Bilogistic and Dirichlet models suffer from a systematic
failure to converge across almost all asset pairs.

Table 6.11: AIC comparison of bivariate extreme-value dependence models. Two Step Approach (gains).

Asset Pair Logistic Bilogistic Dirichlet

ETH – BTC 16910.11 16910.79 16943.40
BTC – USDT 13096.91 — —
BTC – USDC 10008.81 — —
ETH – USDT 13682.31 — —
ETH – USDC 10465.92 — —
USDC – USDT 8148.90 — —

Note: blue denotes the high-volatility asset (BTC/ETH); bold indicates the lowest AIC per pair.

This numerical breakdown occurs because these asymmetric frameworks collapse when ap-
plied to assets that exhibit structural asymptotic independence, which is typically the case for
pairs involving stablecoins (USDT and USDC). These models are only able to achieve con-
vergence for the ETH–BTC pair, which displays a strong and genuine mutual tail dependence.
However, even for the ETH–BTC combination, the classical Logistic model is strictly preferred
according to the AIC criterion, and a symmetric tail dependence structure is therefore assumed
for all analyzed pairs [45].

The corresponding Logistic parameter estimates are given in Table 6.12.
The ETH–BTC pair again emerges as the most dependent combination (α̂ = 0.7402, χ̂ =

0.3296), indicating that extreme gains in the two major cryptocurrencies tend to co-occur. For
all remaining pairs, however, the estimated α̂ values cluster close to unity and the correspond-
ing χ̂ coefficients are negligible, signaling near-independence. Notably, the threshold approach
does not alter the qualitative conclusions obtained from the Componentwise Maxima analy-
sis. Apart from the ETH–BTC pair, all remaining combinations continue to exhibit only weak
extremal dependence, with the POT estimates lying even closer to the independence boundary.

2https://www.rdocumentation.org/packages/evd/versions/2.3-7.1/topics/fbvpot
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Table 6.12: Parameter estimates and extremal dependence coefficients. Two Step Approach (gains).

Asset Pair α̂ Std. Error χ̂

ETH–BTC 0.7402 0.0101 0.3296
BTC–USDT 0.9871 0.0036 0.0178
BTC–USDC 0.9946 0.0033 0.0075
ETH–USDT 0.9814 0.0042 0.0256
ETH–USDC 0.9975 0.0028 0.0035
USDC–USDT 0.9867 0.0042 0.0184

Losses The same convergence pattern is observed for the lower tail: the Bilogistic and Dirich-
let models fail to converge across all pairs, and the Logistic model is retained throughout. Ta-
ble 6.13 reports the parameter estimates.

Table 6.13: Parameter estimates and extremal dependence coefficients. Two Step Approach (losses).

Asset Pair α̂ Std. Error χ̂

ETH–BTC 0.8381 0.0084 0.2123
BTC–USDT 0.9802 0.0044 0.0272
BTC–USDC 0.9852 0.0043 0.0204
ETH–USDT 0.9857 0.0038 0.0197
ETH–USDC 0.9830 0.0046 0.0234
USDC–USDT 0.9854 0.0041 0.0201

The ETH–BTC pair remains the only combination displaying meaningful tail dependence
(α̂ = 0.8381, χ̂ = 0.2123), though its estimated dependence is weaker than in the upper tail,
consistent with the findings from the Componentwise Maxima analysis. All remaining pairs
exhibit near-complete independence, with χ̂ values collapsing to approximately 0.02 across
the board. As in the gains case, the estimates obtained via the threshold approach are generally
smaller than their Componentwise Maxima counterparts, particularly for pairs involving sta-
blecoins. However, both approaches lead to the same qualitative conclusion: tail dependence
remains concentrated in the ETH–BTC pair and is stronger for gains than for losses, while the
remaining combinations lie close to asymptotic independence.

6.2.2 Full Likelihood Estimation
To address the limitations of the two-stage procedure, a full likelihood estimation framework
is implemented, jointly optimizing the GPD marginal parameters and the bivariate dependence
parameters.

Gains Under full likelihood estimation, the numerical difficulties encountered in the two-
stage approach are noticeably mitigated, and the Bilogistic and Dirichlet models achieve con-
vergence for a larger number of pairs. Table 6.14 reports the resulting AIC values.

The Logistic model is selected for the majority of pairs, apart from ETH–BTC and BTC–
USDC, where the Bilogistic yields a lower AIC (∆AIC ≈ 1.7 and ∆AIC ≈ 26.7, respectively),
suggesting the presence of asymmetric tail dependence for these two combinations. We re-
call that the selection of an asymmetric model indicates that the tail dependence of Bitcoin
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Table 6.14: AIC comparison of bivariate extreme-value dependence models. Full Likelihood Approach (gains).

Asset Pair Logistic Bilogistic Dirichlet

ETH–BTC 5049.004 5047.308 5060.970
BTC–USDT 5929.931 5931.414 5931.416
BTC–USDC 4746.414 4719.744 4720.112
ETH–USDT 5771.061 5772.629 —
ETH–USDC 4576.579 — —
USDC–USDT 5250.596 5254.553 5279.020

Note: blue denotes the high-volatility asset (BTC/ETH); bold indicates the lowest AIC per pair.

on Ethereum is not identical to that of Ethereum on Bitcoin. In the Bilogistic framework, the
difference between the two estimated parameters measures the strength and direction of this
asymmetry, capturing how one asset exerts a stronger influence on the joint tail than the other.
However, inspection of the BTC–USDC output reveals degenerate standard errors on both the
Logistic and Bilogistic dependence parameters (SE ≈ 0), signaling that the joint tail observa-
tions are too scarce to reliably distinguish between the two specifications and that the optimizer
is being pushed toward the boundary of the parameter space [16]. Given this numerical insta-
bility, the Logistic model is kept for BTC–USDC to preserve consistency across the analysis.
The full likelihood parameter estimates are reported in Table 6.15.

Table 6.15: Parameter estimates and extremal dependence coefficients. Full Likelihood Approach (gains).

Asset Pair Model Parameter Estimate Std. Error χ̂

ETH–BTC Bilogistic α 0.5737 0.0295 0.5576
β 0.4754 0.0335

BTC–USDT Logistic α 0.9836 0.0115 0.0226
BTC–USDC Logistic α 0.9993 2.002×10−6 0.0010
ETH–USDT Logistic α 0.9869 0.0126 0.0180
ETH–USDC Logistic α 0.9992 2.002×10−6 0.0011
USDC–USDT Logistic α 0.9985 2.003×10−6 0.0021

Genuine tail dependence under extreme positive shocks is restricted exclusively to the
ETH–BTC pair. Under the Bilogistic framework, both asymmetry parameters are significantly
bounded away from unity (α̂ = 0.5737, β̂ = 0.4754), yielding an extremal dependence coef-
ficient of χ̂ = 0.5576. From an economic perspective, this implies that when either Bitcoin
or Ethereum experiences an extreme positive return shock, there is approximately a 55.8%
probability that the other major asset will simultaneously experience a tail event of comparable
magnitude. The symmetric Logistic specification, retained for comparability, corroborates this
finding with an estimated α̂ = 0.5278, confirming substantial dependence independently of the
asymmetric parameterization.

All pairs involving a stablecoin exhibit a marked weakening of tail dependence, though the
strength of this conclusion differs across pairs. For BTC–USDT and ETH–USDT, the Logis-
tic dependence parameter α̂ converges to values near its upper theoretical limit (0.9836 and
0.9869, respectively) with well-behaved standard errors, and the corresponding χ̂ coefficients
collapse to near-zero levels (0.0226 and 0.0180), supporting a reasonably reliable conclusion
of asymptotic independence for these two pairs. For the pairs involving USDC (BTC–USDC,
ETH–USDC, and USDC–USDT) α̂ similarly converges close to 1, but the associated standard
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errors are degenerate for all three. As discussed above, this reflects the breakdown of the normal
approximation at the boundary of the parameter space rather than genuine estimation precision,
so the apparent near-independence for these USDC pairs should be read as inconclusive.

Losses Table 6.16 reports the AIC values for the lower tail. The Logistic model is selected
for most pairs, with the Bilogistic preferred for ETH–BTC (∆AIC ≈ 6.8) and BTC–USDC
(∆AIC ≈ 12.3), and the Dirichlet preferred for ETH–USDC (∆AIC ≈ 3.3).

Table 6.16: AIC comparison of bivariate extreme-value dependence models. Full Likelihood Approach (gains).

Asset Pair Logistic Bilogistic Dirichlet

ETH–BTC 5895.513 5888.703 5891.422
BTC–USDT 6031.153 6033.151 6045.345
BTC–USDC 4524.551 4512.219 4513.166
ETH–USDT 6010.192 6013.278 —
ETH–USDC 4513.230 — 4509.916
USDC–USDT 5116.590 5117.891 5117.888

As in the gains case, the BTC–USDC and ETH–USDC pairs require careful interpretation.
For BTC–USDC, both the Bilogistic and Logistic specifications produce degenerate standard
errors (SE ≈ 0) on the dependence parameters. The asymmetric specification is therefore re-
jected in favor of the Logistic model. For ETH–USDC, by contrast, the Logistic model selected
in the losses sample is well-behaved, with regular standard errors, in contrast to its boundary
behavior in the gains sample; the Logistic specification is retained here as well, for consistency.
The complete parameter estimates are reported in Table 6.17.

Table 6.17: Parameter estimates and extremal dependence coefficients. Full Likelihood Approach (gains).

Asset Pair Model Parameter Estimate Std. Error χ̂

ETH–BTC Bilogistic α 0.5827 0.0460 0.3855
β 0.7621 0.0263

BTC–USDT Logistic α 0.9842 0.0142 0.0218
BTC–USDC Logistic α 0.9996 2.002×10−6 0.0006
ETH–USDT Logistic α 0.9953 0.0119 0.0066
ETH–USDC Logistic α 0.98200 0.01281 0.0248
USDC–USDT Logistic α 0.9852 0.0119 0.0204

The loss tail results confirm the structure observed in the gains analysis, with one no-
table difference. The ETH–BTC pair again exhibits robust tail dependence under the Bilo-
gistic framework (α̂ = 0.5827, β̂ = 0.7621, χ̂ = 0.3855), and the symmetric Logistic estimate
(α̂ = 0.6903) corroborates this finding. The notable difference with respect to the gains sample
concerns the asymmetry of the Bilogistic parameterization: the substantially larger β̂ relative
to α̂ suggests that extreme losses in ETH are more likely to be accompanied by extreme losses
in BTC than vice versa, a directional structure absent from the upper tail.

All pairs involving a stablecoin are almost independent, apart from BTC–USDC, which
again carries a degenerate standard error and therefore yields no conclusive information, with α̂

values ranging from 0.9842 to 0.9996 and χ̂ coefficients collapsing to near-zero levels. From an
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econometric standpoint, extreme crashes in Bitcoin or Ethereum do not systematically trigger
simultaneous tail movements in stablecoins, whose return variation is bounded by their pegging
mechanism.

Visual Independence

For the threshold approach, we can also display the empirical plots of χ and χ̄ to assess the tail
dependence structure visually.

In the empirical analysis, the non-parametric estimation of these measures is computed via
the chiplot 3 routine. To effectively interpret the resulting diagnostic output, the graphical
components are defined as follows:

• The X-axis (Threshold u): Represents the scale of shock severity, bounded between 0 and
1. As the threshold moves toward the right edge of the plot (u → 1), the analysis discards
ordinary fluctuations to focus exclusively on periods of severe market stress.

• The Left Y-axis (χ plot): Displays the empirical strength of the observed conditional tail
dependence. A decaying pattern where the curve approaches zero as u → 1 provides
direct evidence of asymptotic independence.

• The Right Y-axis (χ̄ plot): Identifies the exact extremal dependence regime. If the em-
pirical curve stabilizes strictly below the horizontal dashed line at 1, it mathematically
confirms the presence of asymptotic independence . In this case, the exact height of the
curve on the Y-axis quantifies the strength of the residual tail dependence.

• The Dashed Control Lines: Represent the corresponding confidence intervals (95% level).
If the empirical curve falls within the bounds encompassing zero, it indicates that there
is statistically no evidence of any relationship between the bivariate tails.

Figure 6.2 and Figure 6.3 display the empirical estimates of χ and χ̄ for the ETH–BTC and
USDC–USDT pairs across both gains and losses.

3https://www.rdocumentation.org/packages/evd/versions/2.3-7.1/topics/chiplot
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(a) ETH–BTC χ (b) ETH–BTC χ̄

(c) USDT–USDC χ (d) USDT–USDC χ̄

Figure 6.2: χ plot and χ̄ plot of the two homogeneous pairs (gains).

These specific pairs are selected to illustrate the two opposite regimes of extreme co-
movements within homogeneous asset classes: ETH–BTC represents the high-volatility cryp-
tocurrency cluster, while USDC–USDT represents the fiat-pegged stablecoin compartment. For
brevity, the plots for all remaining asset combinations are provided in Appendix C.

For the ETH–BTC pair in the gains sample, Figure 6.2,the χ curve stabilizes at approxi-
mately 0.6 as u → 1, and the χ̄ curve converges toward unity, jointly confirming asymptotic
dependence with an empirical tail association of magnitude 0.6. For the USDC–USDT pair,
both curves are consistent with asymptotic independence across the entire threshold range, cor-
roborating the parametric estimates.

The losses plots confirm the same qualitative picture. The ETH–BTC pair displays residual
tail dependence in both the χ and χ̄ panels, while the USDC–USDT pair shows no significant
evidence of joint tail behavior across either measure.

Taken together, the threshold framework supports the main conclusion of the Componen-
twise Maxima analysis. Significant tail dependence is robustly detected for the ETH–BTC
pair under both estimation approaches and in both tails. For the USDC–USDT pair, which the
full likelihood GEV analysis tentatively identified as mildly dependent in the lower tail (Sec-
tion 6.1.2), the threshold framework provides no supporting evidence: neither the parametric
estimates nor the non-parametric χ and χ̄ diagnostics allow the hypothesis of independence to
be discarded. The pegging mechanism therefore appears to effectively anchor the two stable-
coins in the extremes, consistently with the univariate findings of Chapter 5.
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(a) ETH–BTC χ (b) ETH–BTC χ̄

(c) USDT–USDC χ (d) USDT–USDC χ̄

Figure 6.3: χ plot and χ̄ plot of the two homogeneous pairs (losses).

6.2.3 Asymmetric Tails Analysis
The cross-tail analysis is replicated within the threshold framework, pairing the loss exceedances
of BTC and ETH with the gain exceedances of USDT and USDC under full likelihood estima-
tion.

Table 6.18 reports the AIC values for the three dependence models across all four pairs.

Table 6.18: AIC comparison of bivariate extreme-value dependence models. Full Likelihood Approach (mixed
tails).

Asset Pair Logistic Bilogistic Dirichlet

BTC–USDT 6024.830 6025.612 6025.621
BTC–USDC 4709.460 4711.460 4711.536
ETH–USDT 6000.696 6002.409 6005.212
ETH–USDC 4707.510 4709.216 4709.258

Note: blue denotes the high-volatility asset (BTC/ETH); bold indicates the lowest AIC per pair.

The Logistic model is selected for all four pairs, having lower AIC than the asymmetric
alternatives. The parameter estimates are reported in Table 6.19.

All four α̂ estimates approach unity and the corresponding χ̂ coefficients are negligible, so
the threshold framework finds no formal evidence of cross-tail dependence between extreme
losses in volatile cryptocurrencies and extreme gains in stablecoins. This contrasts with the
GEV mixed tails results, where the BTC–stablecoin pairs yielded χ̂ values of 0.14 and 0.11,
sufficient to support a partial safe haven hypothesis.
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Table 6.19: Parameter estimates and extremal dependence coefficients. Full Likelihood Approach (mixed tails).

Asset Pair α̂ Std. Error χ̂

BTC–USDT 0.9855 0.0113 0.01998
BTC–USDC 0.9524 0.0150 0.06482
ETH–USDT 0.9825 0.0110 0.02413
ETH–USDC 0.9616 0.0152 0.05257

Nevertheless, the cross-tail estimates are not entirely uninformative. The χ̂ values for BTC–
USDC and ETH–USDC (0.0648 and 0.0526, respectively) are notably above the near-zero
baseline recorded for the same-tail stablecoin pairs in the threshold framework, where χ̂ ≈ 0.02
across the board. The pattern is therefore at least consistent with the safe haven hypothesis, even
if the threshold framework cannot confirm it at a statistically meaningful level.

6.3 Final Remarks
Taken together, both the Componentwise Maxima and the threshold approach consistently iden-
tify significant tail dependence between ETH and BTC, with the upper tail displaying stronger
co-movement than the lower tail across both frameworks. The Componentwise Maxima anal-
ysis additionally detects marginal lower-tail dependence for the USDC–USDT pair, a signal
that does not survive the more demanding threshold test. For all volatile–stablecoin pairs, both
frameworks point toward asymptotic independence in the same-tail setting, broadly consis-
tent with the effectiveness of the pegging mechanism under extreme market conditions. This
conclusion, however, must be qualified for the threshold framework specifically. Under full
likelihood estimation, several of the pairs involving a stablecoin return a dependence parame-
ter pinned at the boundary of the parameter space alongside a degenerate standard error. This
pattern is itself structurally informative: it arises because joint threshold exceedances, observa-
tions in which both series exceed their respective thresholds simultaneously, are extremely rare
for pairs involving a stablecoin, a direct consequence of the pegging mechanism bounding the
frequency and magnitude of extreme deviations.

Regarding the safe haven hypothesis, the evidence is suggestive but not conclusive. The
Componentwise Maxima mixed tails analysis yields a partial signal for the BTC–stablecoin
pairs, while the threshold framework does not confirm it at a statistically meaningful level.
That said, the cross-tail χ̂ estimates remain systematically above the same-tail stablecoin base-
line in both frameworks, and the directionality is consistent with the hypothesis. This residual
signal, however modest, is noteworthy given the structural constraints of the data: stablecoins
exhibit extremely limited return variation by design, and genuine joint tail episodes are corre-
spondingly rare. In this context, the fact that cross-tail pairs display higher dependence than
same-tail stablecoin pairs, even marginally, constitutes a result worth recording.
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Chapter 7

Discussion and Limitations

The empirical findings presented in Chapters 5 and 6 demonstrate the utility of Extreme Value
Theory (EVT) in characterizing tail risk dynamics and co-movements within the cryptocur-
rency ecosystem. However, several methodological and structural constraints must be ad-
dressed to contextualize these results properly and guide future extensions.

The first and most significant limitation concerns the GARCH filtering stage. The two-step
procedure applied rests on the assumption that the filtered standardized residuals are approxi-
mately i.i.d. [51], a condition that is satisfied reasonably well for Bitcoin and Ethereum but is
substantially harder to meet for stablecoins. Stablecoin historical data contains an embedded
regime change: the early years of both USDT and USDC featured wide and frequent devia-
tions from the dollar parity, while the mature period exhibits a near-flatline price series with
volatility close to zero. A standard GARCH model fitted to the full sample period is forced to
average across these two regimes, producing parameter estimates that are biased upward by the
historical volatility of the early period [36]. The consequence is a conditional variance that is
systematically overestimated in the modern period, causing contemporary standardized resid-
uals to be deflated relative to their true scale. When a genuine de-pegging episode occurs, its
magnitude is inconsistent with the tail behavior implied by the GEV-GPD parameters estimated
from the mature low-volatility regime. This leads to extreme observations that dominate the
tail diagnostics and emerge as pronounced macro-outliers. Future research could address this
by replacing the standard GARCH specification with variants that explicitly model structural
regime changes, such as Markov-Switching GARCH or Change-Point GARCH formulations,
which would allow the baseline variance to step down following the maturation of the peg with-
out contaminating the tail estimates with historical instability [5]. Consequently, the use of a
more accurate, specifically tailored GARCH specification would have mitigated the computa-
tional bias in the estimation of the shape parameter (ξ ). By avoiding the artificial compression
of standardized residuals, the model would not have been forced to interpret individual de-
pegging episodes as isolated macro-outliers, thereby reducing the tendency of the Extreme
Value Theory (EVT) algorithm to incorrectly classify stablecoins within a heavy-tailed Fréchet
distribution (ξ > 0).

The second major limitation arises from substantial differences in the historical lifespans
of the selected assets, which result in a pronounced data imbalance across the sample. While
Bitcoin and Ethereum offer long, rich time series spanning over a decade of market develop-
ment, stablecoins are considerably younger. For instance, USD Coin (USDC) was launched
in late 2018, restricting the synchronized empirical analysis to a compressed time window
compared to the broader history of the cryptocurrency market. This truncated data window
imposes a binding constraint on the empirical operationalization of the Block Maxima Method
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(BMM). Given the limited sample size dictated by the younger stablecoins, this thesis faces a
severe bias-variance trade-off. To retain a sufficient number of blocks for reliable maximum
likelihood estimation of the GEV parameters the block size was restricted to a relatively nar-
row window of one month (30 days). A monthly block partition introduces notable statistical
vulnerabilities. In financial asset returns, a one-month horizon risks violating the underlying
assumptions of the BMM, as serial dependence or lingering volatility regimes can easily bridge
across monthly boundaries. This means that the extracted Block Maxima may retain a degree
of serial correlation, violating the independence assumption. Under unconstrained data condi-
tions, such as multi-decade traditional fiat or equity series, it is standard practice to select an
annual block size to guarantee asymptotic validity and independence [49, 21]. As an annual
block size would reduce the stablecoin extreme value datasets to a handful of observations,
making statistical inference impossible, the current framework represents a necessary but frag-
ile compromise dictated entirely by the data limitations of the stablecoin asset class.

A related but distinct consequence of this lifespan asymmetry concerns the interpretability
of the cross-pair dependence comparisons reported in Chapter 6. Because BTC and ETH are
observed over a substantially longer and more cycle-complete history than USDT and USDC,
the conclusion that the ETH–BTC pair exhibits significant tail dependence while pairs such
as ETH–USDC do not is not a controlled comparison. The former dependence estimate is
computed over the full 2015–2026 sample, spanning multiple bull and bear market regimes,
whereas the latter is necessarily restricted to the shorter window over which USDC has existed,
omitting several major cycles experienced by the volatile assets. Part of the contrast docu-
mented between same-volatility and cross-volatility pairs may therefore reflect differences in
the length and market-regime composition of the underlying sample, rather than a purely struc-
tural difference in extremal dependence. This limitation does not change the qualitative con-
clusions so much, since the near-independence pattern between volatile assets and stablecoins
is consistently observed across multiple pairs and under both the two-stage and full likelihood
estimation approaches. However, it should moderate how strongly cross-pair dependence com-
parisons are interpreted, particularly those involving USDC.

The final limitation centers on the structural assumptions of the multivariate frameworks
used to evaluate the safe haven hypothesis. In the previous chapter, a symmetric bivariate
framework has been applied to a transformed dataset, reversing the sign of the volatile cryp-
tocurrency returns to map severe market losses onto the positive right tail. These losses were
then modeled jointly with the positive returns of the stablecoins using traditional Component-
wise Maxima and threshold excess models. While this alignment strategy allows the applica-
tion of standard bivariate EVT models, it introduces a conceptual mismatch with the underlying
economic theory. Traditional bivariate models, such as the Logistic, Bilogistic or the Coles-
Tawn, are fundamentally built to assess whether extreme events occur simultaneously in both
components. However, the economic mechanism supporting a safe haven asset is conditional:
the primary empirical concern is characterizing the behavior of the stablecoin given that the
volatile asset has already entered a catastrophic tail state.

Instead of forcing this inherently directional question into a simultaneous joint tail frame-
work, a more conceptually appropriate approach would be the deployment of advanced condi-
tional extreme value models, most notably the framework established by Heffernan and Tawn
[35]. The Heffernan-Tawn model bypasses the limitations of traditional multivariate EVT by
directly capturing the conditional distribution of a response variable Y given that a conditioning
variable X has exceeded an arbitrarily high threshold. Applied to this context, this methodol-
ogy would allow for a direct, asymmetric evaluation of how stablecoins behave precisely during
periods of extreme downside stress in the Bitcoin or Ethereum markets. By explicitly model-
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ing the remaining dependence structure when one variable is extreme and the other is not, it
would prevent the distortion of the dependence parameters (α̂ or χ̂) that occurs in simultaneous
frameworks when joint extremes are naturally rare due to the bounded, flat nature of stablecoin
pegging mechanisms.
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Chapter 8

Conclusion

This thesis set out to investigate the tail risk of four cryptocurrencies, Bitcoin, Ethereum, Tether,
and USD Coin, using the univariate and bivariate Extreme Value Theory framework defined
by Coles [16], applied to two asset classes with markedly different volatility profiles: high-
volatility cryptocurrencies (BTC, ETH) and stablecoins (USDT, USDC).

The first objective was to characterize the marginal tail behavior of each of the four assets
using univariate EVT. The results have revealed a clear divide between volatile cryptocurrencies
and stablecoins. In absolute terms, Bitcoin and Ethereum have exhibited substantially higher
risk measures, return levels, VaR, and Expected Shortfall, than USDT and USDC. In terms
of tail shape, however, the filtered residuals of the two stablecoins have provided evidence of
Fréchet-type behavior, while those of Bitcoin and Ethereum have not offered sufficient grounds
to reject a Gumbel-type specification. This apparent contrast reflects the structural nature of
stablecoin de-pegging events, which represent disproportionately large shocks relative to their
otherwise flat, low-volatility behavior, rather than evidence that stablecoins carry greater risk
in absolute terms.

The second objective was to model the extremal dependence structure between all pairwise
combinations of the four assets using bivariate EVT. Dependence between the two stablecoins,
USDT and USDC, has proved weaker and not robust across model specifications, while pairs
combining a volatile cryptocurrency with a stablecoin has showed no meaningful same-tail
dependence under either the two-stage or full likelihood approach. Instead, a significant de-
pendence is largely confined to the BTC–ETH pair. This dependence is consistently stronger
in the upper tail than in the lower tail, meaning that the estimated parameter α̂ is smaller, for
extreme gains than for extreme losses. Looking at these data, it is possible to conclude that for
gains even more than for losses, a major portion of these extreme movements is not unique to
Bitcoin but is equally true for Ethereum. This result provides a concrete justification for includ-
ing Ethereum as a second high-volatility cryptocurrency, as it allows us to understand that in
many cases, extreme gains are not just an isolated Bitcoin phenomenon, but rather a systemic
market behavior that also involves Ethereum.

The third objective was to test explicitly for evidence of the safe haven hypothesis, by
examining the cross-tail dependence between losses in volatile cryptocurrencies and gains in
stablecoins. The asymmetric analysis of losses in BTC and ETH against gains in USDT and
USDC has offered some evidence consistent with a flight to safety dynamic, although this evi-
dence is limited in magnitude and needs to be interpreted as suggestive rather than conclusive.
The hypothesis is therefore not rejected, but it cannot be considered robustly confirmed on the
basis of the present analysis.

On the whole, these results indicate that EVT is a valuable framework to quantify tail risk
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in cryptocurrency markets and to distinguish the extremal behavior of volatile assets from that
of stablecoins.

Future work could build on this analysis by addressing some of the limitations discussed
in Chapter 7, especially those concerning the filtering stage used to obtain approximately i.i.d.
residuals. The use of more advanced GARCH-type specifications may yield a more accurate
filtering of the return series, potentially improving the performance of EVT in capturing the tail
dynamics of these assets.
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Appendix A

GEV Diagnostic Plots

This appendix collects the remaining GEV diagnostic plots not displayed in Section 5.1.3. For
USDC and USDT, the plots for losses are presented, showing a qualitatively similar but slightly
less severe pattern of poor tail fit compared to the figures in the main text. The diagnostic plots
for Bitcoin and Ethereum are also included, where the Block Maxima GEV model performs
considerably better, with no systematic deviations in the tail region.
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Figure A.1: GEV diagnostic plots for BTC losses. The probability plot shows observations closely aligned with
the diagonal, and the quantile and return level plots indicate strong agreement between empirical and theoretical
quantiles, with the majority of Block Maxima falling within the confidence bands.

Figure A.2: GEV diagnostic plots for BTC gains. The fit is marginally weaker than for losses, with minor
deviations in the upper tail of the quantile plot, but the density plot confirms that the fitted distribution closely
matches the empirical histogram and the overall fit remains adequate.
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Figure A.3: GEV diagnostic plots for ETH losses. The probability and quantile plots display no clear evidence of
systematic misspecification, and the model captures tail behavior reasonably well, with discrepancies limited in
magnitude.

Figure A.4: GEV diagnostic plots for ETH gains. Some deviation is visible in the upper tail of the quantile plot,
and a small number of observations fall outside the return level confidence bands, but these discrepancies do not
materially affect the overall adequacy of the model.
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Figure A.5: GEV diagnostic plots for USDC losses. The density and probability plots show a cleaner fit than the
gains case (Figure 5.5), but the quantile and return level plots reveal that one outlier still slips outside the 95%
confidence band, reflecting the same structural issue in a less pronounced form.

Figure A.6: GEV diagnostic plots for USDT losses. Deviations are visible in the probability and density plots,
and the quantile and return level plots display suboptimal results. Unlike the gains case (Figure 5.6), no single
outlier dramatically breaches the 95% confidence band, yet the overall fit remains far from optimal.
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Appendix B

POT Diagnostic Plots

This appendix collects the remaining POT diagnostic plots not displayed in Section 5.2.4. For
USDC and USDT, the gain-side and loss-side plots, respectively, reveal a qualitatively similar
pattern of poor tail fit to that documented in the main text, though slightly less severe. The
diagnostic plots for Bitcoin and Ethereum, by contrast, suggest that the POT–GPD model per-
forms considerably better (both relative to the stablecoin pairs and relative to the GEV-based
analysis of the same assets), with no systematic departures from the fitted distribution in the
tails.
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Figure B.1: GPD diagnostic plots for BTC losses. The probability plot shows observations closely aligned with
the diagonal, and the quantile and return level plots indicate a good fit, with only minor deviations in the very
upper tail.

Figure B.2: GPD diagnostic plots for BTC gains. The fit is marginally worse than for losses, with somewhat more
pronounced upper tail deviations, but the model provides an adequate description of the tail behavior.
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Figure B.3: GPD diagnostic plots for ETH losses. The probability and quantile plots display no clear evidence of
systematic misspecification, and the model captures tail behavior reasonably well, with discrepancies limited in
magnitude.

Figure B.4: GPD diagnostic plots for ETH gains. Some deviation is visible in the upper tail of the quantile plot
and a small number of exceedances fall outside the return level confidence bands, but these discrepancies do not
materially affect the overall adequacy of the model.
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Figure B.5: GPD diagnostic plots for USDC gains. A clear improvement over the GEV fit (Figure 5.5), with
substantially better alignment in the probability and quantile plots, though some difficulty in the extreme upper
tail remains, such as in the losses case (Figure 5.14).

Figure B.6: GPD diagnostic plots for USDT losses. The probability plot shows a marginal improvement in the
central fit relative to the GEV model, but the quantile and return level plots continue to exhibit large outliers
breaching the confidence bands, mirroring the pattern observed for USDT gains (Figure 5.13).
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Appendix C

Visual Independence-Bivariate Threshold
Approach

This appendix collects the remaining χ and χ̄ plots from Section 6.2.2. Only the mixed
pairs (BTC/ETH with a stablecoin) are reported here, as the homogeneous pairs (stablecoin–
stablecoin and high-volatility–high-volatility) are already discussed in the main chapter. As
suggested by the α̂ estimates and confirmed by the plots below, these mixed pairs are nearly in-
dependent: both χ and χ̄ consistently indicate the absence of asymptotic dependence, for gains
and losses alike. Throughout, blue distinguishes the high-volatility assets (BTC/ETH) from the
stablecoins, consistent with the color convention used in the corresponding main chapter.
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(a) BTC–USDT χ (gains) (b) BTC–USDT χ̄ (gains)

(c) BTC–USDC χ (gains) (d) BTC–USDC χ̄ (gains)

(e) ETH–USDT χ (gains) (f) ETH–USDT χ̄ (gains)

(g) ETH–USDC χ (gains) (h) ETH–USDC χ̄ (gains)

Figure C.1: χ and χ̄ plots for the remaining pairs (gains). No asymptotic dependence is detected.
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(a) BTC–USDT χ (losses) (b) BTC–USDT χ̄ (losses)

(c) BTC–USDC χ (losses) (d) BTC–USDC χ̄ (losses)

(e) ETH–USDT χ (losses) (f) ETH–USDT χ̄ (losses)

(g) ETH–USDC χ (losses) (h) ETH–USDC χ̄ (losses)

Figure C.2: χ and χ̄ plots for the remaining pairs (losses). No asymptotic dependence is detected.
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